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CHAPTER XVI 


Surfaces in a Region : Geodesics 
Orientation-variables . 

193 . The preceding investigations have been concerned with properties of a 
region depending upon any line-direction through a point ; we now pass to the 
consideration of some of its properties depending upon any superficial orientation 
at a point. An indication has already (§ 159) been given as to surface-variables 
at a point ; they can be taken, either as new variables 77, £, which satisfy a 
permanent relation 

1 

when in their canonical form ; or they can be composed from two non-coincident 
directions, with line-variables p q x , r/, and p 2 , q 2 \ r 2 ', at an inclination €, such 
that 

€ v = 1 

?iV - V r x p^p x W 2 p x q 2 - q x 'p 2 sin <e * 

Any other direction P\ Q R lying in the plane through these two directions, 
that is, lying in the orientation, must be such that 

P* — Api r + PPi* Q'—^q R' ~ Ar x +p,r 2 , 

for parametric quantities A, (jl ; and therefore the variables of the direction satisfy 
the relation 

We also may have a surface, passing through the point and lying wholly 
within the region ; and then, when the tangent plane to the surface at the point 
is taken, the orientation- variables of the plane are postulated as the orientation- 
variables of the surface. Such a surface can be given, without any implied 
restriction, by an equation 

9(P> <b > 0 = 0 , 

between the representative parameters of the region ; if the surface be one of a 
family, the equation would involve some magnitude, constant for a surface, and 
changing from surface to surface within the family. If the two directions p x> q Xi r x , 
and p 2 , q 2 , r 2 , lie in the tangent plane, we have 

0 x Pi -h0 2 q 1 ~ 0 , @ip2 


F.I.O. II. 


A 



2 


PARAMETRIC SURFACE AND 


CH. XVI. 


so that 

@2 ^3 

■ 

It has appeared ( l.c .) that there is a quantity, denoted by 9 n , and defined by the 
relation 

and therefore, with the foregoing definitions of £, rj, £, we have 


£ v £ 


=Q k 9 n . 


Within the region there exists a unique direction normal to the surface ; if its 

direction- variables be denoted by ^ ^ , so that 

an an an 


N u 



= 1 , 


being the permanent arc-relation of the region for this direction, then (l.c.) we 
have the equivalent equations 


& 0 n ^ + $1 

Qe„^ r } t 0 1+ be,+fe, >, 
Qe n ~^ g e l+ fe i+ cd 3 


9^9 n 

9,- On 

9*= e n 


( 


A ‘f + niL + a d ; 

an an an 

an an an 

an an an 


)| 

)■ 

) 


The prime normal of any regional geodesic, and all the other non-gremial 
principal lines of the geodesic, are at right angles to every direction within the 
region : and therefore they are at right angles to every direction on the surface. 
But a regional geodesic is not a surface geodesic in general -the surface must 
belong to the particular class of surfaces hereafter discussed under the title of 
geodesic surfaces ; and the surface geodesics, the prime normals of which are 
necessarily (§ 94) orthogonal to the surface, must be investigated independently. 

Accordingly, we begin with the geometrical relation between a regional surface 
9(p, q,r)~ 0 and its tangent plane. 


Tangent plane of a parametric surface. 

194. Any spatial direction in the region, given by the typical equation 

dy=yxdp + y % dq + y 9 dr, 

is tangential to the surface 0(p, q, r) = 0 when the directing increments dp, dq, dr, 
satisfy the equation 

9 l dp -f 9 2 dq 4- 9 3 dr— 0. 



194] ITS TANGENT PLANE 

Hence the tangent plane of the surface is given by the typical equation 


3 


y-y=Xdy 

= Xy 1 dp+Xy 2 dq+Xy 3 dq 

=«y i+Pyt+m> 

where A is a parameter, and a— A dp, /3= A dq, y~\dr, provided the parametric 
quantities a, jS, y, satisfy the condition 

fl 1 a+fl a j3+ff 3 y=o. 

The equations of the plane can also be taken in the form 


y-y. 

y i. 

y* 

y* 

o, 


o 2 , 

o a 


but the earlier form, explicitly involving the three parameters subject to the single 
explicit condition, is the more convenient. 

From a point S on the surface near 0, having 7] 0 as its typical space-coordinate, 
let a perpendicular of length P and with direction-cosines typified by Y e be drawn 
upon the tangent plane at 0, the small arc OS along the surface being denoted by S , 
and let the foot of the perpendicular on the plane be the foregoing point given by 

y-y=-*y i+ftfc+yy* 

Then we have 

Y e P^rio~y-r) g -(y + a y x -I fty 2 + yy 2 ). 

Because P is the perpendicular, the magnitude 

{ yo - (y + Wi + Py 2 + Yds)} 2 

must be a minimum among all the magnitudes which can arise for all permissible 
values of parameters a, j3, y, that is, for all quantities a, /?, y, satisfying the 
condition 

O^ + QzP + Ozy— 0. 

The critical equations for such a minimum are 

~ ^Li V\ {ye - (y + ay 1 + % 2 + yy x )} , 

/A =Yty 2 iie - (y+ ayi + Py 2 + yy 3 )}> 

/A - ^ 2 /.) ive - (y + a yi + Py» + yy-e))> 

where p, is a multiplier left undetermined in the formation of the critical 
equations ; and they can be simplified to the forms 

/A+ Aa+Hp + Gy^ ^£ J y l {y B -y) \ 

IAd 2 +Ha+Bfi + Fy-'^ J y 2 {T) g -y) , . 

[m 9 3 + Ga + Ffi I Cy ^jyaiye-y) 1 



4 PERPENDICULAR ON THE [CH. XVI. 

For the small arc OS on the surface, we use^>', q\ r\ to denote the direction- 
variables ; and for second derivatives along that arc, whatever it may be ultimately, 
we use p d ", q B ", r 0 ". Then, accurately up to the second power of 8 inclusive, we 
have 

Ve-y=y' 8 + h/e"& 2 

^iyip'+yW+yd) s+IV'S 2 . 

Also 


ye"=yiPe" + Vila" + y^o" + y n v ' 2 't tyuP'y' + y^q' 2 + 2y 13 pV' + 2 y 23 qV + 2 / 33 /■- 
=yx(pe"+ Sw+y.(ft"+ ^^up' , )+y.(V'+ S®nP'*) 

+ VnP' 2 + 2VnP' ( f + V 22 <l' 2 + 2i7i3j? V + 2 r) 23 q'r' + rj 33 r' 2 
=yi(Po"+ r n p'*) + y 2 (q e "+ V-du p'«) + y,(V'+ V© n p'.) + I, 

r 

where 1/p is the circular curvature of the regional geodesic in the direction p r , q f , /, 
manifestly a regional geodesic touching the surface along the direction of the 
small arc OS, and where Y is the typical direction-cosine of the prime normal of 
that geodesic. Hence 

S yi (io - y) --=• A {p 8 + i (pe" + ^ Ai p' 2 ) s 2 } 

the term in 1/p vanishing because ^ Yy x =Q ; and the right-hand side is accurate 
up to 8 2 inclusive. Similarly for the quantities ^yAvo-y) an( l yAlo ~ y) 5 
thus the critical equations become 

-p0 1 = A{a-p'8-l(p 0 "+'Zr il p'*)8*} 

+ G{y-r'8-i(r„"+'£e il p'*m 

with two others of like form, all accura tely up to 8 2 . Hence, also up to that order 
inclusive, we have 

£2{a-p'8-%(p g "+ SAil»' 2 )8 2 }= -Ii(a0i+h0 2 +g0 a ) 
n{p-q'8-i(<ie" + XA n p'*m= - t -w,+jo a ) 

Q{y-r'8-Ure" + S® n p' 2 )S 2 }= -pM+fa+cBJ. 

Multiply these equations by 0 l9 9 2 , 0 3 , respectively, and add the products. 
Because 

S«v=i»„ 2 , 

0 x a + 0 2 jS + 0 3 y = 0, Otf)' + 9 2 q' + 0 3 r' — 0, 
the result can be taken in the form 

p0 n 2 =H0Apo"+ N r uP '*)+e i (qe"+ S^n?' 2 )+^(V'+ ^@np' 2 )}* 2 - 
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Now the second differentiation represented by p d ", q e ", r e ", has been effected in 
the surface ; consequently 

6 1 Vo" + W + W + 6 n p' 2 + 2 0 12 p'?' + 0 22? ; 2 + 2 0 13 p V + 20 23 ?V + 0 33 r' 2 = 0. 

We introduce new symbols according to the definitions 

for all the combinations i, j, =1,2,3; and now the last equation can be written 

W'+ Sr u p'*)+e,(q 0 "+ ^a uP '*)i e 3 (r 0 "+ ve„^)+ 2W 2 =o- 

We thus have 
so that 

n 

being a value of the undetermined multiplier /x ; and therefore 

a^'s+-J(/V'+ vr IlP '«)s»+ 

|8=y'8 + *(?." + i-i ^ 1 (^ 1 +W 1 +A)(^«‘uP' a ). 

y=r'8-l J (r," + S e«p'*) 8* + i + A+ cd 3 ) ( v; a 11? /^). 

Returning to the equations for the length and the direction of the perpen- 
dicular on the tangent plane, in the typical form 

Y e P =vo~ (y -i- ay i + $/ 2 + y?h) 

-= y' § + 2 y»" 8 2 - (^ i + /?y 2 + y// 3 ) 

accurate up to the second order, and substituting the foregoing values of a, /?, y. 
as well as the earlier value (p. 1) of y 0 '\ we have 


where 






TF-yi Hi t- y0 3 ) i- 1h Hi + W 2 +f0 3 ) 4- y 3 (g0 1 +fd 2 + cd 3 ) 


= QO 


■(: 


^ (Jf/ 




!h 


dn 


dr\ 


-=Q0 n 


dy 

dn' 


and the magnitude ^ 
normal to the surface. 


denotes a typical spatial direction-cosine of the regional 
Hence 


V P — i 
1 o* — 2 
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[oh. xvt. 


Let 1 jp Q denote the circular curvature of the section of the surface by the plane, 
through the direction p', q , /, and the perpendicular, so that 


and also (with a permanent and new use of the symbol y) write 

y On 

a magnitude the significance of which will be obtained later : then we have 

l r + l dy 

Po P y dn ’ 

as a relation connecting the length and the direction of the perpendicular on the 
tangent plane. 


Intrinsic equations of superficial geodesics : regional flexure . 

195. The intrinsic equations of superficial geodesics are obtained by assigning 
the conditions that the integral 

shall be a minimum for values of p, </, r, that obey the relation 0(p,q, r) = 0. 
These critical conditions, by use of the frequently recurring analysis of the same 
type for different problems, are found to be 

Ap 0 " ! Il<h" + (tr u " + y ^ J \ ij, l\p/p/=M0„ 

H P u" + Bq„" + Fr e " + v; l ij, 2J p/p/ M0 t , 

Gp u " -f Ftp" + (V 0 " + ^ \ij, X]p/p/-M0 3 , 

where the summations are for the combinations i, j, =1, 2, 3 ; where p t ~p, q, r, 
according as i = l, 2, 3; where the symbols [ij, k] have the significance given 
in § 12 ; and where M is a multiplier undetermined by the critical equations. 
Hence, changing this multiplier to A where A = MQ~ 1 , we have 

Pa"+^l l F 11 p’ 2 -rX(ae i + }i0 2 +g0 3 ), 

‘h"+'2AnP' t =MMi + Wt+flJ, 

r/'+^uP'^M^ + fO^cO,); 

and the multiplier A still has to be determined. 

As in § 194, we have 


OiPo" + Opp," + 0 3 r g " 4 O n p' i + ‘20 12 p'q' H 0 i2 q' 2 


-t- 20 13 p'r' + 20 23 g'V' + 0 aa r' 2 =0 
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along the surface. Hence multiplying the three equations by 0 l9 0 2 , 0 3 , respectively, 
adding, and using this surface-relation, we have 


so that 


Now (§ 193) 


so that 




A= 


d/p 


OJQ ■ 


Q9 n =a0, + hd 2 + gd 3 , 


\ 


A {fl0\ + Jl02 — — 


If&uP^dp 

0„ dn ’ 


and similarly for the other right-hand sides Hence the intrinsic equations of a 
geodesic on the parametric surface 6(p , r/, r)~ 0 are 


K' h vr ll7 /^ 

>lo"+^A nP' 8 - 


^>uV' 2 d]/ 
0 n dn 

^Li^npyj'l 
0 n On 

l>n/>' 2 dr 
6 n dn . 


The term regional flexure of a superficial geodesic is used to denote the arc-rate 
of angular deviation of the superficial geodesic from its regional geodesic tangent 
(the regional geodesic through 0 in the direction //. q, /, on the surface). A point 
S along the superficial geodesic at a small arc-distance S from 0 has its set of 
space-coordinates which may be typified by rj 0 as in the preceding investigation : 
let a point 1\ taken along the regional geodesic in the same direction and at the 
same arc-distance S from 0, have its typical space-coordinate typified by 77 , so that 

r)o=y+y'8 1 -he" ^ i-y+y f h+W'h\ 


accurately up to the second order in S inclusive. Thus 

Ve ~ v — 2 (yo ~y ) 


But 


y<>"=-yiPe" +y.do" \- ^ynp' 2 , 
y"^yip" + m " 1 y ■/' + ^ynp'/ 


and therefore 

ye" - y"~-yi(Pe" -p") 1 y*(qe" - q")+y 3 to" - r ") 


=yi(po" + ^r ilP '*)+y 2 (< le "+ '£A ll p'*)+y 3 (r e "+^@ u p'*) 
. DjW* ( d P , ., dr\ 

e n v 


y 'dn + y *dn + y *dnl 


dy 

On dn * 
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MAGNITUDE AND DIRECTION OF THE 
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Let the magnitude of the radius of regional flexure be denoted by y, and let 
Z temporarily denote the typical direction-cosine of that radius ; then, by 
considering projections along the typical spatial axis, we have, to the second order, 


Ve- 



When the results are combined, they yield the typical relation 

y 6 n dn ' 


Measuring this flexure by the deviation along the positively-drawn regional normal 

(bfj 

to the surface, and having regard to the fact that Z and ^ denote direction- 
cosines, we have 


<]y p'* 

dn 5 y 6 n 


The first result shews that the direction of the radius of regional flexure of the 
superficial geodesic is along the positively-drawn regional normal to the surface ; 
and the second result shews that the magnitude y of that radius of regional 
flexure is expressible by the formula 


0 


where 


" = 9ii/>' a + -9*isPV + 9 , 22? /a + 29* 1 ay / f / + 2fl’ a 3</ , r / + S* 88 / a , 




for all the combinations i,j, —1, 2, 3. 

Moreover, with this significance for y, the intrinsic equations of a superficial 
geodesic are 


Pe"-P 


n 


I dp 
y dn 9 


<lo 



r e 


1 dr 
y dn ’ 


Also, if now we use Y 0 (instead of Y e ) to denote the typical direction-cosine of 
the prime normal of the superficial geodesic and retain p 0 to denote the radius of 
circular curvature of that geodesic, then there exist the equations typified by 


d U 


io = d v 

Po p y dn ’ 


where ^ is the typical direction -cosine of the regional normal to the surface. 

The last set of equations, on the elimination of p 0 , p , y, leads to the group of 
other equations 

dy 


Y , 


dn 


1 = 0 , 
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shewing that the prime normals of the regional geodesic and of the superficial 
geodesic and the flexural radius of the superficial geodesic lie in one plane. Also, 

because Y^=0, the flexural normal is at right angles to the prime normal of 


the regional geodesic : indeed, its direction lies in the tangent flat of the region *. 

Within their plane, let i/j denote the inclination of the two prime normals, so 
that 

^ YY o =cos0; 

and then we have the results 


cos i/j 1 
Po p’ 


sin iff 1 11 1 1 

J o o o 5 

po y Po 2 p 2 y 2 p o 


Y 0 -- Y cos i/j + ^ sin 0 . 


cos ib sin ib 

— r + 

p y 


In this plane, there is a direction at right angles to the prime normal of the 
geodesic : denoting its typical direction -cosine by y o , we have 


Y 0 -- - Y silll/H COSl/r. 


Moreover, the tangent of the superficial geodesic (being the tangent also of 
the regional geodesic) is at right angles to this plane. It is at right angles to the 
prime normal of the regional geodesic because Yy' — 0. Also 


V y' - V 

, hr — 


(n,p'+ !/.'/ + !/Si ( ?/i d £ + ’/« 'll i y, f- 


d« 


*{ A & n l +a Z^f{“t+ B Z +r 


A a t- 


dr 
dn 

F d i + C % 

an an 


) 


1 




so that the tangent of the geodesic is at right angles to the regional normal of the 
surface. Consequently it is at right angles to the plane in question. It is there- 
fore at right angles to every line in this plane ; and thus, as is to be expected, it is 
at right angles to the prime normal of the superficial geodesic. 


* When the region is homaloidal, so that it is the plenary homaloidal space of the 
surface, as in the Gauss theory of surfaces, then 1 Ip^O, and 

1 dy. 

Po 7 dn ’ 

that is, the regional flexure of a superficial geodesic becomes the circular curvature of 
the geodesic, and the direction of the flexural radius is the unique normal to the surface. 
The tangent flat of the region has become the region itself. 
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We have an immediate geometrical construction for this configuration. Let 
OF represent, both in magnitude and direction, the radius y of regional flexure, 
the direction being unique for all geodesics through 
0 : let OT be the tangent of any geodesic : and 
let OR represent, both in magnitude and direc- 
tion, the radius p of circular curvature of the 
regional geodesic drawn in the direction OT. Then 
OF, OT, OR, are a set of three lines perpendicular 
to one another. Let OS be the perpendicular 
upon RF ; then OS represents, in magnitude and 
in direction, the radius of circular curvature of the superficial geodesic drawn 
in the direction OT. 

Also the locus of the centre of regional flexure of the surface (that is, of all the 
superficial geodesics) is a range of the line OF whose extremities are the two 
principal centres of such flexure, one for its maximum value, one for its minimum 
value ; the range is the direct interval between the extremities if they are on the 
same side of 0, but it is the complement of that interval if 0 lies between tin* 
extremities. 


T. 



Fkj. 20. 


Principal regional Jle.ru res of superficial geodesics : surface-measures. 

196. Now, in the region, the normal to the parametric surface 4 is independent 
of all directions in the surface ; and the quantity 0 n is independent of p, q\ r . 
Hence to find the principal values (that is, the maximum and the minimum 
values) of the regional flexure at any point of a surface, it is sufficient to determine 
the maximum and minimum values of the right-hand side in the equation 


y 

for all the admissible values of //, q' , r , satisfying the conditions 

^jAp 2 ~ i, 6 x j)' +d 2 q f +o.y — 0 . 


The critical equations, in their initial form, are 

'B'n p + 0'i2y / + 9*13^ — rj {Ap' 4- Uq ' •{- (Jr'), 

$ 21 P ^ ^ 22 ^ + KS^ + vWp' + Bq' +Fr'), 

9\3iP' f = *03 + V (Gp + Fq + Cr'), 


€ and t) being two quantities undetermined in the formation of these critical 
equations. 

Let the equations be multiplied by p f , q, r respectively, and the products be 
added : then, when the conditions are used, 


e 


n 
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determining the value of 7 ?. Thus the critical equations become 

(&„ + A ) !>' + (&„ -f H ) <i' + ^ ) r' = €0, , 

(«■„ + //) i/ + (i> 22 + ^ ii) r/ + t 7’) r'-e0 2 , 

(f>ai 4 tf) //+ (& M + *" /<’) ? ' +(«•„ + *" f?) r'= c <? 3 . 

Also we have 0^/ + 0 2 r/' + 0 a r'=(). 

The dctcrminantal elimination of the quantities ]/, (/, r', €, which occur linearly 
in these four equations, leads to the single equation 


il n + 0 n A, 
y 


4 1 0„//, 

y 

K 

■i 1 e H a, 
y 


— 0, 

»>2i 1 1 ojr, 
y 

{>22 

+ ' B n B, 
y 

•>22 

+-0J\ 

y 

6, 


&31 + "" OiM > 

y 

»22 

+-M\ 

y 


1- 1 0 H C, 
y 

e* 


01, 





0 



a quadratic in y, determining one maximum value and one minimum value. Let 
two quantities M and /x be taken such that 

7/0„ 4 £=V{( 5> 22 9- 33 -$wm 

V <(C{> 22 -27’{> 23 +^ 33 )0 1 ‘ 4 ! ) 

so that 71/ and /x are contra variants of the two ternary qualities 

with 0^ 0 2 , 0jj, as the contragrcdient variables, similar to the contra variant ^V*#/ 2 ; 
then the foregoing quadratic in y becomes 

Aie?Q+ e -*yS n a S2 + l 2 ^„ 4 -o, 

y Y 

that is, 

y y 

Accordingly, if the maximum and the minimum values of y be denoted by y A and 
y 2 , we have 

11 1 

— b — -/x, —” — 71/, 

yi y 2 yiy 2 

with the foregoing values of and 71/ in terms of magnitudes connected with the 
region and the parametric equation of the surface. 
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Next, the principal directions of regional flexure (that is, the respective direc- 
tions of the maximum and minimum values) are given by the values of p q\ /, 
given in turn by the successive substitution of the two principal values of y. In 
particular, the two principal directions are at right angles. To establish this 
result, let p/, q /, r/, be the variables for the direction of y x , and p 2 ', q 2 , r 2) be 
the variables of the direction of y 2 . When the first forms of the equations for 
p 3 ', q x \ r/, and y x are used, we multiply them by p 2 ', q 2 \ r 2 ', respectively, and 
add : then 

^ #11 Pi Pi - e (01 Vi + 02 <li + 03 ^') + Vi A P\Pi - Vi ^ A PiPi> 
where r) x — ~6 n /y v When the same forms are taken for p 2 , q 2 , r 2 ', and y 2 , and 
are multiplied by p/, q x \ r x , and then added, we find 

1] & 11 P 1 P 2 = e (01 Pi + 02 ?l'4 0 3 ^i') + 7 J 2 ^ A PlP 2 =1 ? 2 ^ A Pl Pi i 
where rj 2 — - 0 n /y 2 . We assume that, for our surface 0=0, the quantities y, and 
y 2 are unequal ; and therefore, for such a surface, 

^ 9 11 ^ Ap 1 p 2 '—(). 

The latter result shews the two directions are at right angles. 

As yet, though the value of 77 connected with a principal direction of 
regional flexure has been determined, being equal to -0 n /y, the corresponding 
value of e has not been obtained. For this purpose, we take the second forms 
of the equations for the principal directions ; and add them, after multiplying 
them by ad x 4- li0 2 \ #0 3 , Ji9 1 f b0 2 4-/0 3 , gO x I f0 2 \ c9 3 , respectively. Then the right- 
hand side 

=e^a0 1 2 =€0 f ; 2 £. 

For the left-hand side, the aggregate of the terms in 6 n /y has for the coefficient of 
that magnitude 

(Ap' 4- Hq' } GY) (ad 1 4- hd 2 4- g6 s ) 

4 - (Tip' 4- Bq' + Ft') (hO x 4- &0 2 4-/0 3 ) 

+ (Gp' 4 - Fq' 4 - Cr') (g6 1 4-/0 2 4 - c0 3 ) 

= .£?(0 1 p , 4-0 2 </' l'0 3 /)=(); 

and so we have 

e0 n 2 £>= (ft n p' 4- 9 12 / 4 9j 3 /) (a0 x 4- />0 2 4-£0 3 ) 

4 - (9 2 ip' 4 - 9 22 / 4 - 9 2 3 r ) (h9 l 4 - 00 2 4-/0 3 ) 

4- (9 3 ip'+9 32 y' + 9'33^)(0 0 i 1-/0 2+^)* 

Later, in § 207, it will be proved that the value of the quantity on the right-hand 

side is Q0 n -f " ; and therefore 
as 

_1 rf 0 n 
€ 0 , * ’ 
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where the derivation now is taken along one of the principal directions. Thus 
the equations of the principal directions of regional flexure are 

&nP' + &nf + &!**'=% -I -Hq' + Gr') 

Vn as y 

a j q a 

,?' + &«?' + *»''=£ (Hp' + Bq' + Fr') - . 

W + ^?' + f=~ y ((¥ +Fq’ t CV) 

It is to be noted that, along each of the principal directions, the equation 

&iiP' + W + &k/> Ap' + Hq'+Gr', 6 \ =_ () 

$\ 2 p f H 0'22(7 > Hp' + Bq +Fr', 0 2 
W + 1-9*/, Gp'+Fq' + Cr', 6 8 

is satisfied. It will appear later (§ 200) that this relation implies a property of 
the regional torsion of a superficial geodesic : viz. this regional torsion vanishes 
at a point where the superficial geodesic touches a principal direction of regional 
flexure *. 

Again, the directions on the surface 0-- 0, which allow a vanishing flexure for 
the superficial geodesic, satisfy the equation 

a*u p' 2 + 2S*i2 pV + 9 22<l' z + 2 pV + 2 -!• a-33 r' 2 0, 

as well as the equation 

6 1 p' + d 2 q' + 0 2 r'-(), 

characteristic of all directions ou the surface. Thus there are two such directions 
at each point of the surface, real or imaginary : for each of these two superficial 
geodesics, there is secondary contact with the tangential regional geodesic. Also, 
the angles between these directions of regional inflexions arc bisected by directions 
(§ 159, Ex. 1) which satisfy the equations 

0\ p “1 + 0+r' ~ 0 , 

&uP'+ ■*>!«?' +&U'', Ap' + Hq' + Gr', B x =0: 
V+V+V, Hp' + Bq' +Fr', e 2 
+ Gp'+Fq' + Cr', 0 3 

that is, the bisectors are the two principal directions of regional flexure. 

Thus there is an indicatrix conic for the regional flexure of each surface within 
the region. The conic is the intersection of a quadric by a plane : the axes of the 

* It is the analogue of the property that the torsion of any geodesic of an amplitude, 
existing freely in any plenary homaloidal space, vanishes at a point where the geodesic 
touches a curve of circular curvature in the amplitude. 
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conic are the principal directions of regional flexure, while the asymptotes of the 
conic are the directions of zero flexure ; and the radius of regional flexure of a 
superficial geodesic is proportional to the square of the central radius vector of 
the indicatrix conic drawn in the direction of the tangent to the geodesic. 


Curves of spatial curvature on a surface. 

197. The preceding investigation leads to the curves of regional flexure on a 
surface in a region, being the directions at any point where the flexure of a super- 
ficial geodesic is a maximum or a minimum among all the directions ; and the 
regional geodesics, which have secondary contact with the surface, arc the (real 
or imaginary) flexural asymptotes on the surface. 

There exist also the curves of circular curvature on the surface, the directions 
at a,nv point being such that the circular curvature of the superficial geodesic in 
that direction is a maximum or a minimum among all the directions. These 
curves will be called the curves of spatial curvature of the surface. 

Further, there exist the curves on the surface, the directions at any point 
being such that the circular curvature of the regional geodesic in that direction 
touching the surface is a maximum or a minimum among all the regional geodesics 
touching the surface at the point. These curves will be called the curves of 
regional curvature of the surface. 

The regional flexure 1/y of a superficial geodesic in any direction, the circular 
curvature l/p 0 of that geodesic, and the circular curvature 1/p of the regional 
geodesic touching the superficial geodesic, are connected by the equation 

1 _1 1 

O >) *f~ O • 

Po- p- r 

It will appear that, at any point of a regional surface (as of any surface in a plenary 
space of more than three dimensions), there exist four curves of spatial curvature : 
also that there are four curves of regional curvature at any point of the surface ; 
and it has been seen that there are two curves of regional flexure at any point of 
the surface, together with two asymptotic lines of regional flexure the angles 
between which are bisected by the curves of regional flexure. In general, no 
curve 1 of any one of the three sets coincides with any curve of either of the other 
two sets. An asymptotic line lies between a curve of maximum regional curvature 
and a curve of minimum spatial curvature. A curve of regional flexure lies 
between a curve of minimum regional curvature and a curve of maximum spatial 
curvature. Each sector in the tangent plane, constituted by the acute angle 
between the direction of a curve of regional flexure and the direction of an 
asymptotic line contains one direction of maximum regional curvature, one 
direction of minimum regional curvature, one direction of maximum spatial curva- 
ture, and one direction of minimum spatial curvature. These properties, and other 
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197 ] 


similar descriptive properties, can easily be derived from the respective sets of 
equations which are characteristic of the various curves at the point. 

The curves of spatial curvature on the surface are the directions giving a 
maximum or a minimum value of the circular curvature l/p 0 of a superficial 
geodesic. We therefore must seek the critical equations giving the directions of a 

maximum or a minimum value of -- (not being a zero value) where 

P* 


J_ 1 1 

Po 2 ~p 2 ' y 2 ’ 

with the known value (§ 161) of 1/p, while 

|- 2 \Y ViV '<f + 2i} wr >y + + 2 \y iri qY -I \) 2 ,r'~. 


Also, the admissible values of y/, (/, /, are subject to the two conditions 

^y|y/ 2 -l, y/ + 0 2 q' + 0 3 / = 0. 

We write 

3 a — 3 21 v' d" + 3 23 r ' j > 

» 3 =- hip ' d 9 M j'd-i c >»r f I 

analogous to the magnitudes w 2 , derived from A p' 2 , and to the magni- 
tudes v 2 , e ;j , derived from the expression ^ Ap ' 2 as the value of - . Then the 
first form of the three critical equations for the present investigation is 


P yOn 

t ',)„ -/()., i 7'tio, 

p “ y^« 

1 1 + Tu 3 , 

p yV„ 

where t and T denote multipliers left undetermined in the establishment of the 
critical equations. 

In the first place, by the elimination of t and r l\ we have the equation 


1 1 n 

V 1 - n 3 1, U v 9 X 

P yVn 

V 2 — iK, ^2 

P 

u 3 , 0 3 

p 


— 0 , 
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a relation which can be changed into an equation involving only p\ q' } /, as 
variables. For, with the notation of § 168, we have 


v \ — $i> ^2 — Q& v $— Q& 

p p p 

where Q v Q 2 , Q 3i are homogeneous cubics in p\ q ', r ' ; also 1/y is a homogeneous 
quadratic in p', q', r ', while fh, & 3 , are linear in those magnitudes ; thus the 
constituents of the first column in the determinant are homogeneous cubics. The 
constituents in the second column are linear. Hence the foregoing determinantal 
equation is of the fourth degree in p', q', r', and is homogeneous in the direction- 
variables ; and therefore, when combined with the linear relation 

it provides four sets of values. We thus have, at any point of a regional surface, 
four curves of spatial curvature. 

The value of T is at once obtainable in the form 


T~ 


1 


Po 


2 ’ 


but this form adds no obvious significance to the equation. 

Another form can be given to the determinantal equation which appears to 
have a more immediately geometrical significance. It can be written 


1 

*1, 

7/1, 

61 

] 

a., 

«i, 


p 

V 2 , 


0 2 


a 2 , 

u 2 , 

e 2 


% 


o 3 


a,. 

V 3 , 

0* 


It will appear later (§§ 200, 201) that 

^i, u l) di 

v 2 , u 2 , 6% 
v 3) u 3 , d 3 

where l/r d denotes the regional tilt of the superficial geodesic, and that 




u v 

e 1 

a* 

w 2 , 

e 2 


u 3 , 

e 3 





where 1 ja 0 denotes the regional torsion of that geodesic. Consequently the foregoing 
equation can be changed to the form 



7<*e P^o 
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a relation between curvatures alone, belonging to the curves of spatial curvature 
of the regional surface *. 


Curves of regional curvature on a surface . 

198 . The curves of regional curvature on the surface are in such directions as 
to give a maximum value or a minimum value of the circular curvature of a 
regional geodesic touching the surface. Their directions consequently are given 
by the maximum and the minimum values of 1/p, for all values of p , q, /*', 
admissible under the two conditions 

Ap' 2 ~= 1, 0 x p' + 0 2 q' 4 0 s r' ■ -=(>. 

Now we have (§ 168) 



Thus the critical equations are 

*’i “ Aq^i + kq(1\ 

V2— X n u 2 -\~ k 0 6 2 ", 


where A 0 and k {) are multipliers left undetermined in the construction of the 
critical equations. Consequently, as 

Vi~pQi , v 2 ~pQ 2 , v 3~ pQ& 

where Q x , Q 2 , Q 2 , are (§ 168) homogeneous cubics in p', q', r , the directions of the 
curves of spatial curvature satisfy the equation 


Qi, ^i» 0i 
Q 2 , u 2 , 0 2 
Q 2 , u 3 i 0 A 



manifestly homogeneous of degree four in p\ q , r'. When combined with the 
superficial relation d^p' + d 2 q' + 9 2 r' = 0, this equation shews that there are four 
curves of regional curvature through a point on a regional surface. 

The explicit values of A 0 and k 0 can be obtained. In the first place, multiply 
by p', q', r', and add the products : then 


1 

P 


“ A 0 . 


* The result is in accord with the result obtained when the region is a primary 
region, that is, existing in a plenary homaloidal space of four dimensions ; set* G.F.D., 
v«fl.ii ) §§ 365, 370. 
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Again, from the critical equations, we have 


K 0 2 S al) l 2 = S a ( W 1 “ -) 


= X av l - 2 X aM i ?; i + 4 X/ aM i 2 

P P 

Q 


and therefore 


Thus the equations for the directions of the curves of regional curvature on the 
surface are 

.. m i 1 0i 1 


u 2 _ i e 2 


G 6„ I * 


?/ 3 _l | 

/> 

We have proved that the typical direction-cosine of the hinormal of any 
regional geodesic (§ 172) is given by 


where 


*a=fyi + »»& + »&, 


(Al \-Hm l #n) — ^ — Vj 

O- p 

^ (/// } Bm H Fn)—^ u 2 -v 2 * . 

a p 

1 (67 4* j^/w 4- ( V?-) — - 'i/ ? — ?;.* 

<7 p ‘ ’ J 

Thus along a curve of regional curvature on the surface, we have (except as to 
sign) 

. dp dq dr 

chi’ m ~dn ' n= dn ’ 

and therefore, also except as to sign, 


in other words, along a curve of regional curvature on the surface, the binormal 
of the tangential regional geodesic is normal to the surface, and therefore it is at 
right angles to the binormal of the superficial geodesic. This result also appears 
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as a corollary of a later investigation (§ 202) ; for the inclination in general, is 
there given by 


cos x ~ 


&e n 


Wj, ^3 

r„ c 3 

®i, »*, e 3 


which vanishes along the curve. Moreover, it then also follows that the regional 
tilt 1 /r# of the superficial geodesic vanishes along a curve of regional curvature. 

It is to be noted that, when we denote the equations of the curves of regional 
flexure, the curves of spatial curvature, and the curves of regional curvature, on 
the surface by E f = 0, E s = 0, E r — 0, respectively, in the adopted forms, then 




y&n 


E f 


so that, in general, no curve of any one set coincides with any curve of cither of 
the other sets. 

Finally, as regards the curves of regional curvature, we have, along their 
direction, 

<*u n P 

Q 


so that the covariant ^av 1 6 1 has the value QQJo along such a curve. 


Regional curvatures of superficial geodesics. 

199. When a parametric surface is contained in a region, the surface is also a 
configuration in the homaloidal plenary space of the region, and it has the regular 
curvatures for its geodesics as determined by its relation to that space ; for 
convenience, these regular curvatures will be called spatial. The surface also 
has its restricted relations to the containing region ; its geodesics are, of course, 
unaltered and therefore their principal lines are unaltered ; but the changes of 
inclination of the principal lines, relative to the region, are affected by the region. 
There will be consequent measures of curvature of the superficial geodesics, 
relative to the region ; and these will be called regional. One such regional 
measure is the regional flexure of a superficial geodesic, being connected with the 
rate of deviation of that geodesic from the tangent regional geodesic. The 
others can be obtained through an orthogonal frame for the superficial geodesic, 
constructed with reference to the region. 

The principal lines of the geodesic, gremial to the surface, are its tangent line 
and its binormal, the latter lying in the tangent plane of the surface at right 
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angles to the tangent line. Let P', Q', R', denote the regional direction-variables 
of this binormal, so that we have 

0 1 P' + 0 t Q’ + 0 B R'= 0; 

then its typical spatial direction-cosine is A 3 , where 

A 3 = yi P' + y 2 Q' +y*R' • 

It is to be at right angles to the tangent line, with direction- variables p' , q\ r ; 
and therefore 

'SjAp’P^ 0, 

that is, 

u A P’ + u 2 Q ' + u :i R' = 0. 


Hence, for P', Q\ R f , we have * 
P' 


(f 


K 


^ 3^1 ^ 1^3 ^ 1^2 “ £ 2 ‘ e 0 n 

the common value of the fractions being obtained from the relation ^AP' 2 = 1 ; 
and thus the direction of the binomial is analytically determinate. 

Another direction in the region at 0 is organically connected with the surface. 
We have had the regional normal to the surface, being a line within the tangent 

dy 

flat of the region ; its typical direction-cosine is ^ , where 


dy dp dq dr 

As this direction is perpendicular to the tangent plane of the surface, it is at right 
angles to every direction in that tangent plane ; and therefore it is at right angles 
to the binormal, a property satisfied by the foregoing magnitudes, because 

>( 4 + 40 } 

= 1 (6 l P'-\6 2 Q' + e,R’)^Q. 

Vn 

Thus there are three lines within the tangent flat of the region at right angles 
to one another, two of them being principal lines of the superficial geodesic, and 
the third being the regional normal of the surface itself. These will be taken as 

* In selecting the signs of P', (/, R\ account is taken of the values of the direction - 
variables (§§91, 106) of the binomial of a superficial geodesic for the spatial direction- 


cosines. 
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the foundation of the orthogonal frame of the geodesic relative to the region. 
They also are leading lines of the flat, and are equivalent to the three gremial 
principal lines of the tangent regional geodesic. Accordingly, as the normal to 
the region associated with the direction of the curve is the prime normal of the 
regional geodesic, we shall take that line as the fourth principal line of the 
orthogonal frame of the geodesic in relation to the region. 

Now consider the variation of this frame, so far as inclinations of its lines are 
concerned, for successive places Q along the superficial geodesic in the immediate 
vicinity of O. Let Sp <1 denote the angle of regional flexure of the superficial 

geodesic ; the spatial direction-cosine of the radius of regional flexure is ^ , and 

therefore, from the arc in the orbicular representation of the whole configuration, 
we have 




dn 


Vl— (// + ty/o // *h •*•) ~ + + •••) 


= (yo"-y")«= 


\po P > 


when the arc QO ( — t) is small ; if we define the flexure 1 jy 0 by the equation 

1 =Lim S ^- 1 , 

7o t ►() 1 


we have, as the first relation for the frame, 


1 

Vo dn p Q p ’ 

the result already established. 

Let dp , 2 , dp. s , d/x 4 , denote the small angles in the displaced position of the frame 
at Q, corresponding to the small angles in the displaced position of the spatial frame 
at Q as used in the construction of the Frenet equations *. Then, if we write 


?/-/„ %=h, K=k, r=J 4 , 


these small angles, and the variations of these typical direction-cosines, are con- 
nected by the relations 

d1>i— l 2 dp,^ 

dl 2 ~ 1 1 dp,-± + dp. 2 , 

dl%~ — 1 2 dp*2 d ^'4 

these being sufficient to express the variations of the directions within the 
osculating block of the region. 


* G. F.D., vol. i, §§ 164, 197. 
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Regional torsion of a superficial geodesic . 

200. The significance of the first equation, with the due interpretation of dl ly 
has been obtained. We shall denote by 1 /a 0 and l/r e quantities, called the regional 
torsion of the superficial geodesic and the regional tilt of the superficial geodesic, 
and defined by the equations 


- =Lim 

a o <->() 



- =Lim 
T 0 o 



and now the second and the third of the equations become 

d 

ds \dnj y <j 0 ’ 

dl 3 1 dy Y 

ds o 0 dn r e 


We proceed to deduce values of the regional torsion and the regional tilt. 
From the equation 


d y + h 

ds \dnJ y o Q 5 

we have 


Now 


1 

<*o 


and therefore 







dn dn dn dn 


0i. 

On’ 



^(ynP'+yirt'+y,/)} 


As regards the second sum on the left-hand side, we have 


V 


Vn 


dyjly 
dn dn 


V 


<k 


y^+ d ‘„ S»,t 4 


dr 


\\ 


- f j dn l M + 'A+tA) ( Ar n +HA n + ae u ) 

+ (M,+b0 2 +f9 3 )(Hr il + BA, l +F@ u ) 

+ <g0 t +/0 t + A) (6T U + FA U + C0 n )} 

--hoir n +6 2 A u +e 3 0 n ); 

Vn 

and similarly, for all values of i and j, — 1 , 2, 3, 
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- »■ i (*) T "■ i (}) + e, <»■' ^ + 

and, in the same manner, 


When these values are substituted in the expression for 1 jo 0 , the total coefBcient 

*(l) 

ds \ej 

=GJ>'-\ G 2 Q' i -0 3 R'={)\ 


of 


and when the explicit values of P\ Q\ R\ are substituted, we find 


Q*0 n 2 

(T» 


J>iiP'+a v //'f{)i 3 /, A'p t-Hq' + Gr', 0, 

$2\V' i $22 ( l'+ {>23^ Hp' + Bq' + Fr', 0 2 

'{>31 V • 5 32'/' + J>33 r '* + Fq + (V , 0 3 

It has already (§ 198) appeared that the right-hand side vanishes along the 
principal directions of regional flexure, being those directions which provide a 
maximum or a minimum value of that flexure. This property can be associated 
with the characteristic property of a different (but ultimately equivalent) definition 
— connected with the intersection of consecutive radii of regional flexure along 
the direction. The typical equation of a radius of regional flexure is 


y-y- 


1 (hj 
y dtf 


lienee when this radius, for a superficial geodesic in the direction p\ q , / is inter- 
sected by the radius through a consecutive point on the geodesic, and when we 
take y as the typical coordinate of the intersection, we have relations typified by 
the equation 

-„'-= d (-) dy + 1 d ( dy ) 

1 ds \yj dn y ds \dn) * 

From this set of equations, two inferences can be derived. In the first place, 

dy 

let the typical equation be multiplied bv ^ and the product be summed for the 
set ; because 


V 


V ' dy =0 yM 2 -] 

J dn ’ ^ \dJ ’ 
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we have 



giving a stationary value for , a result to be expected owing to the intersection 

y 

of the consecutive radii. Next, multiply by y A and add : then by y 2 and add : 
lastly by y 3 and add ; then, successively, we find 


-( Hp' + Bq'+Fr ')jj l QJ + y ^(i> 2l // + W + 

-((ip'+Fq' + Cr')= y ^ ^ ) I (^)' 31 ? ,, + '»)' 32 ,^ / , + '9'33 , ■ , )• 
Elimination of ( j ) and of ^ between these equations leads to the result 

<*e 


and also to the same equation as before for the principal directions of regional 
flexure on the altered definition. 


Regional tilt of a superficial geodesic . 

201. Next, for the regional tilt of the superficial geodesic, we proceed from 
the equation 

d A ;{ dl A l dy Y 

ds ds o 0 dn r 0 ’ 


the arc-differentiation being taken along the superficial geodesic so that the left- 

hand side (with the former notation) is ^ . Now 

ds 0 


y \ dn dn dn/ y u n 

and similarly 

du 2 du 2 1 0 2 du 3 du 3 1 0 3 

ds 0 ds y 6 tl 9 ds d ds y 6 n ' 


The value of P' is (§ 199) 

P'= ! (d 2 M;,-0^ 2 ), 

Q‘6 n 

and therefore 

dP' dP' i [ a fie 3 \ a fie; 
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Consequently 


dQ' dQ' dV dR'_ () 
d* $ ds ’ ds 0 ds 


dL dL 


ds e ds ’ 

so that the first variation of / 3 is the same along the superficial geodesic as along 
the regional geodesic tangent ; and the latter may be used in the calculations. 


dL 


dy 


Multiplying the equation, which expresses ^ , first by ^ and adding all the 
products for all the dimensions of the plenary space, we have 



3 dl>j dy 

cj 0 * mJ ds dn ’ 

Because 

^ 6 dn 

we have 

\ydlj dy_ _ V/ (/ A//A 
— 1 da dn — ' J </.v \rf«/ 

and therefore 

I_v, d ( d y\ 
a„ — ' 3 rf.<? W«/ ’ 

as before. 


Next, we have y x Y 

— 0, and therefore 




and similarly 


■v > d 1 v d\ 


Also, we have V^}7 3 =0, and therefore 


'V y - 
— ^ ds 0 


- Y,h - ^^P'+y2Q'+y 3 it')f s =P\+Q\+R'v 3 . 


Hence, on multiplying the same equation by Y and adding all the products as 
before, we have 

1 = ^Yf*=P'v 1 +Q'v t +/i'v a , 

tq ds b 

or 

0i, 0» 0 3 



Tfl 
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Ex. Some covariants, belonging to the complete system for a regional surface, 
can be expressed in terms of this quantity r 0 . 

In connection with the coil l//c of a regional geodesic, there are (§§ 182, 189) quan- 
tities u 5 , v B , w B) such that 


n & = -(AE+Hji+Gy), v & = 1 (Ila + B^ + Fy), w 6 = 1 (Ga + Fp+Cy), 

K K K 


where 


and 


5, A y=4 

Q* 




V 2> % 

Q 


aur 


Now we have the relations, for a superficial direction p', q\ /, 

Ui>p' + Vr 0 q'+w B r'=Q, 
d x p' + 0 2 q' + 0 3 r' —0, 

Hip' + u 2 q f h t/ 3 r , = 1, 


1 


v 1 p + v 2 q + v 3 r =- 


and therefore 


0, u bi v B , w 5 

0, e u e 2 , 6 3 

1, U 2 , U B 


1 


% *’3 


P 

— 0 , 


or 


1 

*'s> 


»# 


?/ 5> 

v 5> 


p 

01. 

*2> 



0i. 

02. 

^3 


Mj, 

^2» 

«3 


v » 




Again, from the first three relations, we have 


V 


**5. % W b 

^1> $2> ^3 

Wj, w 2 , w 3 


~v b 0 3 -w B d 2i 


with corresponding values for g' and r'. If, then, V denotes the coefficient of p ' on the 
left-hand side, we have 

v 2 - D a (p'w- = ^ am - Mr 

« M 5 2 )CL aS l 2 ) - Cij 
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Further, 


2 «#,« 6 =- y, afl, (Aa + Up + Gy) 


Q 

0 

# 1 , 0 2 > 

03 

K 

& 

u v u 2f 

W 3 



Vi , % 

^3 

=Q0„° 

5 



KT 0 



( 

'i-O. 



K 1 ' 

' TO*' 



and therefore 


implying that l/r# numerically is smaller than 1 /ct. 

We thus obtain a geometrical significance for the covariant 


01 > ^ 2 > ^3 
7/|, W 2 , W3 


in the form 


AT \ T 0 “/ 


and a geometrical significance for the covariant 

*’5> “’3 


in the form 


^2> ^3 

f’i > % *3 

Kp \ TfJ 


and incidentally, we have proved tin* relation 


kt n 


Regional frame of a superficial geodesic. 

202. Before discussing the spatial curvatures of a superficial geodesic which 
are of higher grade than the circular curvature, it is necessary to bring the regional 
frame of that geodesic into relation with the spatial frame of the regional geodesic 
in the same direction. The tangent line, being the same for the two geodesics, is 
common to the two frames. The inclination of the two prime normals has been 
obtained (§ 195) ; and these two prime normals and the regional normal to the 
surface lie in one plane. Other lines to be associated with these lines are the 
regional binormal of the superficial geodesic, as well as the binomial and the 
trinormal of the regional geodesic. 
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Now the tangent flat of the region contains 

(i) the binormal and (ii) the trinormal of the regional geodesic, with / 3 and i 4 
respectively as typical dircction-cosines : 

(iii) the binormal of the superficial geodesic (this direction lying also in the 

tangent plane of the surface), with a typical direction-cosine A 3 such 
that 

A 3 =y 1 / , '+?/ 2 Q' + : 

dy 

(iv) the regional normal to the surface, with ^ as its typical direction- 

cosine. 

All these lines are at right angles to the common tangent of the two geodesics, 
with y' as its typical direction-cosine, this tangent line also lying in the tangent 
flat of the region ; hence the four lilies __ 
lie in one and the same plane which is 
perpendicular to the tangent. \ 

In the diagram, OT is the common \ / 

tangent of the superficial geodesic and the \ / l/fc VN. 

regional geodesic ; the lines OF 0 and OB y / \ \ 

are the prime normal and the regional A < j \\ \ 

binormal of the superficial geodesic, its / \ / • >A \ 

regional trinormal being not yet deter- / A ; \y \ 

mined ; the lines OY, 0/ 3 , 0/ 4 , are respec- / \l 

tively the prime normal, the binomial, J /Jo ~/T 

and the trinormal of the regional geodesic ; / / / s' / 

and ON is the regional normal to the j / s' 

surface. The tangent plane of the surface l z s' 

is TOB ; the tangent flat of the region is 1 / ^s' 

TBI.NIJ, the lines 07?, 0/ ;l , ON, 0/ 4 , 
lying in a plane perpendicular to OT ; B 
and OY is orthogonal to the tangent flat 

of the region. The lilies OY, OY 0 , ON, lie in one plane ; and in the continuation 
of this plane, there lies a line 0 Y 0 , at right angles to OY 0 , so that NY 0 — F Y 0 . 
The inclination of the prime normals has been denoted (§ 105) by ip, so that 

YOY 0 ^, Y 0 ON=Ur-<P; 
with the analytical relations 

^yv 0 -cos^, y 0 =sim/i, 

cos i// 1 sin i/i 1 


Y 1 dy 

/ . 

p y an 
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As regards the line OY 0 , taken in the plane as drawn at right angles to OY 0 , its 
typical direction-cosine Y 0 is given by 


while 


Y 0 — - Y sin i fj 4- ^ cos i /r, 
Y 0 — Y cos t/j + ^ sin i/j. 


We denote by x the inclination of the binormals of the two geodesics, so that 

BOiy- X = NOk, hON 

the lines 01 3 and 01 A being the directions of the binormal and the trinomial of the 
regional geodesic. Also as YOI^NI^Y is a flat, in which the three lines OY , 01. ^ 01 4 , 
arc orthogonal to one another, we have 

NYl^ x , kYN-l 77- x . 

Then, with the usual formulae of spherical trigonometry, 

^ TV: t ~ cos T^q 01 3 — cos K 0 iV cos JVZ 3 — sin i/j sin x, 

^ IV4 — cos y o O/ 4 — cos y o 2V cos A7 4 — sin i/j cos x, 

results which must be verified by any values of sin y and cos x that will be obtained. 
Now we have 


cos 

- ^ (/V +• + .y.j«) (yx-P' + ?/ 2 Q' + y 3 #')> 

where /, m, n, have the values obtained in § 172 : that is, 
cos y— ^ (4/ t /7m + Gn) P' 



cr 

Mi, 


u 3 


% 


*3 

CT 

_ , 

TO 

#!> 

e 2 . 

e. 


with the former expression for the regional tilt. 
Similarly, we find (for Nl 3 ) 


sin ^ 


dn 


- 2 (?hl + yjn +y 3 n) (y x fy - * g + ?/, ^ ) 
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'h^af+of 

J \ an an an , 
(8 t l f 8 2 m+8 3 n) 


lr\ 
In) 1 


O0 m 


V 


av x 0 l9 


because d x p’ + 8 2 q’ + 0 3 r' =0 9 arising through the substituted values of l, m, n ; 
and it is easy to verify that 



1 

V 


Similarly for the other inclinations. 


Ex. By means of the values of the direction-cosines, it is possible to verify the 
results, which are summarised for convenience : 


^y„y- oob^ 

^y 0 2 3 = sin </i sin x 
V] Y 0 i 4 = sin 0 cos x 

dy 

dn 


^y 0 y=-s in^ ' 

- ; ^ iV 3 -cos0sin x }- ; 

y o l x ^ COS 0 COS X 
- 4 S i n X + ^4 COM X ] 


A 3 = £,cos x -Z 1 sin x l; 



V , dy 


V 7 dy 

-^v,r cosx 

1 

Zjh^3 = ~ sin X 

o 

il 

^ 55 

^1 

■; Eyx 3 ^=o 


Dr 0 A 3 =o 

Vy.g.e,,.# 

DLa 3 = o j 


Spatial torsion of a superficial geodesic . 

203. We now proceed to find the spatial torsion of a superficial geodesic, its 
circular curvature being already known. The direction of that geodesic being the 
same as that of the regional geodesic which is its tangent, first-order differentiation 
with respect to the arc is the same for the two geodesics ; but second-order (and 
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higher-order) arc-differentiations are not the same for them. As before, repeated 
differentiations along the arc of the superficial geodesic will be denoted by a 
subscript ; and, in evaluating them, repeated use is made of the intrinsic equations 
of the superficial geodesics in the form 

_ rt tt 1 dp n 1 dq ,, ,, 1 dr 


p ° -r = ydn ’ 


Tq ~ r 


We take various magnitudes in succession. It has been proved (§ 168) that 


and therefore 


3_n 

d P ' \ P 




am 

dq' \p) 




2 ( dp dq dr 
= y[ V 'dn +V >dn +V »dn, 

-rd-^ av A 


2 . 

'*•- sm X> 

ycr 

using the value of the co variant just obtained (§ 202). 
Again, proceeding from the relation 


Y) W 2 
VnV i 


and using the former significance (§ 1 88) for r] v i ; 2 , ^ 3 , given by 


r U~ r ) l il ) 


for i—\, 2, 3, we have 




2 [ dp dq dr\ 


and therefore 


1 fdY dY) 2 
p \ds Q ds ) y 




Inf dp dq dr\ 
2 y 
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by the formulae (§ 184) 

7 ]^ Yv x + l s u s , rj 2 ~ Yv 2 + l h v 5 , r) 3 - 7 v a + Z 5 w 5 . 

Now, by § 182, we have 

W 6 = (^d + iZ/3 + Cry), r 5 — - (Ha + Bfi + Fy), w b — - (Ga -f Ffl + Cy ) , 


where 


and therefore 



M 2 , 

u 3 


' (, 2> 



Q‘ 


dlt dl ^Pi XT' / - rro n -\^'P 

ds B -~Ts"y K h ^ Aa+H P +( ’y) dn 

- ? 5 (<*0i + fi0 2 -l- yd 3 ) 


cos x- 

y/c 


We thus have the values of 


d /1\ dT 

dfi 0 \pJ' ds 0 ’ 


expressed in terms of magnitudes belonging to the regional geodesic in the same 
direction. , 

(/,W 

We require the arc-derivative of ~ along the superficial geodesic. Because 

dy dp d*y dr 
tn~ y \hi +y -dn +yi dri 


and because all the magnitudes on the right-hand side are free from the variables 
*/', /, the first arc-derivative along the superficial geodesic is the same as the 

first arc-derivative along the regional geodesic : thus it is equal to 
the value of this magnitude must be obtained. We have 



Now 

yi^ynp'+yv/i'+yr/ 

= V i + ?/i a i+^i+^i. 

with the notation of § 172 for a,, ; that is, 



yi = Yi\ + Z 5 m 6 + y x a x + y.£ x + y-4> x . 
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There are similar expressions for y 2 and for y 3 . When these are substituted, and 
the coefficients of y v y 29 y 3 , are collected, we have a result of the form 


£(£)=* u+ *' r+ * W 


+ F 


t dp dq dr 
[ Vl dn +V2 <ln +V3 dn 
( dp dq dr 
\ U ^ + V *Tn +Wb dn 


) 

) 


=yiU+y 2 v+y 3 W- 


Y . h 

Sin^-h — COS^, 


where {/, F, W , are definite magnitudes. 

Instead of developing the actual expressions for £7, F, IF, we can obtain their 
values by using the results 



obtained in evaluating l/a 0 in § 200. In fact, we multiply by y Y and add for all 
the space-coordinates : then by y 2 and add similarly : then by y 3 and add similarly. 
Because 

2y< r =°> o, 

for i— 1, 2, 3, we have successively 

HV + BV + FW-e 

av+rr + cw=»,l(l>) + %. 

Thus values of U, V , W y are obtained. 

A further modification proves convenient. In § 178, we proved the relations 
yi=y'“i + - *’j) + U(Aa + Hp- 1- Gy), 

y 2 =y'u 2 +l 3 o - v^j + 1 4 (Hd + Bfi+ Fy), 

Vz = y ' u 3 + (^~ ” 3 ) + k (Od + Ff} + Cy ) ; 


r.i.c. 11 . 


c 
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so we substitute these values of y,, y 2 , y 3 , in the expression for ~ yy ) • The 
resulting coefficient of y' s n 


■ Uu x + Vu 2 + Wu 3 


-h{ ( ^ auA) i Q) + l ( '£ aUid ' i) }’ 


when the deduced values of U , F, W, are substituted : or, as 
^ a«A =Q{6 1 p' + d 2 q' + d/) — 0, 

&3 r ')= 

y 

the resulting coefficient of y' is - - . Thus wc have an expression of the form 
d (dy\ y' _ . Y . l 5 

7* \tn)-~Y +l3 +hb ~o Smx+ K C ° 3X ■ 


Because 


we have 


~**2 =sin '* 


d/dyW 1 X 


ds \dn/ I ds 


»x=-s: 


_spdy(k_Y 
^ dn\r a 


so that 


Similarly, because 


we deduce 


Thus, finally, we have 


- cos x, 

T 




v 7 

^h Tn =^X, 




l (dy\ (d x 1\ . 


d (dy\ y' (d x 1\ , . Y . L, 

* » = - y + U ' J , >m * + i 


We now can obtain an expression for the spatial torsion of a superficial geodesic. 
Let it be denoted by l/cr 0 , and let the typical direction-cosine of the binormal be 
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denoted by l 3 ; then, with the earlier notation for the magnitudes of the geodesic, 
the Frenet equation is 

di o _ h _ y_ 
ds 0 cr 0 Pq 

Now 


Y 0 — Y cos^ + ^sini/f ; 


and we have had a typical direction-cosine Y 0 , representing a line at right angles 
to the superficial prime normal and lying in the plane through the prime normal 
of the regional geodesic and the regional normal to the surface, where 


- Y sin ib -f d ? cos i Is. 
an 


Also, 


consequently 


d 

(h 


d / dy\ _ d I dy\ 
% \dn) ds \dn) 5 


dYo = y # dY 
ds 0 °ds d 


Y , d fdy\ . , 

— cos i/r-f -- -• sill ib 

ds e da \dn/ 

- Y 0 ^ + (- - 11 -I 2Z S 9 cos x) cos ip 
ds d \cr p yK 1 


+ - 


ds 




on using the relation 


dY dY p 

-j-= j + — cos x- 

ds 0 ds yK 


~ be inserted : the two terms on the right-hand side 

involving l 5 combine, because p cos ifj— y sin ip ; hence 


Let the value of -j- 
d 


h^tJX o 

O-Q Po d$Q 


=y 'S + (c 


sin ip. 


The direction of the binormal of the superficial geodesic, typified by / 3 , is at 
right angles to the tangent and to the prime normal of the superficial geodesic, 
with typical direction-cosines y and Y 0 respectively. Two such lines, lying within 
the osculating block of the regional geodesic in the direction p\ q\ /, have typical 
direction-cosines Y 0 and A 3 , the former being at right angles to the prime normal 
of the superficial geodesic, and the latter lying in the tangent plane of the surface 
at right angles to the tangent line of the two geodesics. The lines, of higher rank 
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in the orthogonal frame of the regional geodesic, can be combined with the lines 
having y ', Y 0 , Y 0 , A 3 , as typical direction-cosines, to constitute an orthogonal 
frame of reference for the plenary space ; and we therefore, for the present 
purpose, can propound an expression 

i 3 — eY 0 -\ r}\ 3 + + rj 6 1 6 +... , 

where the coefficients e, r /, ^ 5 , rj G , ... , have to be determined, always subject to 
the permanent relation 

1 = S = e 2 + v 2 + V + S v*- 

Let this propounded value of 1 3 be substituted in the developed Frenet equation 
for the spatial torsion of the superficial geodesic. That equation then becomes 
typical of the aggregate of such relations for the plenary homaloidal space, there 
being one such equation for each of the space-coordinates ; and it is an equation 
which is linear and homogeneous in the typical direction-cosines of various organic 
lines. We consider the successive direction-cosines in turn, after the substitution 
is made. 

The terms in the typical direction-cosine y' cancel, on account of the equation 

1 _cos^r sin0 
Po P 7 

Next, the terms in / 6 , / 7 , ... , occur only in the propounded expression for l 3 ; 
hence multiplying the equation by l 6 and adding the products for the set, we have 

and similarly ^ 7 =()™^ 8 — ... , so that we now have 

? 3 =eF 0 |-ijA 3 + ^ 5) 

where e 2 + yf + t]* = 1 . The typical relation becomes 


1 


(eT o + V^ + Vah 


= 5 " (*, + *) + " r) # + 1 ”” * ' C0S 4 + 1 5 « C ° S X ““ *’ 

on using the relations 

A 3 = l 3 cos x~h X’ h cos 0 — ( Y 0 + Y sin i/j) sin x + cos X cos *!*• 

Hence 

€ dtfj sin x 
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Manifestly the spatial binormal lies in a flat containing the lines with typical 
direction-cosines Y 0 , A 3 , / 5 ; and the magnitude of the spatial torsion of the super- 
ficial geodesic is obtained by substituting the foregoing values of e, 77 , rj 5 , in the 
relation 

e 2 -f i7 2 + T7 5 2 =r 1. 


Spatial torsion of a superficial geodesic : another determination. 

204. The spatial torsion of a geodesic on a regional surface can be discussed 
in a different manner. 

When the surface is 6(p, q, r) = 0 , we have 

-r' = c 1? / + c 2 r/, 

where 

and therefore the superficial arc, being also an arc in the region, is given by 

A o p' 2 + 21I 0 p'q' + B 0 q' 2 =- 1 , 

where 


A 0 =A ~2c 1 0 + r 1 a ( , > H 0 -H-c,F-c 2 G + c,c 2 C, B 0 =B-2 c 2 F + c 2 2 C, 
so that 

1 f) - 

F 2- 4 n _//2.. . 2 —Q r L 

1 0 — U () —Q 2 / /C7 1 Q 2 * 


V- 


Again, the circular curvature of the superficial geodesic is given by the equation 

Y + J r/y 
Po P y dn * 

When and q are maintained as the parameters of the surface, let 


Now 


and 


where 


- r °=^M7/ 2 +2WV+^' 2 . 

Po 


^L/yni^-ynP'^Zvizp'q' i w/ 2 > 


- 6 uV '* + 20 n p' q ' + e.,, q '\ 

y 


@ 11 ~ 9'll ~~ ^33 

, § 12 — ff'i 2 “ ( ‘i *^23 ~ ^ 2'B\U "h C 1 C 2 0' 33 

^ 22 ~ l ) 22 “ *^ 2^23 f 33 


Vll — y l\l~ ^ C lV 1 3 + C 1 2t /33 
Vl2 ~V\2~ C lV l 2Z ~ ( 2Vl'-i ^ *W?33 

V22 — V22 “ ^ c 2 7 ?23 + C 2 2t ?33 
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and therefore 

r - 1 s d y ] 

Cn ~ Vn ~K 11 dn 

f _ - 3 s d y 

2 ~e„ 12 dn 

y - 1 s dy 

i22 ~ V22 ~F„ n dnj 

The secondary magnitudes ^4 0 , B 0 , are such that 

Zr'SY'Zn, 5 0 =^y 0 ^; 


and therefore 


y l°— v i o y __ V s i ^ 

— — 2_j \ i j- 

Po Po \p y«»- 


- 1 S 

Vu-W'OiiSn 


Po ^ Po ^'P ydnj \ l 9 n 11 dn, 
But, for all values of i , j, k , = 1, 2, 3, we have 

2 ’?•#*= °» 2 3 y*= 0 > 


and therefore 


^=2{(4+4>4) 5 H 

X ^n?A= S { (^u “ 2^13 + eAss) =0 ; 

S y ^u= E { r ton - 2o^ 13 + Cl ^ 33 )} = A - 2cjG + Cl *C ; 


consequently 


Similarly 


A °= 1 (A~2c l G,-r 1 2 (J)- 1 8 V 
Po p yu n 


-°- (H-c 1 F-c 2 6\c 1 c 2 C)—‘ 9 n , 
Po P yUn 

^= 1 (B-2c 2 F+c 2 *C)-~§ 22 . 

Po p yv n 


In accordance with the usual notation (§ 107), we write 


also we wrote (§197) 


~^oP +-^07 > V2~-HqJ) “I ' Bq(J , 

= A 0 j/+H 0 q', u 2 —H 0 p' + B 0 q ' ; 

0-j =3- n p' + &i 2 q' + &i 3 r', 

'9"8 = ‘9 uV' + + •9'23 r, > 

&3 = &iaP’ + ^23 ?' + #33 r '- 


Ul — Ui C1W3 , U2 — ^2 ^ 2^3 > 


Then we find 
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for the primary quantities ; and, for the secondary quantities, 

( V l“<U V 3)~ n~ (9*1 ~ C l$3) 

Po P yVn 

~-(v 2 — C 2 ?; 3 ) - — (&2 “ C 2^ 3) 
po P yVn 

The spatial torsion of a superficial geodesic is (§ 106) such that 


Vo 


and therefore 


u 9 


— 

Po a o “3 


I 

Vi — efts, v 2 — c 2 v 3 

l 

O' i ~ CjO 3 > 'O' 2 C 2 $ 3 

p 

— Cp/' 3 , U 2 ^2^3 

yOn 

— C^U 2 , U 2 — CyMft 


1 

p0* 


1 0 n 1 0„ 
a "I" ~ n ’ 

p t o ^3 y a o “0 



v 2 , 

V 3 

1 




u l} 

u 2 , 

u 3 

y8,fi 3 


U 2 y 

u 3 

*1. 

0* 

03 

I 

1 

K 

0 2 , 

03 


where 1 /a e is the regional torsion (§200) of the superficial geodesic and l/r e is 
the regional tilt (§ 201). Hence we have the relation 

1 1 1 


p{Po y a o p T o 


The result accords with the property of the curves of curvature on the surface 
which, always, are characterised by the vanishing torsion of their geodesic 
tangents, and, for a regional geodesic, are given (§ 197) by 



y°o pro 


Also, the spatial direction -cosines of the binormal of the superficial geodesic 
are known. For the binormal is the line in the tangent plane of the surface 
drawn at right angles to the geodesic tangent ; and therefore (§§ 95, 106), denoting 
a typical direction-cosine by A 3 , we have 


where 

Consequently, 


-w 2 *7i> 


?7l — 2 /i _C 1?/3i 

03 — Cj W 3) U 2 — C 2 U 3 

0n& yi-<w 3( y t -c $ 3 



«i» 


U 2 , 


u 


3 


1 h> Vs 
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But other deductions can be made from this expression. From the Frenet 
equations for the frame of the geodesic, we have 


and therefore 





rfYfl 

3 




d-s 0 

CT 0 

dY n 


Ml, 

Mo, 

«3 

«© 


2/l. 

?/2- 

2/3 



0i. 

ft,, 

0, 


-- (thV' + lM' + thr'), 
P 0 


flYn 


thus giving an expression for — which is linear in the regional magnitudes 

ds 0 

along the superficial geodesic. Such an expression is entirely different in character 
from that given in § 203 ; and a comparison of the two forms leads to analytical 
inferences. 

The foregoing expression for the spatial torsion of the superficial geodesic can 
be derived by means of the value of A 3 and of the Frenet equation ; for, from the 
latter, because 

the binomial and the tangent being at right angles, we have 

l — N W 


Now we have 


1 ; 

Wv 


0i 

" 0 ."^ 

% 

> ^ 2/2 1 0 > 

02 


"a 


02 


L i 

n- i#\i 


o~~Po^ < 

|^2/i 1 

^ p y tin) J 


= Po (a 

f/yi 

//■ f'+ff*' 

) = 

y \ 

r/a 1 

<7« </u, 

/ 


. 

y ’ 


and therefore 
But 


V* V ' V„'\ r i , a ^ ( Pu\ 

— S».> ^ yKd ,+\u,\ye,J- 

i 0(2/11 v +2/12 ( i "b yv.\ r ) 


and 


also 


^ Y(y n v' +yu<i' +yis r ')=-- v i ; 


+Vvi + yv/) 


= ‘ [p'(0 1 r ll +o,A ll +e,0 n ) p q '(e 1 r 12 +e i A Vi 1 e 3 e 12 )+r'(e t r u 4«,4+W 

e n 
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^}=e n p' \ e u q'+e 13 r. 


Hence gathering the terms, we have 

d 


Similarly 


5 ~ ( a ) ■ 


Let these values be substituted in the foregoing determinantal expression for 
1 /a r 0 . The terms arising through the arc-derivatives of p o /y0 fi disappear ; and we 
find 




_N 

P 




*3 

, Po 

«1« 

>/ 2 . 



r 2 , 


y0' H 




Or, 

0 2 , 

o. 



e.. 

e. 


leading as before, by using the results in §§ 201, 204, to the former equation 

111 

Po°o y^o P T n ’ 


With the former significance of the angle i/j as given (§ 203) by 


Y 0 — Y cos ifi -f 


<]y 

dn 


sin i/j. 


this equation can be written 


cos iff 1 
Po p’ 


1 sin i/j cos i/j 
Gq °o t o 


sin i/j 1 
Po y ’ 


Spatial tilt of a superficial geodesic, 

205. We })roceed similarly to determine the spatial tilt, and the direction of 
the trinormal, of a superficial geodesic. 

Denoting the typical spatial direction-cosine of the trinomial by A 4 , and the 
magnitude of the spatial tilt by l/r 0 , we have (§ 132) 


^4 _ \ ° 

T o °0 

_A 4 

Po T o 


y ( w 1^2 ^2^l)j 

' 0 

.! («'i £*- p*Ci). 

* 0 
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where 

£ 1 — tnV Si2<7 = (^i ~ c ilz) ~ > 

? 2 = Si 2 ^ + £ 2 2 ? — (°?2 ~ ^a) ~ ^ ('S'a ” c 2 $a) • 

The two formula? for A 4 are equivalent to one another. In the first of them, let 
these values of £ x and £ 2 , as well as the values 


u \ — % - C 1 W 3 , w 2 = w 2 - c 2 w 3 


be substituted ; then 


Wg — C 2 M 3 

_ldy 

H\ CjW<j , 

^2 ^2^3 

’ll - C l%, V2~ r 2V-J 

8 n dn 

{) 1 — 

'll 2 ~~ ^ 2^3 


l 


«2> 

^3 

i 

dy 

Ml, 

^2’ 

u 3 

«3 

Vv 


^3 

" 0 3 0« 

dn 

a-,. 

«■* 

'll 3 


0i. 

0 2 , 




0i. 

02, 

03 


so that, with the value of \jcr Q in § 204, we have 


t 0 "0 °e dn qIq 


Now (§ 188) 

7]i= Yv^ l^y 7} 2 =:Yv 2 \ l 5 v 5 , y] 3 ^Yv 3 + l h w h \ 
on the substitution of these values in the determinant, the coefficient of Y 

1 U l9 'll 2^ ^3 I 

Q* 0 n v l9 v 2 , v 3 V 


Wl, 

W 2 , 

^a 


7 7i> 

^?2’ 

r /a 



0 2 , 

0a 




*>a 

+ ? sW’b 


by § 201 ; and so 


@ii ^ 2 > ^3 


5 r 0+ i dy _ Y__l B u A , u 2 , u 3 

r 0 cr 0 a 0 dn tq Q* 0 n m 5 , r 5 , w 5 


0 i> 02 , 0 s 


But (§ 189) 


Wr, _ 1 , r \ . Vr. _A , _1 , ?Cr r l , .X , 

c 2 ^ -f- 6 2 r , - = — c 2 p -f a 2 r , - = -B 2 j; -a* <7 , 

p p p 


with the significance of the symbols a, B, c, (and other connected symbols), as 
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given in § 188. When these values are inserted in the determinant, the coefficient 
of a ‘p 

= (0 3 «i - u 3 y - (0i«2 - 
- - 01 («,/ + M*g') + Mj ( 0 3 r' + %') - <?!, 

because of the relations p' + 0 2 < 7 ' -f 8 s r'=Q, utf' + u 2 q' + u^r' = 1 ; and similarly 
the coefficient of 6*p 

^ {0, 2 U^ — 0^U>^jT — ($ 1^2 “ ^2^l) V = ^ 2 ’ 
and the coefficient of c 8 p 

“ (^2^3 “ ^3^2) ( 1 ~ (^3 w 'l — ^1^3 ) V = ~~ ^3- 

We therefore have 


A < - -°+- (&'%-*%+ ii'%), 

T 0 a 0 o e dn t b 

the typical equation for the direction-cosines of the trinormal of the superficial 
geodesic, expressed in terms of variables of the regional directions associated with 
the surface and with the tangent regional geodesic. Of the direction-cosines 
involved, Y and Z 5 belong to the tangent regional geodesic, both being at right 
angles to the tangent flat of the region at the point, and their two directions 
determine a plane orthogonal to the regional and superficial geodesic ; while Y 0 

is linearly expressible in terms of Y and ^ , the typical spatial direction-cosine of 

the regional normal to the surface, by the relation 


Y 0 Y 1 dy 
po p y (Jn * 


In the first place, multiply the equation throughout by Y 0 and add the products. 
We have 

VXA 4 -O, 


from the necessary orthogonality of the prime normal and the trinomial of the 
superficial geodesic : also 


^rr 0 -cosi/r, 


> (l y v . , 


with the former significance of ifj : and 


1 


dy 


V*/ y _Z>o y 1 y . 1 V# _*-() 


the first term vanishing from the necessary orthogonality of the prime normal 
and the quartinormal of the regional geodesic, and the second term vanishing 
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because the quartinormal is at right angles to every direction in the tangent flat 
of the region. Hence 

1 1 . . 1 / A 

-1 — sm *p cos ifj — 0, 

G o Vq Ty 

in accordance with the preceding result (p. 41). 

In the next place, we take the direction-equation in the form 

To °o To a q d" Q* 0 u 

where the directions typified by A 4 and Y 0 are perpendicular, and the directions 
typified by ^ Z 5 , are perpendicular in pairs ; we square the equation, and 
add the squares of the sides for all dimensions of the plenary space. Then 

~2+ + „ 2+ pp 2 (a a 0i~b a ft 2 + c 2 0 3 ) 2 . 

To °o T e u o 

In evaluating the last square on the right-band side, we use the relations (§ 188) 
f= -(6c) 2 , g — (ca)% h=:-(ah) 2 ; 

and therefore 

where 
But 


and therefore 


J 11 1 P 2 y 

T„ 2 ' of T „* + tf + S39~* ’ 

Y- sl6 2 + itiOJz i- ‘IgOflz + 60 a 2 1 2f0JVi cP., 2 . 
1^1 1 11 /sin 0 cos 

To 2 CTfl 2 T 0 2 V cr 0 Ty 

_ /sin i/j cos i/A 2 

\ T 0 Ofl / ’ 

I __ /sin ip eqs t/A 2 p 2 

V \ ^ ^ 


We note that, when the plenary space of the region is quadruple, the quantities 
a, 6, c, f, g, h, all vanish : for example, because (§ 18fi) the quantities u 5 , v 5 , w 5 , 
then vanish, 

a=bc - f 2 =v 2 2 r :i 2 - (v 2 r. } ) 2 =0 

from the values in § 188. Thus, when the region exists in a quadruple space, 
we have 

i sin ib cos t/jr 

- - --4 

To t Q °0 

1 sin ifj cos i/j 
G o G e t 0 

in accordance with the known results for a parametric surface in such a region*. 

*G.F.D., vol. ii, chapter xxi. 
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Ex. 1 . Obtain the foregoing equation for the; tilt of the superficial geodesic by 
proceeding from the equation 


K = 1 

Po~o V 0 


(^1 ^2 — ? ~2 Cl)' 


The equivalence of this equation to the equation 

-- y °=p-(“lC2-'«2£l). 

T 0 ^0 *0 

is established, by the help of the equation 

--°=£i/ + £ 2 '/; 

Po 

for the elimination of fj and £ 2 leads to the condition 

A 4 K_Y 0 1 F 0 =0 
Po T o T o °o p 0 

t5i, w lt 7' 

which is an identity under the equation 

V 0 __ . . 

^0 


7?.r. 2. Evaluate the covariantive magnitudes 


Vl, 

?, 2> 

r 3 

> 



t>3 





«5> 


«’b 

Ou 

0 2 , 

0 ; 


« 1 . 

*!• 

^3 


connected with the parametric 0-surface ; and prove that 


+ Mj *W'+*W+$k/. v l9 0 X 

pCTy yTQ '0]2jP t if 227 ^^23^ > ^2’ ^2 

+ 9*237 ^3> ^3 

The determinant on the right-hand side, with its value, should be compared with the 
similar determinant in §200, which has rq, ?/ 2 , iq, for its second column, and is 

equal to -Q^6/la 0 . 


Geometrical construction for the trinormal of a superficial geodesic. 

206. Returning to the equation of the typical direction-cosine of the trinormal 
of the superficial geodesic, which may be written in the form 


Al_J Lv . 1 y _\_ d J_( Y P i _Y, 

T o T e 0o ° a d dn \&0 n 2 ' 5 
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we substitute the value of Y 0 from § 195, that is, 

Y 0 ~ Y cos ifj + ^ sin i/j. 


On the right-hand side, the coefficient of Y 


and the coefficient of 


dy 

dn 


and therefore, if we write 


we have 


( cos i/r sin ib\ . . 

a o T o / 

/ cos i/f sin dt\ , 
= -( — + - cos^; 

Vo-0 / 


1 cos 0 sin 0 
g- T o 



where Y 0 is the magnitude in § 202, and is the typical direction-cosine of the 
direction OY 0 in Fig. 21 which lies in the plane, drawn through the prime normal 
of the tangent regional geodesic and the regional normal to the surface, and is at 
right angles to the prime normal to the superficial geodesic in that plane. The 
trinormal of the superficial geodesic therefore lies in the plane, through this 
direction typified by Y 0 and through the quartinormal of the tangent regional 
geodesic ; and if, in that plane, it makes an angle br-ou with the quartinormal, 
we have 


where 


- A 4 =- Y 0 cos a) + lr 0 sin co, 


cosce cos dj sin ib since 

— — - - + — , 

To °0 T 0 T 0 



As the co variant! ve expressions for l/cr d , l/r 0 , Y, are known, the magnitude and 
the direction of the radius of tilt of the superficial geodesic are thus obtained. 



CHAPTER XVII 


Surfaces Geodesic to a Region 
Variations of the normal dilatation of a regional surface. 

207. We have seen that the normal dilatation of a regional surface, which has 
been denoted by is given by the equation 

w= 2 M f ; 

and that the direction-variables of the regional normal to the surface, 

an an an 

that is, of the direction of the radius of regional flexure, are given by equations 

Q0 n d £^aO^I,9 2 +g0 3 , Q9 n ^-h0 l + b9 2+ f0 3 , Q9 n ( £^g9^f9 2 + r0 3 . 

We need the variations of 0 n in various directions in the region, especially 
those which are normal to the surface or are tangential to the surface. We need 
also the variations of the direction- variables of the regional normal. 

We begin by obtaining the parametric variations of 6 n . Differentiating the 
relation 


0 2 — V_“ A2 
n ~ 1 ’ 


with respect to p, we have 


fsn 1 

6n d^ = a {{a8t ' + h0 » + ^ 0 » + ^ Wa+/0,)0 M -H (gO 1 +f0 2 +c0 3 )0 13 ) 


+ i Vo 2 — (—) 

^ 1 dp \ar 


dp 

By the results in § 160, the last line 

= -Q[0i 2 ( a r n +hr i2 l ffl\ 3 ) + O i 2 (M n +bA li -tfAi 3 ) + 0./(g@ ll +f& 12 +c<S> 13 ) 
\-0 2 9 3 {(gA u +/A n i cA ]3 ) + (h& u I h& lt +f@ 13 )} 
d ®tl + ^©i2 f ,7®13) + (gr _ 11 d-/r ? 12 4 cT 1;} )} 

-\ 0 i 6 2 {(hl u + br i2 I fl\z) 4- (a/lji -f hA vl l (jA yi )}] 

- - ^{(O0 1 +k0 t \ g 0 3 )(O i r n + 0 2 A n +O 3 0 u ) 


and therefore 

se n 


4- (h9 1 -f hd 2 1 /(9 3 ) (6 i r i 2 -f ^ 2 ^ 12 +^ 3 ^ 12 ) 

+ (ffll +/^2 + ^ 3 ) (® 1^13 + 02^13 + ^© 13 ) ’ 


^#i ~~ + ® 1 1 + + ^2 +y®a) 2 ■+* (9^1 +/®2 + ^ 3 ) ^13 • 
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Proceeding in the same way for the other two parametric derivatives of 0 n , we find 

= ( a @i 4- hO 2 +g0 3 ) 0^21 + (h0 1 4- b0 2 +f0 3 ) 0' 2 2 + ($ 1 4 ~/$ 2 + ^ 3 ) $23 > 

SO 

Q0 n — (nO x 4- li0 2 4- g0 3 ) ^ 31 4- (hO x 4- bd 2 +jf® 3 ) $32 4- (g@ 1 +/0 2 4- <A) $ 33 5 


and these three results may also be written in the forms 

36 n_. a a , cl 

a<?„_ (Z/j d? dr 
3y “dn 

dr~^ il dn + ^ 2 dn + ^ 3 dn 


Hence using 0 nn to denote , the second normal derivative of the parametric 

magnitude 6 within the region, we have 

dd n dp d0„ d9 n dr 
"" dp dn dq dn dr dn 

= (0n. *> 22 , *>33, *>23, *> 31 , *> 12 dj, Jp (h J. 

and the equivalent form 

W0„„ 

= (*>11, *>22, *>33, *>23, *>31, *>l 2 iMl + >^2 • hd l + b0 i \J0 3 , #0, +/0 2 4 C0 a ) 2 , 

as covariantive expressions for 0 nn . 

Similarly, for the variation of 9 n for any direction p\ q\ r\ in the region, 
whether the direction lies on or off the surface at 0, we have 

dO n _ dO n , dd„ d6 n , 

~d*~dp P + dq' 1 + Tr T 

"(^U> *>22> *>33, *>23, *>31, *>21 fa, fa \ P' > f ') 

as a covariantive expression ; and an equivalent form is 

VJ;=(*W, g\ fM+Mi 1^3, M 1+ f8 2 +fd„ g0 1+ fO t +cd 3 ) 

= (bn V 4 JW + & 13 O («® 1 4- h6 2 +g0 3 ) 

4~ (^] 2 p / + b 22 q' + b&p , )Q&\ 4“ b0 2 4 /# 3 ) 

4- ( 9*13?^ 4- 4- b 33 r f ) (gO x +f0 2 4- c0 3 ) — ^ ad x & x . 

One inference may be noted : the operators ^ and are not interchangeable. 
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Thus ^ on a surface always vanishes, and therefore always vanishes, 

whereas usually does not vanish. It will, however, be found (p. 62) that ^ 

does vanish for a class of parametric surfaces which have second-order contact 
with the geodesic surface in the same regional orientation. 

Next, we have 

*•*= s«+W.hA). 

and therefore 


h (£K> (S)< (s) 

after reduction similar to that used for the parametric derivatives of 9 n ; also 

*(»•©- W*»- + »»->-»*( r 4 +r 4 +r -£)- 


Consequently 

A 

dn 


As. A.. r„, r„. r u \% * d £j. 


so that 


dn 2 


"P ( 71 T1 IT p T1 P IS 8 nn (I]) 

«*'* V 111 22 ’ 33 ’ 2 ” 31 ’ 12 y d»’ rfB’ rfj + 0 n dn 

+»(«-2 + »4 + *-s) 


1 

z Qe„ 


-(» 


, Q. dq 


+ »i^z + ^e + »-S! 


- (# 9* 1 + ^$2 + 3 ) > 


F.r.O.TI. 



50 


VARIATIONS OF THE NORMAL DILATATION 


[CH. XVII. 


with the significance 


17V 


-a . a a 


dq 

l dn 


dr 

dn' 


for i=l, 2, 3. In the same way, we find 

^22? ^33> ^ 23 > ^31j ^12 

~ QQ V 1 9*1 + W ) 2 +/ 9a) » 

d^r ( 

^ 2 +(©ll> ©22, ©33. ©23. ©31, ©12 

~ QQ (^!+/ i % + c 9 3 ). 


dp dq dr V ^ 0 n „ dq 
dn ' dn 9 dn/ 0 w dn 


dp d? dr\ 2 ^0 nw dr 
dn’ dn 9 dn/ 6 n dn 


The covariantive expression for 9 nn is known ; manifestly it can be taken in 
the form 


- dp -zdq - dr 
' } 'dn + "\ln b ' } *dn 


Hence the values of the second normal-derivatives of p, q , r, are known. 
Again, we have 

ft d 2 ]) d 2 q (ZV v / dpV 

dn 2 1 dn 2 2 dn 2 s dn 2 — ' 11 \dn) 

W3 + M£ l- £)} 


'°^\dn 2+ ^ 011 


dp dq dry 2 ^ 
dn 9 dn 9 dn, 


d 2 f) d 2 (i d 2 r 

when the preceding values of — 2 , arc substituted, the resulting equation 

merely repeats the known value of 9 nn . 

Similarly if we take any direction p', q\ r', in the region, whether the direction 
be on the parametric surface 6=0 or not, and if, as before (§ 197), 

'9'l~'l)np 4- 0'127 3 9 2 ~~ 9 2 1 P 1~ 9 22 ^ ~t* 'O’ 23^* > 9,3— 9siP 'B'32 (/ ‘f 933?* > 

we have 


d 

ds 

d 

(Is 

d 

ds 


{ 6 -t)44* h ^4~ e 44 

( 9 4)=s(^ + ^“ 8 *)- 8 -(®-!1 


dp dq dr 
(hi 9 dn 9 chi 
dp dq dr 
dn 9 dn 9 dn 
dp dq dr 
dn dn 9 dn 


v\ 4 r) , 

p\ 7'. r') • 
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The value of ~ has already (p. 45) been obtained and it can be expressed in the 
form 

^ dp dq dr 
ds 1 dn x 2 d n 1 3 dn' 

and thus the arc-derivatives of ^ ~ , taken in any direction in the region, 
are known. 


Arc-variation of the direction of a regional normal to a surface . 

208. By means of the foregoing relations, we can obtain the. value of 
which will be needed later. For 


d (dy 


ds \d n, 


ds ~VnV + 2 / 12 ? +yv*r 

= Vnp' + vn'i + Vu r ' + H\ a i- y^+yd 
=, ?i+?/i« t-y^+iht, 

with the notation of § 172 ; and similarly for the arc-derivatives of y 3 and y 3 . 
Hence 


d / du\ rf / dp dq dr\ 
ds \dn) ~ ds v 1 (hi + 2/2 dn + y 3 dn) 

= U0?i +?/!«+ + y-A>) % 


d (dp\ d (dq\ d ( dr\ 
+ 2/1 ds \dn) + 2/2 ds \dn) + ds Ida/ ' 


But by the use of results in § 207, we have three formulae of the typ< 




dp 0 dq dr\ 
dn + fi (ln +y dJ’ 


so that 


-< d ( ,l v\ , a 


1 ds \dn 


9-1. 9 2 , 9 - 3 0 >ji, y» y 3 ) -0 n ^ (y x a + h y 3 <f >) , 


Consequently 


d (dy\0n dy 
ds \dn) 8 n dn 


dp dq dr 1 . .« ~ _ v . 

:7?1 dn l1?2 dn 1 V3 dn + Q6l (a *' y '’ ^ ^ 2/1 ’ Vi ’ y *>' 


the formula in question. 
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Ex. Verify that 


(»•* 


m<(f) 




for i — 1, 2, 3. Those results were obtained in an earlier investigation (§ 200). 


Magnitudes involving third-order derivatives for a regional surface. 

209. For all values i, j 9 —1, 2, 3 (and with the current conventions p = x l% 
fj = x 2 > r= - x s)> wo have 

so that 

_ n dr u_ n dA E_a 

1 dr, Ui dx k 3 dx h ■ 


In the values of the derivatives of the quantities r u , J tj} @, J? as given by the 
results of § 1G3, it is convenient to write 


ak(ij) = (U,jk) + (lj, ik), 

P k (y)^(2i,jk) + (2j, ik), 

Yk (ij) - (3», jh) + (3 j, ik), 

all the quantities on the right-hand sides being Kiemann four-index symbols 
{ab, cd). Also, we write 

@i}K--0ijk- Qi{e \jk+r t (jk) + r,(ki) +r k (ij)\ 

A >(jk) \ dj(ki) \-A k (ij)} 

~ K&uk t (jk) + &, (ki) + & k (tj)}. 

Then after reduction we find 


^ k @,i 

+ J ® + *, A <•» + £ * ® } - 

holding for all values of i, j, 7c, — 1, 2, 3, repetitions being admissible. In the 
symbols a k (ij ), yu{ij), the integers i and j (when different) arc inter- 

changeable without affecting the value of the magnitudes a k , j8 /f , y k ; and 
the form of @ijk shews that the integers i, j , k, (when different, wholly or in part) 
can be interchanged without affecting the value of the quantity denoted by 
Accordingly, we take the combination 

3iK, 
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In this magnitude, the aggregate of terms involving the four-index symbols is 


where 


9 ( dq - 
" \dn 


P+^Q+^R 

tin an 


p - (*/) + a, (#) + (*») 

“(1 i,jk) I (V> **) 

+ (lj,ki) + (lk,ji) 

i (1A\ $) + (!*’, Jcj)—0 ; 


ami similarly $—0, 7?=0. Consequently the aggregate of terms involving 
the four-index symbols in the specified combination of the derivatives of the 
quantities !) u is zero. We therefore have 


d»h, | | dfr kl 

dx k dr, dr., 

where 

(/*»') = 9-1*/%, -I ahjA^I AhiA©^, 


for all the admissible combinations. 

The value of the regional flexure of a superficial geodesic has been obtained in 
the form 


0 , 


“ 2 ~ ($11? $22’ $33’ $23? $31? $12^ > 7 > T Y \ 

y 


and therefore, differentiating along the superficial geodesic, we have 
- 1 ( y ) = 2 (»„ V + + 8-u^) V' + 2 ( w + 4W + &«/) 

+2(H 13 /h V+V)f." + *■')* 

= 2[('9np , -f$ 1 27 , + $13 r )? } , + $(l2? >, + $227 +$23 r )^ ,/ 

+ ($l3/ ? +$237 +$33 r ) r ' , j 



dp dq dr 
dn ’ dn ’ dn 



The expression in the third line of the right-hand side of the last expression 

2 dO n 

y ds ’ 
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after the result on p. 48 ; and therefore we have 


_ R 

" ds \y) yds 
p', 


with the notation of p. 15 for $ l5 {>21 Because 

djh,_ ,Sk\ 9^ 

ds ^ dp ^ dq dr 

and because p”, q", r", are homogeneous quadratic functions of p\ q\ r\ the right- 
hand side is a homogeneous cubic form in //, q\ r f ; we shall take 

, df l\ :* J9„ 


-o„ - 

ds \yj y ds V j *F 
where —p, s 2 — q, x 3 — r. 

To obtain more explicit values of the coefficients & uk in relation to the 
magnitudes 0 lJk , we take the respective coefficients of x 3 k on the two sides 

of the equivalent expressions. When they are equated, they give the relation 

o,%,=2 ( a ^+-^-i ^')-'i(^A,+.9- u r u 1 ,%,r 3l ) 

- 4 (k\ 2j A kl 4 - 9 2/. A lJ + $ 2l A Jh ) 

1 9aA®u + Sa.^*) 

= 0*/) - Gi>, (7^) - (>J> A (/;), 


so that 


Quh — §nl b l) , "1 §k( l j)- 


We therefore have the value of — — , on the substitution of this value of 6 l)k , in 
the form /l 


W) b9,(/’0 + iM >,(y)+ *B k {ij) + T y k [y) 


with the assigned delinitions of the symbols 1 } a (/jlv), a A (pv), /3 A (/ie), y A (/n'). 

Next, we proceed t-o find the value of , - for the parametric surface in a region ; 

an 3 

the associated results will be required later in the consideration of geodesic surfaces. 
When the relation 

^_Vq ( d vY 

dn 2 ~ ^ 11 \dn) 

is differentiated along the regional normal to the surface, we have 

dH> ^. } (r } Pp.Ti dh l , K ,r ~ r \ 1 y ffill W 3 

f//t 3 \ ' 1 r/// 2 2 dir 3 (In 1 ) ^ dn \dn) 
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From the values that have been obtained for the second normal-derivatives of 
7;, q , r, it follows that 

a **P . q a & r _ 

1 dn 2 2 cZw 2 3 dn 2 


=*-[* w* (£) ,+ (SI 


where 


and therefore 


iV-A (a, b, cj, g, hh%, {>2- a- 3 ) 2 -^L ; 


d a d _ 9 ^t v W 
dn 3 eZn W 




^5,2*,, (*)’]. 


The quantity on the right-hand side can be deduced from the quantity on the 
right-hand side of the foregoing expression for 

„ A f J\ ?>dO n 


71 (Is \y) y ds 

when, in the latter, we change 7/, q', /, into ^ ^ , respectively ; and there- 

fore the value of the last quantity on the right-hand side is 


vvvi 


dp\ l ( dq \ 1 / dr\ k 
dn) \dn) \dn) 


Accordingly, we have 


^ _ 97 y _ v V v q * (' ^ V ( \ k 

dn 5 UJ \du) 9 

with the foregoing value of N : and we associate this result with 

_ 1 ll V v {> P , 'q ,, / L 

e n 'd*\y) vw 1 1 1 ’ 


&i,k - •*>, (j/<) - 1% (hi) - &k(ij). 


Surfaces geodesic to a region. 

210. Any equation 8 (p, q , r) — (), among the parameters of a region, determines 
a surface wholly comprised within the region ; such a basis for a surface is 
manifestly of an analytic character in its initial stages. There is one species of 
surfaces in a region (and in any non-homaloidal configuration of more than two 
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dimensions) the basis of which, initially, is of a geometric character ; the con- 
ception is due originally to Jiiemann (§ 74). At any point 0 of a region (or 
non-homaloidal configuration), he postulates two regional geodesics in different 
directions. The two directions determine a plane orientation at 0 ; every other 
direction, passing through 0 and lying in that orientation, determines a regional 
geodesic through O ; and the aggregate of all these regional geodesics through 0 
is defined as a geodesic surface at O, the tangent plane of which at 0 is the plane 
orientation. (It is to be noted that the definition is concerned solely with the 
regional geodesics passing through the point 0 : an assumption that, if P and Q 
be points on two of the geodesics through 0, the regional geodesic PQ lies in 
the surface, seems plausible but cannot be justified.) IJy means of this type of 
surface, Riemann postulates his measure of curvature of the region (or other non- 
homaloidal configuration) as given by his measure of curvature for that geodesic 
surface ; and as has been seen (§ 117), the measure of curvature is what has been 
called the sphericity of the geodesic surface, and thus it is the sphericity of the 
region (or other configu ration) estimated in the orientation of the surface. 

We proceed to consider the analytical characteristics of geodesic surfaces at a 
point 0 within a region. Manifestly, all the superficial geodesics through 0 are 
regional geodesics : were any superficial geodesic through O less over a range 
than the regional geodesic, it would be an arc within the region less than the 
regional geodesic — inadmissible as a possi bility. The determination of the character 
of surface geodesies, not passing through O, in relation to the region must be effected 
later. We shall also obtain relations, concerning grades of contact between a 
parametric surface and a geodesic surface in the same regional orientation 
at O. 

Accordingly, we suppose initially that a relation 0(p,q,r )= 0 can represent 
a surface which, in the foregoing sense, is geodesic to the region at 0 ; then every 
regional geodesic, which originates in a direction touching the surface at 0, must 
lie wholly within the surface. Consider therefore a regional geodesic through O, 
the parametric point p, <y, r, in any direction p', q', /, touching the surface ; at 
any point T on this regional geodesic, at an arc-distance t from 0 measured along 
the regional geodesic, the regional parameters are 

P-p + /p' Y&p" f UY" I—, 

Q = q+tq f +ll*q" +lt 

where the second and higher derivatives of p, q , r, are their values at 0, as deter- 
mined for the region by equations of the type 

-p" = £ A 1 -1" = 2X P'\ -r" = 2>n v'\ 

-J»"'=2AnP' a , -r^AnP' 3 , -/"=£© mf. 
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If then the regional geodesic thus determined lies wholly within the surface 0=-O, 
the equation 

0(P,Q,R)=- 0 


must be satisfied for all values of t ; and when the surface is postulated to be a 
geodesic surface, the various conditions must be satisfied for all directions p r , q\ r, 
touching the surface. 

To satisfy the requirements, the first necessity is that when 0(P, Q, R) is 
expanded in powers of /, the coefficients of the successive powers of t shall vanish, 
each in turn. For present purposes, we shall consider such powers up to the 
third inclusive. Now, up to this third order inclusive, we have 


HP, Q, 2 e, (t v ' + hy + iiy-) + i v; 0 U (*V 2 + W) + i ^ o. m iy 


it being assumed that 0(p, q, r )~ 0 ; and the coefficients of the powers of t must 
vanish successively. 


(i) In order that the coefficient of the first power of t shall vanish, the condition 

1 6 2 q' + 0 3 r' ~ 0 

must be satisfied. Effectively, it is the expression of the property that the regional 
direction p , q\ r', touches the surface. 

(ii) In order that the coefficient of the second power of t shall vanish, the 
condition 

must be satisfied. When the values of p", q", r", are inserted, the condition 
becomes 

SW-o. 

Effectively, it is the expression of the property that the regional flexure of the 
superficial geodesic in the direction p q\ r\ shall vanish. 

Now it is possible that, for any arbitrarily assumed surface 0(p, q, r)~ 0, the 
two equations 

e lP '+o, q '+e.y-- o, 

shall be satisfied. As has been seen (p. 13), they are the equations which, at any 
point 0 of the surface, determine the two inflexional directions of that surface at 
0 ; consequently, the two conditions can be satisfied for a pair of directions on the 
arbitrarily assumed surface. But when the surface is required to be geodesic, the 
equations must be satisfied for all directions on the surface ; the exceptional and 
particular instance passes from present consideration. 

The analytical significance of this second condition will be developed later. 

(iii) In order that the coefficient of the third power of t shall vanish, the con- 
dition 

>: w s =o 
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must be satisfied. When the values of p ", q", r", and p'", y"', are inserted, 
the total coefficient of 

i!j! kl 

on the left-hand side is 

” + flu-T/a -f“ 0 lk r tj ) + (d 2l A jk + W + + (Oxi@ )lc + #3 } ®ki + #3* 

In the last set of terms, we substitute 

— film + OlF Im + $2^ Im + $3 ®Z?n> 

for all the combinations Z, m ; and then the coefficient can be arranged in the 
form 

Oui-e x [r„ k +r,(jk) h r,(K) +r*(tf)} 

~ e a {©„* H ® x (jk ) -I 0, (hi) f 0, (vj)) - {»•, (jk) + a*, («) 40, ((/)} : 

that is, the said total coefficient is &i Jk - Hence the condition, which arises from 
the necessary vanishing of the terms in Z 3 , becomes 

^Lj&3oo1 j 3= 0. 

The analytical significance of this condition will be developed later. 

It thus appears that, for the selected range up to the third power of t inclusive, 
there are three conditions 

2^iP' = 0, ^$nP ,2 =0, U&sooP' 3 ^ 

which must be satisfied by every direction p\ (/, /, through the initial point 0 on 
the surface 6(p, q , r) — 0 , if that surface is to be geodesic to the region at 0. It 
must not, however, be assumed that the further conditions, which result from the 
evanescence of the coefficients of higher powers of Z, also are satisfied. 

Now the preceding discussion relates to the possibly geodesic quality of the 
postulated parametric surface #--(). The surface, which is geodesic to the region 
at 0 and has the same orientation at 0 as the parametric surface, can be repre- 
sented in a different manner. Tt is given by the three earlier relations, which 
express P, Q , R , as functions of p', q r , r', / ; the values of p\ q' , /, are subject to 
the two relations 

^jAp'*- 1 , £p'+rfl' + tr' = Q, 

where £, r /, £, are coordinates of the orientation at 0 ; and Z is a variable for the 
geodesic surface. A single equation of the geodesic surface would be the result of 
eliminating Z, p q\ /, among the five relations : the quantities p, q , r , then are 
merely the parametric coordinates of the individual point 0 in the region. If 
this eliminant actually had the form 9(P , Q , /?)=(), the postulated surface would 
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be geodesic in quality. When the eliminant is G(P , Q , R) = 0, an equation 
functionally different from 6=0 , there still are approximations to agreement 
between the two functionally different equations. 

When the values of P, Q, R , are substituted in the hypothetical equation 
G= 0, it is satisfied identically for all values of t. When the same substitutions 
are effected in 6=0, the foregoing conditions in their sequence indicate grades of 
geometrical relation between the parametric surface and the geodesic surface. 

The vanishing of the term independent of t expresses the fact that both the 
surfaces pass through (). 

The vanishing of the term, which involves the first power of t in the parametric 
equation, expresses the property that the two surfaces have a common tangent 
plane if the condition holds for all values of p\ q\ r\ This geometrical property 
may be called contact of the first order between the two surfaces. But if the 
condition does not hold for all values of y/, q ', /, the relations 

0i p' +6 2 q' +0 3 r'~O, ip' + yjq' -l- £r'=0, Y*Ap' 2 =\, 

determine two sets of values of p\ q', r\ the two sets differing only in sign : that 
is, they determine the direction of the line through 0 which is the tangent to the 
curve of intersection of the surfaces. We shall assume that the first-order 
condition is satisfied for all values of p\ q', / : then the two surfaces have the 
same orientation at 0, with the variables i, tj, £. 

The vanishing of the term, which involves the second power of t in the para- 
metric equation, expresses the property that every geodesic on G through 0 
osculates the parametric surface if the new condition holds for all values of 
p\ q\ r . This geometrical property may be called contact of the second order 
between the two surfaces. But if the condition does not hold for all directions 
p\ <]'> r > i n the orientation, the three equations 

^Ap' 2 = 1, ip' i v q' + £/=(>, >>n?/ 2 -0, 

determine four sets of values of p', q, r' , in a couple of pairs, the pair in a set 
differing only in sign : that is, they give the inflexional tangents to the curve of 
intersection of the two surfaces at 0, and the curve has a double point at 0 
(or a cusp if the tangents coincide). 

Similarly, the vanishing of the term, which involves the third power of t in the 
parametric equation, expresses the property that every geodesic on G through 
0, already presumed to osculate the parametric surface, has contact with that 
surface of the order next higher than osculation, if the condition is satisfied for 
all values of p', q\ r ', in the orientation. This geometrical property may be called 
contact of the third order between the two surfaces. 

Corresponding inferences are associated with the vanishing of the terms which 
involve any further power of t. In effect, such a mode of procedure establishes 
the geodesic surface of a region in an assigned orientation at 0 as the uniquely 
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determinate surface of reference for all the regional parametric surfaces through 
0 in that orientation ; and it is the natural extension of the practice which has 
established the regional geodesic in any direction through 0 as the unique curve 
of reference for all regional parametric curves through 0 in that direction. 


211. The analytical effect of the three conditions will now be considered in 
succession. 


(i) The first-order condition is 

OtP' + Otf' + O 3 r f =^0, 

to be satisfied for all directions in the surface. Let p ± f , q^, r/, and p 2 , q 2 , r 2 \ 
denote two sets of direction-variables, so that 

OiPi + 0 * °iP* + + O a r 2 '=Q ; 

they are sufficient to define the orientation at 0. Any other direction in that 
orientation can be represented by 

p = a Pi + Pp-i, q' - a, h $/•/> r> = ar i + P r 2 , 

where a and are arbitrary parameters ; and manifestly these variables satisfy 
the condition. Now, for this orientation, we have 

&i ^2 ^3 — n 

?i V ~ *i9* ~ *iPt ~ Pi ' r 2 ~ Pi<h - <h'P 2 “ sin e 

where e denotes the angle between the two directions in the orientation. 

(ii) The condition, which secures contact of the second order between the 
parametric surface and the geodesic surface in the same orientation at O, is 

L'W= o; 

and it is to be satisfied for all directions p\ q\ /, such that 

e.p'^-e^'+e.y^o. 


Let the value of /, as given in terms of p' and q' by this last relation, be 
substituted in the second-order condition. The condition, thus modified, 
must now be an identity because p' and q' are independent of one another. 
The coefficients of p' 2 , pq ', q' 2 , therefore vanish ; and the three resulting relations 
can be expressed in the form 


&23 _ 


$22 

-B'as 

^2^3 


o 2 
U 2 


^31 _ 

^ll 


'S' 33 

6 s d l 

A’ 


e/ 

, 9'l2 

$11 

$22 


II 

A 2 

A — - 

Q 2 
u 2 
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These are relations which must be satisfied if there is to be contact of the second 
order at 0. (If they are satisfied over the whole of the parametric surface, they 
are three simultaneous partial differential equations of the second order, serving 
to define all geodesic surfaces in the region.) 

On the assumption that these relations at 0 are satisfied, two remarks may be 
made. In the first place, when the values of fr 31 , in terms of $n, {> 22 > $3:1 > 
are used, we find 

£ &nP ' 2 = (#1 p ' + 02?' + 03 /) ( 0” p' + ^ q’ + , 

identically ; and we thus verify that, under the relations, the condition for 
contact of the second order between the surfaces is satisfied. In the second 
place, also by using these values of f)* 2 3> $* 31 , f> 12 , the determinant V, where 


'O' 115 O' 12 5 ^13 

$’21 > '^22 » '9'23 

'O' 31 3 'O'^J 0'23 


is found to vanish. But V is the discriminant of the ternary quadratic form 
y; d'nV 2 5 and its evanescence is the analytic condition that the quadratic form 
should be the product of two factors linear in p\ q ' , r\ The three conditions 
(which involve V = 0) are necessary in order that one of these linear factors should 
be O t p f +0 2 q' 1 0. d r'. 


Ex. 1. Shew that, on a geodesic surface dip, q, r) = 0 in the region, 




e t do n 
e n ~ds 3 


for i = 1, 2, 3. 


Ex. 2. A parametric surface 0 — 0 or 0 — constant might, without any change of 
its geometric character, be represented analytically by an equation 

(f> -f{0) = constant, 

where f(0) denotes any function of its single argument 0. The condition 

4>ip f + faq' far' = 0 

manifestly is satisfied, when the corresponding condition is satisfied for 0. 

The relations, characteristic of contact of the second order, should remain un- 
altered in essence. Let faj denote the magnitude, which bears to 0 the same relation 
as that borne to 0 by 9^ ; then we find 

fa=Oif, fa*=W 

<t>A, r M7” 


so that 
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for all values of i, j. Consequently 

<f>u o <kn . j>}j_ 1 ($ii o | 

M, 4>?~fW wye?)' 

thus verifying the invariantive nature of the relations characteristic of second-order 
contact, so far as concerns the specified kind of change in the parametric equation. 

Ex. 3. Construct the equations, characteristic of contact of the second order, 
between the regional surface 

r = ^(p, q) 

and the geodesic surface in the same orientation at any point. 

Ex. 4. A special class of parametric surfaces, having contact of the second order 
with the geodesic surface in the same orientation, is represented by the equations 

$ 11 j) 1 2 _ S'lS __ $22 __ $j 2 3 __ S' 33 

Establish the following results for a surface of this class : 

(i) The common value of the six fractions 

J_un 

*n 2 ‘ 

(ii) The normal dilatation is stationary in all directions on the surface at 0. 

(iii) The second variations of the regional parameters at 0 along the regional 

normal to the surface are given by 



(iv) The quantity N of § 209 vanishes, so that, at O, 



(iii) The further condition, which ensures contact of the third order between 
the parametric surface and the geodesic surface in the same orientation at 0, is 

^j&aooP ; 

and it is to be satisfied for all directions p', </', r\ such that 

8 x p +0 2 q’ + 0/=O. 

Let the value of r\ as given in terms of p and q by this last relation, be sub- 
stituted in the third-order condition. The condition, thus modified, must now be 
an identity because p! and q' are independent of one another. The coefficients 
of p'* 9 p' 2 q ', p'q' 2 , q' 3 , therefore vanish ; and the four resulting relations can be 
stated in the form 
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o 8 021 _ 8 030 __ o &012 _ 8103 

W ~ W X*~oX' 

O ^102 _ 8o03 _ O ^201 _ 83OO _ ^ 

W V'~ 01 % Oi* ~ 0 A' 

O *8*210 8'300 _o '8*120 8 030 

0 !% 01 * 0102 * 02 3 ~ 0 A' 

s 8 m Q , ^ , c 

W*~0A0AoA' 


where the symbols a, b, c, are to be regarded as defined in connection with the 
first three equalities. 

These are relations which must be satisfied if there is to be contact of the third 
order between the parametric surface and the geodesic surface. On the assump- 
tion that they are satisfied, let the values of {> 210 , & 201 , 8 i 20 > 8i 02 > 8 02 i> 8 0 i 2 > 8 m, 
in terms of & 300 , $ 030 , ^ 003 , a, b, c, be substituted in the ternary cubic ^ <J> 300 y ' 3 5 
then 


D*W >' 3 

= (0i V' + 02 ?' + 0 3 O p' 2 i- ~ q ' 2 + ^ 0:i r' 2 + 2 aqY + 2 Wp' + 2c p'q') , 

identically. Hence the four relations among the coefficients $ iJk arc sufficient, as 
well as necessary, to ensure that there is contact of the third order at O between 
the two surfaces. 


Ex. 5. As in the preceding Ex. 2, where the second -order condition was shewn to 
be invariantive under any functional transformation, </> =f(0) — constant of the para- 
metric equation, we may expect that the third-order condition will also be invariantive 
under such a transformation. The inference can be verified analytically, thus : 

(a) If <f> lJk denotes the same magnitude in connection with as &, Jk denotes in 
connection with 6 , then 




-L L_ 1 8 (jk) 
e, 0 Af 2 OA l U J 




yr-s 


where, for all the values, 

6 ( A / x) = ? i r A(1 + ? 2 J A(i + ? 3 0 AM ; 

( b ) When the critical equalities among the magnitudes <j> iJk alone are formed, they 
are found to be satisfied in virtue of the critical equalities among the magnitudes $ tJk 
alone. 


Ex. 6 . Prove that, when the relations for third-order contact between the two 
surfaces at O are satisfied, the equation 


8300P + 8210!/ +8201^ 8 , 2 ioP + 8 , i2o < 7 + 8 m *' > 82017^ + 8 m 7 ^8102^ 

8 210jP / + 8120 ^' + 8111 r' , 8i20? ?/ + 8 0 30 r / / + 8 o 2 1^> 8 m p' + 8 0 2l9 ,/ + 8012 ^ 

8201 v 9 +-8111?' +8,o 2^'> 8 m p' +80217' +80U/, 8 102 p' +80127' + 8 00 ;/ 

holds for all directions in the common orientation of the two surfaces. 
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Note 1. The analytical results, connected with the second-order condition and the 
third-order condition, can be illustrated from the theory of plane curves, by regarding 
p\ q' 9 r, as the homogeneous coordinates of a point in a plane. 

The second-order condition '^jd'uP' 2 ^® then represents a conic in the plane. 
Under the three relations, the conic degenerates into two straight lines one of which 
is + 0 2 q' + 0 3 r' = 0. 

The third-order condition y] — 0 then represents a cubic curve in the 

plane. Under the four relations, the cubic degenerates into a conic and the same 
straight line. It is a known property * that the Hessian of the cubic then vanishes as 
it contains the linear factor of the degenerate cubic. 


■ Note 2. The foregoing relations, for contact of the second order and for contact of 
the third order, can be obtained simply by means of the umbral notation t for homo- 
geneous quantities. The process will be used later (§ 344) in the similar investigation of 
the contact between a parametric surface and the tangent geodesic surface in a domain. 

We take sets of umbral symbols a, 6, c, ... , associated with and sets of 

umbral symbols a, /?, y , associated with V $' 3()0 p' 3 , so that 

&n/ 2 = ithV’ + oaf ' + %0 2 -<v 2 , 
w = ^ *W 3 = (a lV f + a 2 q' + a 3 r') 3 - <v 3 ; 
and we write L = 0 x p' + 0 2 q' -l- 0 3 r', 


the symbols 0 V 0 2 , being non-umbral. Tlien 




where 


,, 0 X ' 
6r 2 = Cf 2 ~ 


0 

r 


and therefore 

u = (g iP ' + g % <( + «, ~J, w = (/>' + />/ -t- a 3 fj, 

in general. 

For directions in the superficial orientation common to the parametric surface and 
the geodesic surface, we have L -0. Thus the condition for contact of the second order 
becomes 

U = (G lV ' + G 2 q')*= o, 

which must be evanescent for all values of p' and q'. The necessary relations are 


0 — G x z — (a x - ~ a^j — & u - 2-0' 13 ~~ , 

o = G x G 2 = (a x - a 3 ) (a 2 - ^ a 3 j = & 12 - - 9- 13 ^ ^ + &33 

0 = 6 r 2 2 =^a 2 -^“a 3 ) = ^22 - 2^23 ^ + 1} 33 ; 


* Salmon, Higher Plane Curves (3rd edn., 1879), §§ 240-242. 
f J. H. Grace and A. Young, Algebra of Invariants . 
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and these can be changed to the form in the text. Further, when these relations are 
satisfied, we have 

£/=2($ 13 J) + $ 2 37 + $33 r ) 0 + $33 ~Q 2 9 

shewing that they are sufficient to secure contact of the second order between the 
surfaces for all directions given by L -=0. 

Similarly the condition for contact of the third order becomes 


w=(r l7 >'+r t <tr= o; 

and the necessary relations, in umbral form, are 

0=77, o =r*r z , o=/\r 2 2 5 0 =r 2 3 . 

The first of these becomes 


$300 ” ^$201 Q + ^$102 n 2 ~ $ 003 n* ~Q> 


0 * 


■0, x 


'<6 2 00 ^3 3 ' 


and similarly for the other three ; and the set can be changed into the form in the text. 
These relations are also seen to be sufficient ; for, when they are satisfied, we have 

L 


W — 3 ('9*201) $021 > $003 ’ $012’ $ 102 * $111 W> </> r ') 


ft, 


L 2 L 

I " 3 ($102 V + $012? + $003 r + $ 003 * 


Range o f a region in the vicinity of any point . 

212. For a more precise estimate of a surface, in its quality of being geodesic 
to the region, we shall consider the properties of the region in a range near a point 
and not solely the properties at the point. Accordingly, the geometrical parts of 
a regional triangle will be investigated. 

In the course of the analysis, certain subsidiary combinations of magnitudes 
enter : and they are stated at once. 

I. The parametric derivatives of F, J, 0, have been obtained (§ 163) ; and so, 
when we take derivatives along a regional geodesic in the direction p f , q', r', we 
have, with the notation of § 173, 


dR 


tf= r ™v' + r 2io</' + Aoi* - ' + 2 (r u a +r 12 i+ r 13 <f>) 

2 

+ £q[ <l'{hk 33 -gk, a ) + r'(-hk i3 +gk 22 )], 


dr, 


= r ' J 20 p' + r 03 a q' + r m r' +2(r 12 f}+r 22 r) \-r 23 x) 

9, 


dr 33 

ds 


+ \r' i ak 33 - 9hs) + r'( - ak 13 +gk u )], 

= r 102 p' + r 012 q' +r 003 r'+2(r 13 y+r 23 z+r 33 >/>) 

2 

+ [p (ak 22 - hk l2 ) + q'(-ak 12 + hk u ) ], 


r.i.a. ii. 
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ds* + r 02 i$ ' 4 r ol2 r f + (r 12 y-\-r 22 i,-\-r 23 tfj)-\-(r X3 fi+r 23 ?? 4 - r 1 33 x) 

+ 3 / 2 1 p' ( " 2aA> 23 + **13 + gk l2 ) 4- q' {ak n - gk n ) + / (ak l2 - hk n )], 

An? + A°2 r ^ (Aa a + A 3 £+ -^330) +(Aiy+-Ti 12^+r 13 ^) 

+ 3>2 f (**23 "■ ^ 22 ) + (<**23 ~ ^** 1 3 + <7* 12 ) + r ' ( ~ #*22 + ** 1 2 )!* 

— ^'iiop I - r 120 q 4 - /\nf 4 - (r^ip + r V2V 4 /\ 3 x) -t (^i 2 a ^"22 £ -t- Fvd) 

•I ^ [?>' ( - **33+7*23) 4 ?'( - «*33 +7*ia) + r' (#*23 + **13 ~ 2# 12 )J- 


Sets of quantities occur, admitting of abbreviated analytical expression. In 
connection with the quantities of the type a, /3, y, defined in § 173, we write 

a *p/+ Afl r /+y* f, / i - ^ ^ r upt'p/ =Yu 

&?/+ W+ £^/= ► . 

+ Zl I 

(These magnitudes y, ; >, S i; , O iv are of persistent recurrence in the theory of geodesic 
parallels*. Also, we note that y i£ = -y/', B lt = -r/'). And, in con- 

nection with the magnitudes %, w 2 , w 3 , we write 

Ati + nqj+Gr^ufr 

IIpi 4 Bq{-vFr{~u^ >. 

6>/4-iV + ^'-^3 U) . 

Conformably with the notation (§ 1 59) for surface- variables, let 


Vu= r i'p/-pX\ W^p!<i! -?»>/ : 

and, further, take symbols /v x (Z, wiw), /i 2 (Z, mm), K 3 (l,7nn), with the defined 
significance 


K j (/, »m) — 


o, y/, 

*, 

7> V, 


* 11 £ 7 ww + ki 2 7j mn 4~ *13 trnn 

*12 ^wii + *22*? win + ^23 (mn 
*13^mn + k 23 7j mn 4" *33 Cm** 


while K 2 (l 9 nm) is obtained from A'j(/,wm) by substituting h , b, f, for the con- 
stituents of the first column, and A 3 (/, m») is similarly obtained from A\(Z, mn) 
by substituting y, /, c, for the constituents of the first column. Also, for brevity, 
we write 


(Ji 9 r/$p m ', q m \ r m ’$p n \ q n ' 9 r n ')~ (r 300 p,> M > n '), 
J.?l 5 ^*1 5 > ?m 5 **m 5 ?« j ) ~ (^300.Pz i*m i*n )? 

^1/ ( ®ijk$Pl i ( }l i $2*771 > 7m 5 ^m $.Pn > ?n > )“(®300?*Z jPm Pn )• 


* They are the magnitudes y M # y > of § 60 when the general amplitude is a region. 
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Then, taking three different directions pi, qi, r{ ; p m ', qj, r m ' ; p n ', q n ', r„' ; 
which can be made to coincide in any manner that is convenient, we find 

( dr n dr 22 dr,, dr 2 , dr. n dr 12 x , , , x , , \ 

\ ds t 9 ds t 9 ds t 9 ds t 9 ds t 9 ds t X Pm ’ <lm ' Tm X Vn 9 (Jn 9 Yn ) 

= (‘ a n<Yln + PmKi + Vm^ln) + {*nYlm+ Pn$lm + 7 Jin) 


Similarly 


■b C^SOO Pi Pm Pn ) "h A i (W&, hi) + K 1 (n, I'M,). 


and 


(dA n dA 22 dA„ dA 2 , dA n dA 12 X X A 

£m^I«)“h (£«yiro"h £n^lw») 

+ (^30oPi>» / yH , ) + 3 ^A r 2 (w, ?«) + 3 ^/v 2 (n, lm ) ; 

/ d@il d®22 d@33 d0 2; , d©3i d®jg X < , , , A 

\ ds, ’ ds, ’ ds, ’ ds, ’ ds, ’ ds, y Vm ’ lm ’ y ? n ’ 7 " ’ " ) 

^ In) ^ Xn^Iyn ^ 

+ (®3oo?h'Pm'iO+3^ tfs («» ln ) + h' 3 (n, lm). 

The three left-hand sides will, as usual, be denoted by the respective symbols 

V- r y vJvJ. v/Mil ^ d&ll Tm ' Vn '. 


dSl PmTn ’ -‘ds l pmpn ’ ds, 


II. The values of the first arc-derivatives of A, B, C, F, G , //, have been 
stated in § 172, Combinations of these derivatives, in a set of forms similar to 
those affecting the derivatives of JT, A, 0, occur. In particular, we infer 

Pm + =-ly lm 4-//S, w + GS lm + <vV w) + + 


, ^ ^ 7 /- T(K y,* « , v . . 

.Pm C?6* /7e ~^' w ,7 V Hyim^ Pi'U 1 m + T]tM 2 m H“ X 


dsj 


d.s 


... (m) 
l l * 3 9 


pJ + ?«' ~+r m ' f s = Gy lm + FS lm + CS, n + y, Ml <”»+ &«,<»>+&«,<»> . 


and 


X PmPn ~ + Wa (n) S, m + W 3 (B) #!m + + U 2 (m) $ ln + U./ m '6 lm . 


III. Corresponding combinations of the second arc-derivatives of A , 5, 0, 
F , 6r, i/, arise in the discussion of geodesic triangles. For their complete 
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expression, we require one additional set of abbreviated symbols : and we take 


Vi=i l v . ^ 2=3 d d q ; ¥’>'*}, 

V-iySWV*}, 


for !P=r, J, 0, in turn. 

We proceed, by first forming the second parametric derivatives of these 
primary magnitudes : they can be deduced from the first parametric derivatives 
as given in § 160. Then we take 


d*A 
ds 2 


-=A lV " + A 2 q" + A a r"+^A, xV '\ 


the summation being over the direction-variables ; and the values of J>" , q", r" , 
Ai, are inserted. Similarly for the others. The final values are as follows : 

,72 4 _ 

£=~ t (*» q' 2 - 2 k 23 qy + * 22 r' 2 ) + ‘2 (Ar x + HA, I- G0,) 

4 2(A, B, C, F, G, H(ia,$, <f>) 2 

+ 4a(Aa+H{j+ G<f>) + i£(A/3+ Hr] + Gy) + 4<f> (Ay +!!£, + Gi/j), 

-i(k n r'*-2k a pV+k n p' t ) + 2(nr t + ba 2 +f© 2 ) 

+ 2 (A,B,C,F,G,HW, v>x y 

4 4/?(Z/a+.B£ f F<f)) + 4r)(HI3+Br] + Fx) + ‘lx(Hy+ B£ + Fi[i), 

, 727 ' _ _ 

£ = -I (*«/»'* - U lt p'q' + lc n q'*) I 2 (Gr 3 + FA 3 +C0 3 ) 

+ 2 (A,B,C,F,G,H(]y,lW 

+ 4y(6ra + F£ + C4) + iWP + ^ + C x ) + 4 (Gy +F£ + Ct/j ) , 

£ =! (V/V - - A 1# y + *»?'•) + (//n I- BA, + F& 3 ) + (or 2 +FA 2 f r@ 2 ) 

+2M, /?, C, F, G, tm -n, xiy, t, <A) 

+ 2/3((7a + F£ + C'<l>) + 2tj (G/3 + + C X ) + 2 x (Gy +F£+ C<f>) 

•) 2y(Ha + B£ + F(/>) + 2£(HI3 + Br) + Fx) \-2i/)(Hy+B£ + Ft/j), 

£ = ! (A 22 // - A 23 p'?' - A 12 f/'r' f A 13? ' 2 ) + (Gr, +FA l+ C0,) + (AT, + HA a + G0 a ) 
+ 2(A, B, C, F, G, II fry, C, </»$a, £, <f>) 

+ 2 y(Aa+H£ + G<f>) + 2t(Ap+Hr, + G x ) + 2<f>(Ay + H £ 4- Gtfj) 

+ 2a (Ga + F£ + C<f>) + 2% (Gfi I Fr, + C X ) + 2<f>(Gy + FI 

£ = l (k a3 p’q' - * M ?V - k 23 p'r' + A 12 r' 2 ) + (/ir 2 + //J 2 4 G'<9 2 ) + (Hr, + BA 1+ F 0,) 
+2(A,B,C,F,G,Hla,£,Mfi,r l ,x) 

+ 2a (Ha + 2?£ -f F<f>) + 2£ (///3 + Br] + Fx) + 2<j> (Hy + B£ + Ftfi) 

+ 2P(Aa+H£ + G<l>) + 2r,(Ap+H V + Gx) + 2x(Ay + H!: + G<l>). 
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(The values can be checked by interchange of parameters, simultaneously with all 
necessarily associated interchanges of magnitudes dependent on the parameters.) 
In the ensuing investigations, we shall require quantities of the type 


(l2 4. 

^chj 2 


PmPn, 


d2A P ' 2 
ds? Pm ’ 


the second being derivable from the first, by making the two directions p m ', t/ m ', 
r m ', and p n ' , q n ' , r„', coincide. It will therefore suffice to state the value, of the 
first : we find 


d 2 A 

ds 2 Fm'Pn ~ "3(^11’ ^'22’ &33; ^*23’ ^31) ^*12$ ^ Lm' ^Jlm> Clv$£ln) ^Ini £in) 

+ + «* (W) (^300j»I> «') + «3 (m) (®300 Pl 2 Pn) 

•H « 1 ( n) (Aoo Pl' 2 Pm) + U./ n) (A 300 Jh ,!i Pm) + «3 (n) ( @300 Vl'W) 
+2 (A, B, C, F, G, H\y lm , B lm , B lm ly ln , S ( ,„ B ln ) 

4 2u 1 (m) (a l y, n + /3,§,„ + y t B ln ) + 2u l M (a,y lm + -h y An) 
+ 2u./ m '>($ l y,„ + t) l S ln + ti& ln ) + 2u 2 W($ l y lm + ri l $ lm + CiB lm ) 
+ 2u 3 (m) ((f> l y ln + x,$j„ + 'l>iGin) ■'r2u^\<f> l y lm +x^i m \ 


In particular, if m or n should be the same as l, one set of the surface-variables 
£, t], £, vanishes ; and then the term containing the symbols k i3 disappears. 


213. Occasions arise when it is necessary to consider derivatives of the primary 
magnitudes taken concurrently in different regional directions : thus we shall 

d 2 A 

need (§ 233) the magnitudes of the type - . The actual directions ds L and ds 2 

Cl'S x (tS 2 

at 0 are independent of one another. The successive arc-derivatives of the 
parameters p, q, r, taken along OA alone, are expressible by means of the 
intrinsic equations of the geodesic OA, in terms of the initial values p x , q x , r/, at 
0 ; and likewise for the corresponding derivatives, taken along OB alone, in 
terms of initial values p 2 , y 2 ', r 2 ', at 0. When we take 


where (§ 173) 


d*A 

ds v ds 2 


d 

ds x 


{2(Aa 2 \ //£ 2 + G> 2 )}, 


a 2 FllP* + ^12? 2 f ^13 r 2f 


with similar values for £ 2 and </> 2 , the developed expression involves magnitudes 
d'p * do r dT f 

; 2 , 9 2 • consequently it is incumbent to have, either explicitly or 

ds x ds x ds x 

implicitly, a law establishing a relation between the length of the variable arc 
OU and a direction through the variable point V along OA corresponding to 
the direction OB through 0. The simplest relation, for immediate needs, is 
that of geodesic parallelism (§§221, 222, 233, post). Even within this relation, 
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there are various types of parallelism, each leading to its own set of complete values 
of direction-variables for a parallel. But, in all the assigned types, the two leading 
terms in the direction- variables are the same, being given (up to the first order) by 

2 ~P2 — ^yi2"b ••• 5 Q 2 ~~ 5*2 ) R 2 =r 2 > 

always subject to the permanent condition 


^AuP 2 '^1 

at the originating point U of the new geodesic ; the further terms, involving 
squares and higher powers of t , have coefficients which differ according to the 

dp . ' 

type of parallelism formulated. In such circumstances, the quantity 


Lim {t (P 2 ~ P2) -fn 


l — 0 U 


<Ppj 


whatever type of parallelism be adopted, while and higher derivatives will 
be affected by the selected type of parallelism. 1 

In the same way, and under the same assumptions, we have, for the first 
variation of p/ along OB , the value 


dW 

ds 2 


yi2- 


Accordingly we infer that, when a law of parallelism is assigned for regional 
geodesics drawn at points U along OA and for regional geodesics drawn at points 
V along OJ5, 


dpA _dpi 
ds ] ds 2 

d<hjl ( h' 
ds x ds 2 


~ V\2 - ^LjPll 'Pl p2> 

~~ ^12“ ^^11 V\ V 2 5 


dr 2 dr } ' 
d>s ds 2 



9nPi'P%- 


It follows that, if W denote any function solely of the position in the region, 

(PW __d 2 W 

ds j d s 2 d.s 2 ds 1 

When application is made to the primary magnitudes, analysis similar to 
that in § 212 leads to the expressions 


(7w/s\ ~~ ~ ^2a(9l r 2 f + 9 r 2 r l ) + ^22 f i r 2 } 

+ %{A (A 00 P 1 V 2 ) + H (AwoPlP*) + ® (®300^ ? l , ^ ; 2 , )} 

+ 2 (A, B, C, F, G, Hi a l5 &, <M<x 2 , & <£ 2 ) 

+ 2a x (^4a 2 + Zf£ 2 + G(f> 2 ) + (A/3 2 + Hp 2 + $Xa) + 2^ (Ay 2 + 11 £ 2 + 

+ 2a 2 (^cq + //£ x + G(f> x ) + 2^ 2 (A -f- Hr h + Gfa) 4- 2 <f> 2 (Ay 1 4- // £ 1 4- ^Vi)> 
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with like expressions for the same derivatives of B and of C, to be obtained also 
by circular permutations of the symbols p, q, r ; and 


d 2 F 

='s{ 2 ^ 23 Pi P2 — ^n(Pi r i "t Vi r i)~ hiiPi Qi "t Vi 71) + ^11 ( 7 l r i + ( li r l )} 

+ H (r-ioiVi lh ) + B (^201 Pi Pi ) + F (@201 Pi Vi ) 

+ G(r 2W ViPi) + F (diioPiPi)-+ C(®2\aViPi) 

+ {A, B, C, F, G, JSfjfft, Vl , xAvn W 
+ (A, B, C,F,G,HW» t? 2 , X ,!fy„ £„&) 

+ ft (G’a 2 + F£ 2 +C<f> 2 ) + 7, x ((?ft + ^ 2 + U X2 ) + Xx ((7y 2 + F£ 2 -H fty 2 ) 

1 A(fl^ +^ 1 + U«/» 1 )+r ?2 (G/3 1 HJfij. + f7x 1 ) + X.(«yt +^1 +«¥i) 

I y, (/7a, + /?£, + *&) + & (//ft + Bi,, + ^2) + «Ai (tfy, + I W 
+ y ,(^a I + ^ 1 +^)+{ i (l7/5 l + a ?1 +l'x 1 )+^(ffy 1 I-F&), 


with like expressions for the same derivatives of G and of H. 

Moreover, if we take four directions represented by small arcs (Is,,, ds ,, ds m , ds„, 
and use these results, we find the comprehensive relation 



(J*'ij\£lnn> Vkmi ^km\£lm Vln> Cln) 
£lm$ £kv> Vktn %>kn) 


+ W. X <’"> 


tftoo PkPlPn) + Ui im) (A-.MPkPlP r ;) I' «3 (m) (®a00 Vk'VlVn) 


+ Ml (n) (AoOp/r'Pt>™') + U i (v) (^i00PkPlPw') t W 3 (n) (© 3 „0 Vk'Pl'P,n) 

+ {MVlm, 8 lm> ^ l tn Q Vkm 8/, n , $ kn) 

+ (d(»y,, m , 8 hnn Qkmbyin, 8 Ini @in) 

} + fii&icn 4- yiO/ C n) ^ fakYln fik^ln ^ y ln)\ 

i u 2 {m) {(t;iykn + yfi kn + C$kn) b (HkVln + r ]k$in + th®in)) 

f {(<(># kn + X$kn + ^fikn) + (tkYin +Xk$in I ^k^ln)} 

b {(^lY km~^~ Pfik m “l y$km) b iP-hYlm b fitfilm b Victim)} 

b ^2^ {{^ lY km f y$km^~ Cl^krn) b {£k9lm b £/ film)} 

+ U z ^{(<f>iyjc m b Xl^km + ^l^km) + (<f> kYlm + ^k^hn + l l J k@im)}- 


In particular, there arc four sets of surface-variables, occurring in the terms 
connected with the four-index symbols k u ; some of these vanish if k or Z should 
be the same as one of the two numbers m and n, and then the corresponding 
terms in these symbols disappear. 


Small geodesic triangle in a region. 

214. Now consider the region in the vicinity of a point 0. Through 0 draw 
two regional geodesics : 0(7, in a direction y/, q t \ r/, and OF, in a direction 
p 2 , q 2 , r 2 ; and take small arcs OU—x and OF —y along those geodesics. Let 
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the points V and V be joined by a regional geodesic : so that a regional triangle 
is constituted. The orientation, defined by the two regional geodesics OU and 
OV at 0, determines a geodesic surface of the region at 0 : in addition to finding 
the parts of the regional triangle UOV, we shall have to settle whether the regional 
geodesic UV lies wholly in that geodesic surface at O : or, alternatively, whether 
that regional geodesic UV is also the superficial geodesic joining the two points 
17 and V on the surface. 

Let the accurate length of the geodesic arc UV be denoted by t : it will be 
necessary to make approximations to the value of t, 
the quantities x and y being regarded as comparable w 
small quantities of the same order of magnitude. Also 
let the accurate direction- variables of the regional 
geodesic UV at U in the direction UV be denoted by 
])', q', r' : it will likewise be necessary to make approxi- 
mations to the values of p\ q', /. 

The point V can be reached from 0 either by a 
geodesic regional path OV or by a broken path, composed of the regional geodesic 
OU and the regional geodesic UV ; and the values of the regional parameters 
specifying V must be the same by these two paths. As regards the parameter 
corresponding to p at 0, the value at U is 

Px j=p + xp 1 ' + %x 2 j) 1 "-\ q'J?Pi" 4- ... , 

for the length of the geodesic arc OU is x ; and the value at V, distant t from U 
along a regional geodesic in a direction p , q f , r', at U, is 

Pv =Pu + 1 (p) v + (p'')u + 6^ 3 (p'")i 7 + 

where the subscripts indicate the points at which the values of the quantities are 
to be taken : thus the value of the parameter at V, as attained by the path OUV, 

- p + wp\ d 2 ,jr2 Pi" + \&Pi" + . . . 

+i(p'h 7+i« i (p / %+*i^(p /// )i7+.... 

By the geodesic path OV, the value of the same parameter at V 

-p+ypi+luW-* e to'"+ — . 

Hence we have 



1 (p ) v + (p'')u + it 3 (p''')u+ ••• 

= to' - *Pi) + * (to" - to") + i (to'" - to'") + • • • ■ 

There are two other equations, arising similarly in association with the two 
other regional parameters : they are 

=to' - V)+*(to" - to")+i(to'" - to'"H - , 

= to' -<<) - to") +i(to'" - to'") + ■■• • 
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Also there is the permanent arc-relation at V which, for the regional geodesic UV , 
there takes the form 

^A v (p'^h 

For immediate purposes, it is found sufficient to retain small quantities of the 
third order. 

In the first place, whatever their approximate values in terms of other quan- 
tities may prove to be, the values of the direction- variables at U along UV are 
accurate when actually denoted by j / 9 q ', r' : thus 

(r')u^p', (q')u^q', (r')u=r', 

accurately. Similarly 

(p'%=-'Z(r»hp' 2 , 

where the values of (r n )u and other coefficients on the right-hand side are the 
values of r i} at U : and such value is accurate. Also 

(?'V=- - £ (AlW 2 , ( r ")u~ - ^ (®u w : 

- 2 (AooW' 3 . (Du= - 2 (4oa )up' 3 , (r"')«7= ~ S (®3„oW' 3 , 

all of them accurate. We have to make, from these equations, approximations in 
successive orders of the small quantities. 

As regards approximations involving only the first order, we neglect terms 
involving # 2 , y 2 , y 3 , / 2 , ft ; and there arc three equations of the type 

tp'=ypi- x p i'» 

which, in this form, has significance only for the first order. For a first approxi- 
mation, we can take 

t~z+T, p'=p 0 ' + P u q'-So+Qn r'=r 0 '-t Jt u 

where T is of an order higher than the first, and where P l9 Q v vanish with 
the small quantities x and y. Thus, up to the first order*, we have 

tp'=zp 0 ', 

and so for the other two equations ; and therefore 

zK = yy 2 - x i>i, -qd = yqd - Wi* zr d = wd - 

Also, the finite terms, in the permanent arc-relation at U for the geodesic UV 9 
provide the equation 

We denote the (accurate) value of the angle UOV by e, so that 

cos e = V) ApiPi, sill 2 e = V) a - r x V)*- 

* This form of phrase will frequently be used, to imply inclusion of the specified 
order. 
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We also denote by U and F the (accurate) values of the internal angles of the 
regional triangle at U and F respectively, so that 

cos (7 T-U)~ ^jAup'lPifo, COS V~^£A v (p 2 ’)yP' v , 

where (pi)u is a direction-variable of the geodesic QUA at TJ in the direction UA 
and (p 2 ')v is a direction-variable of the geodesic OVB at V in the direction VB, 
while P'y is used to denote the same direction- variable of the geodesic UVW at 
F in the direction VW. Let U 0 and F 0 represent the main values of the angles 
U and F ; that is, the values of these angles in the limit when x and y vanish (so 
that they become inclinations at 0) : then 

- cos U 0 = ^ ApiPo, cos l’ u — ^ Ap 2 p n ’. 

Then from the foregoing relations constituting the first approximation, we have 
the set of results 

z 2 - x 2 + y 2 - 2.ry cos e, 
sin U n sin F 0 sin e TT ir 

„ . e I r/«+F 0 -7T, 

.7 J 

z cos U 0 = x - y cos e , z cos F 0 —y- x cos c, z — x cos f/ 0 + y cos F 0 . 

These relations are the characteristic relations satisfied by the sides x, y , z, and 
the angles V 0 , Z7 0 , e, of a plane rectilinear triangle. 

As x, y , c, are given initially, as well as the direction-variables of OU and OF, 
we can regard z, U 0 , V 0 , and the direction- variables p 0 ', r 0 ', as known quantities. 


S econd approxim ati 0 n . 

215. For apjiroximations of the second order of small quantities, we neglect 
terms in x 2 , y 2 , t 3 , and higher powers ; and, in its first form, the ^-equation now 
becomes 

Ip' 4 - lt 2 (p")u-= (yp 2 r - asp/) 4 i (y*p 2 " - x 2 p ^) ; 

the terms, which ultimately are of the first order, will disappear on account of the 
first-order approximation already made. Now 

- {p”)v= S (Ai )up' 2 , 

accurately, where on the right-hand side the values of the coefficients are to 
be taken at U . But, in the approximating equation, this magnitude is multiplied 
by i 2 , a quantity of the second order (and higher orders) ; and therefore, in the 
expression for t 2 (])")u> the adequate approximation will be obtained by taking 
the values of the coefficients r t3 at 0, and 
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Hence, in the second order, we have 

-t*(p")o=z*vr nPc ,'* 

-= - *Vh" - ifa*" - 2/y ^ Ai/V/V 

= - 3,2 ?V' - ?/V' - 2-ryyi*, 

with the significance for y assigned in § 212. 

Again, 

/?'=(*+ T)( Po f +l\)^z P o' I ;P, + A T f 

up to the second order, for 27^ is certainly of the third order. 

Thus the approximating ^-equation, in this order, is 

+ ;V 7 ’ + i (* V' i- u 2 Pi" + ^yyu) 

= Cm' - 3: ?h') + 2 (2/V2" a^i"). 

Here, the terms of the first order cancel, as is to he expected : and 

j 'yyn+ x% P\ f=x y^j AiPj v* ~ x ’ 2 ^ Ai p \ 2 

- ^{ai (gp 2 ' - ^/) + ft 0/y 2 ' - ./Y/i ') I y, (yr* -Mi)} 
~xz(a iPQ -I ft*/ o + yp'o ) — ^Voi » 
consequently, the approximate /^-equation is 

Po'T + ziPi + xy^O. 

Similarly, the approximate (second-order) equations for q and r are 

q 0 1 -f-^Qi + ^Soj) ~0, 
r 0 'T+z (R, 4- x0 ol ) — 0. 


Next, account of the approximation has to be taken in the permanent arc- 
relation 

^A tJ p' 2 = 1. 

In approximation, there is a set of terms represented by 

^Ap 0 '^l 9 


free from small quantities ; it provides a condition already satisfied. Therefore, 
in the next stage for this relation, we keep small quantities of the first order. 
Now, up to this order, 

i a dA 

Aij-r-A+x, , 
dSi 


and similarly for the other primary magnitudes at U ; also 


p'*=p 0 '* + 2p 0 'P v 

p'q' =Po%’ + PoQi + <io'Pi, 
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and similarly for the other combinations ; therefore the arc-relation, up to this 
order, becomes 

d A 

^ Ap 0 ' 2 I- x V Po ' 2 + 2{w 1 (0) P 1 + « 2 <°>(? x + u./VR,} = 1, 

with the significance for the symbols u (0) assigned on p. 66. Also, by taking l— 1, 
m - 0, w = (), in the result given in § 212, TT, 

^ K 8 =2{«i (0) yoi + m 2 <0)S oi + m 3 <0) ; 

thus the approximating form of the arc-relation, to this order, becomes 

tV 0 >{/>i + ayoi) + ^2 (0) (Ci + ^§oi} + + 4>i) ~ 6. 

Let the approximate equations for p, 7, r, be multiplied by w 2 (0) , respec- 
tively and the results be added ; then, as 

Wi (0) Po' + «2 (0 V + w 3 (0) r 0 ' = ^ Ap 0 ' 2 = 1 , 

we have 

T-- :0, 

that is, up to the (retained) second order of small quantities. Hence T is of at 
least the third order of small quantities. 

Moreover, using this result in the approximate equations for p, q , r, we have 

z(I J i t ^y 0 i)— 0, Z (Q\ + ^01)— x(R 1 -\- x 6 qi)~{) ; 

and therefore 

+ ;r yoi— Qt+^S 0 i=o, /tl 1 +x0 o1 =o, 

that is, up to the first order of small quantities, because the precedent approxima- 
tion is up to the second order. Accordingly, for further approximation, we can 
take 

l\~ - uy 01 +P, 

and similarly for Q l9 R x ; that is, 

p'=-Po ~ *y 01+ p ' 

+Q "» 

r’—r 0 ' -xB 01 + R , 

where P, Q , R, are of the second order (and higher orders) of small quantities ; 
and we have seen, above, that T is of the third order (and higher orders) in the 
small quantities. 

These equations (as follows from § 213) shew that, at U, the regional 
geodesic VV satisfies the first-order test for parallelism to the regional direction 
Po, qo, r 0 ', through 0 . 
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Third-order approximation . 

216. For approximations of the third order, we neglect all powers and com- 
binations of x , y , t, of higher than the third degree in all ; thus, in the initial form, 
the approximate ^-equation is 


¥ + \t 2 (p")u+ it 3 (p ')u {yp-t - ®pi) '■ Hy 2 ih 




The terms, ultimately of the first order, must balance because of the first approxi- 
mation ; and the terms, ultimately of the second order, must balance because 
of the second approximation. The residue provides the contribution of the 
^-equation towards the complete approximation for the third order. 

The terms on the left-hand side must be taken in succession. The first term 
gives 

tp' = (z+T)p ' ; 


as T is of the third order at least, we have 


tp'=zp'+Tp 0 ' 

^*(Po'- x Yoi + P)±T Pq 

= yp* - f/V - xz roi + & + ?></> 

accurately up to the third order. 

The second term it 2 (p")u , contains the factor t 2 , that is, (z I T) 2 : or, as T is 
of the third order, we can take t 2 —z 2 for a third-order approximation. As the 
factor now contains explicitly only the second power of the small quantity z, 
quantities up to the first order must be retained in (p")u f° r the present approxi- 
mation. Now, always 

- (p')u~ ^(Ai )up' 2 , 

accurately ; and therefore, as 

(r tJ ) v =-r tJ +x d ^, 

p ~Po ~~ x Yqi> 7 ~7o ~ ^oi> r ~ r o ~ x @ov 
up to the first order, the required approximation for - (p")u i* s 

- (p )u—^j (r ii + 'X {Po 2 ~ % x Po Yoi) 

= r nPo 2 + Po 2 “ (a 0 y 0 i + Pofioi + 7o^ui)* 

Consequently, up to the third order, 

- t 2 (p")o=z*-'£ r n p 0 ' 2 + xz 2 V ^ K 2 - 2xz 2 (a 0 y 0l + p 0 $ 0l + y 0 8 01 ). 
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But 

* 2 (£AiK 2 )=2Ai(*W) 2 

= 2 A AyPi'-xpi) 2 

=,v 2 (X AiPi' 2 ) - 2 W12 + * 2 ( D Aii>i' 2 ) 
= -yW-aPpi" -'teyvu 
= - vW + x% P\ - 2 *(yy u + ®Pi") ; 

also, as before (p. 75), 

yyu+ *qpr= *yoi> 

so that 

Z 2 ( AiK 2 ) = - 2/ V' + **Pi" - 2xzy 0l . 


It follows that, when the results are combined for the third-order approximation, 
we have 

I * 2 (j>")y= i(y 2 p i - r 2 Jh") + xz Yoi - &z 2 W, 

where 

w - ( X 2 ) - 2 (a o y 01 + /3 0 S 01 + y<Ai)- 

d/Jf 1 

In § 212, an expression has been obtained for V -—- 1 ~p m 'p n ' ; hence, taking l— 1, 

(is i 

m— 0, n = 0, in that expression, we have the value of the first term in IF in the 
form 

2 (^o7oi + i8 0 Soi + y 0 ^oi) + (1 300 Vo 2 Pi ) + 

Accordingly 

w=(r, <nro 2 Pi)+^Ki(o, io); 

and therefore 


U 2 (v")v-^l (y 2 p 2 " - afyi") + *^yoi - i^KAooW) + 3^ A \(°> 10 ))> 


which gives the value to be substituted in the ^-equation for the third-order 
approximation. 

The third term on the left-hand side of the approximate p-equation, being 
\P(p")u, contains a factor t 3 which, to the order under consideration, can be 
taken as z 3 , already of the third order. Hence, for the present approximation, 
only that part of (p f,, )u which is independent of small quantities need be retained ; 
or, as 

-(?"')*= 2 (r, Jur' 3 


accurately, our approximation is made by taking 


-(p’")u='£t* oop* 3 - 
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and therefore 


e P ( V ) v — ~ e z 3 ^j^ooPo 3 

(yPi - xpi) 3 =-y 3 jh' a - x3 Pi 3 - » (yPi - x P\)ypi x pi 
=~y 3 p 2 3 - x 3 Pi 3 - foyzpo'pipJ : 

M l 3 (p ) V - " (i (y 3 p% " — x3 Pl ) + Z X y~ (^300 Po Pi Pi )> 


as the value to be substituted in the ^-equation. 

(i) Now let the values of the three /-terms be substituted in the p-equation ; 
it becomes 


(yPi ~ x Pi) ~ xz Yn + zP+ Tj) 0 ' 




+ S (y*P-i" - X W) + xz Yol - i x * 2 |(- r \\mPt> 2 Pi) + K i (°. 10) 

+ i (yW - x3 pi") + i x y z (P300P0P1P2) 

-- (y P „' - XPi) + i (y 2 P .” - X W) +Uy 3 Pi" - ®*Pi'")- 

Consequently, 

zP l- Tp 0 ' = l xz z |(r ’sooPo'V) + K i (0. 1() )| - 2 X V Z ( r mPoPiPt)- 

Again, in the aggregate of terms involving the magnitudes r ijk , 


Wo ~ V\h = - X P\ s 


so that 


Z (^300^0 2 pl ) y (^30t)jPo Pi P 2 ) — X (^300 Vo Pi “) ’ 
and therefore the third -order approximating form of the /^-equation is 

T Po ' + z{P I • i a* (r. m Po ' Pl ' 2 ) \ = xz 2 K l (0, 10). 

Similar treatment of the (/-equation and of the r-equation, for the third-order 
a])])roximation, leads to the results 

Tq 0 ' + z{Q + \x z ( J 8 ooP oPi 2 )} = ^ xz2 K 2 (0, 10), 

Tr 0 ’ + z{R+ txH6 aooPo ' Pl r *)} - xz 2 K 3 (0, 10). 

(ii) Also, the permanent arc-relation at U for the regional geodesic UV 
provides its own contribution towards the general third-order approximation. 
In the relation 

S Aup' 2 =l , 
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it is necessary to retain terms up to the second order of small quantities ; con- 
sequently, for this purpose, there are values of the type 


Au=A + x^~ + lx 2 

(IS-^ 


d*A 
( ls x 2 


for each of the primary magnitudes, and there are the three values 
2 >'=p 0 '-xy ol + P, q'=q 0 '-x$ 01 + Q, r' = r 0 ' -x8 0l +R. 

When substitution is effected, and terms up to the second order of small quantities 
are retained, there are three sets to be taken into account. 

The terms in the arc-relation, which are free from small quantities, lead to the 
condition 

£Aj> 0 ' 2 =1; 

it is satisfied. 

The terms in the arc-relation, which involve the first powers of small quantities, 
lead to the condition 


£ 2 Po 2 - 2 K< 0) yoi f- «2 (0) §oi + %< o) 0„ i)=o. 

By the result in § 212, II, on inserting values Z— 1, m=0, n— 0, we have 
d A 

D Po ' 2 = 2 K (0) y 0 L + m 2 (0) S 01 + u^d 01 }, 

so that the required condition is satisfied, as is to be expected after the earlier 
use of the arc-relation in framing the general second-order approximation. 

The terms in the arc-relation, which involve the second powers of small 
quantities, lead to the condition 

V; A (2p 0 'P +• x' 2 y 0 i 2 ) ~ 2* a ^ ^ Po'yoi I & 2 ^ Po' 2 = 

The first summation-term on the left-hand side 

=2 {u^P + u 2 WQ + u 3 (0) R} + a 2 ^Ay 0} 2 . 

For the second summation-term, the sum in which can be written 
/ ,dA ,dll ,dG\ 

yn V 0 ~ds\ + % d h + r ° dsj 

5 ( , AH ,dB ,dF\ 

ds] + rjn J , 1 + r " dsj 

, ( , d(i , dF ,dC\ 

9oi \ Po ^ + <?0 dsj ’ 


-H 


+ ( 


we use the relations in § 2 12, II, inserting the values l— 1, m=0 ; thus 
,AA 

dSi 


,dH ,dG 

' \-rJ - - 

dn l 0 ds 1 


Po' j + 1o + r o j~ = A ?oi + H$oi + GK + a 1 Mi (0) + 
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with like expressions for the other two, so that the sum can be taken in the form 

2 4y 0 i 2 + Kroi + &<5 0 i + y Ai) V 0) + (i iyoi + ^ iSoi + £ Ai) u 2 (0) 

+ (<f>i7oi + X Ai + 0 Ai) w 3 (0) l 

and therefore the second summation-term on the left-hand side (with its sign) 
becomes 

-2 *£Ay u » 

- 2x 2 {(a 1 y 01 + + y A: 1 ) M i (0) + (£i7oi + t?iSoi + £Ai) m 2 <0> 

+ (’/‘li'in + X Ai + ^Ai) m 3 (0) ) ■ 

The expression of the third summation-term on the left-hand side can be evaluated 

d 2 A 

by taking 1= 1, m=0, n=0, in the result of § 212 for ^ j — - p m 'p n ' ; and thus the 

asi* 

third summation-term in the condition becomes 

_l, r 2V7,. t 2 

3 **' lib 10 

+ a: 2 {w 1 ( # )(r 300 p 0 > 1 ' 2 ) + w 2 (0) (4too?'o';V 2 ) + « 3 (0, (©3oo?V/V 2 )} + ^^L/ A Yoi 

+ 2a 2 {(a 1 y 01 + £,S 0 l + yAlK ( ' ,, H£iyoi + 7 ?Ai + £Ai)«2 (0) 

+ (<^iyoH Xi S,„ + */ ; Ai) m :) <0> }- 

When these respective values are inserted, the surviving form of the condition 
arising out of the permanent arc-relation at U for the geodesic UV becomes 

u A (0) {2 P + (T mQ Polh 2 )} + w 2 (0) {20 + x ‘ 2 (A 3oo Vo Vi 2 )) + % ((,) {2/i + x 2 (©moPoX '*)) 

= 3 X ‘ 2 ^^11^10“- 

(iii) Thus there are four linear non-homogeneous equations involving the 
magnitudes T , P, Q, R. When the values of the three quantities of the 
type 2 P \ # 2 (AoojVP/ 2 )> as gi vcn by the former conditions, are multiplied by 
Wi (0) > w 2 (0) , respectively, when the results are added, and this last equation, 
as well as the relation 

+ u i ° W + «S (0 V •= = 1 , 

is used, we find 

T ±\x^k n U=^™*{< 0) KA 0, 10) + «,<"»£,((), 10) + m 3 (0) A’ 3 (0, 10)}. 

The values of the quantities /i 1? /\ 2 , A 3 , on the right-hand side are given from 
p. 66, by the substitution l— 0, m= 1, w— 0. The total coefficient of a quantity 
^llf 10 + ^ 12^7 10 + ^13 £io 

- (W - 0 ?O> 1 (O) + (6r 0 f -/?o> 2 (0) + (K - cq 0 ')u./o\ 
which, on the substitution of the values of w 2 (0) , is easily seen to be 


F.I.fx. II. 


F 
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zero ; and similarly for the total coefficients of the quantities fc 12 | ]() + k t .p] 10 + ft 23 £ 10 , 
£ 13 £, 0 + ^ 23 ^ 10 + ^ 33 ^io- Thus the right-hand side is zero ; and therefore 

T= -IxH'ZhxU- 


Also, we have 


~^io =2; (?iV - * , iV)=y(?i'K -Pi^')=yiit> 


and, similarly, 
consequently, we have 


z vio=yvu, z Uo=yCi2'> 
t— Vi P 2 

1 — 6 _ jLJ ^11^12 • 


The Riemann measure of curvature of a region, called (§§ 65, 117) the sphericity 
and denoted by K , when estimated in the orientation determined by the directions 
0U and OF, is given by 


Vl t 2 
I\ — 


1_ 
sin 2 e 


V' b t 2 . 

A llfel2 ’ 


and therefore we have 


T- - 



e. 


Thus, up to the third order of small quantities, the length of the third side of the 
regional triangle is 

,-jjr !**.«. 

z 

where z 2 — x 2 + y 2 - 2xy cos e. 

The identification, for the region, of the general significance (§ 65) of the 
magnitude K for an amplitude and its specific significance (§112) for a surface 
will be made later (§ 219). Meanwhile, it is to be noted the values of P, Q , iJ, 
now can be inferred, in the forms 

/jfi2qj2 '/*2/ 

p= - UHr, ooKK 2 ) + lPo K sin 2 e + ^ A\(0, 10) 

Q= -I x 2 (A^Po’Pj ' 2 ) + iq„' -V K sin 2 € + ^ A'j (0, 10) - , 

A- - i * 2 (& 3 ooPoW 2 ) + i < K sin 2 € + g A 3 (0, 10) 

the direction- variables p', q\ /, at TJ of the regional geodesic UV in the direction 
UV being given by 

p'=Po ~ x Voi + l\ q'=<jo'-x8 n + Q, r' =r 0 ' - xB 01 + R, 

where 

z p*' = yi>2 - %Pi> n* = y ( h' - *qi> zr o = W - ®*i'. 
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These results give the direction- variables of the regional geodesic UV at U in 
the direction UV. Interchange of the directions of OU and OF at 0, with simul- 
taneous interchange of x and y, leads to the direction-variables \p'\ [q f \ [/], of 
the same geodesic at V in the direction VU, in the form 


iy J = - Po + yy 02 + L^]> [?' J =-?•'+ yKi + N1 M = - V - + y8<* + [-R], 

where 

[P]=±y* (AooKK 2 ) “ aPo -J' K sin 2 e + Jg K x (0, 20) ' 




[«=^ 2 (^ 3 ooK? 2 ' 2 ) - i?o' A' sin 2 e + Jg A 2 ((), 20) 
[AJ =iy 2 (® 3 ooPoPi 2 ) - i r o - jr K sin 2 € + gg A 3 ( 0 , 20) 


with the same significance for z , j> 0 ', < 7 0 ', r 0 \ as before. 


Angles of the small geodesic triangle : angular excess. 

217. To find the corresponding approximations for the angles U and V of the 
regional triangle OUV, the values U 0 and F 0 being the approximations without 
regard to small quantities, we note that the direction- variables of OU at U in 
the direction U A are 


Pi + xpi" + i&P\" 9 9i + + \^q"\ rf + xr x + \x 2 r x 


to the order of approximation that has been considered, while those of UV at U 
in the direction UV are ]/, q\ r ' ; hence, as U is the internal angle of the triangle, 
we have 


-cos U— ^jAaipf -ficpi" +\ x% Pi")p' 

- V [A+X--+ ^ 2 ~) (Pi + *Pi" + ^W")(Po - *y„i + P) 

= ZM'po' 

+ *2 (^PiPo+M-pt'-Aptfn) 

[ f 12 A 

W ~ PlPo + i x*Ap 0 ’ Pl '" + A Pl 'P 

+ * 2 PoPl " ~ xiApi "v n ~ x2< ^ 1 Pi ' y J ’ 


accurately up to the second order of small quantities. 
The terms in the first line are the value of - cos U Q . 
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For the terms of the first order of small quantities, being the aggregate in the 
second line, we have (by § 212, II) 


__ , ,dG 

lh ^ + 7/7 +r i ds ~- 


,dA 




(A Pl " + HqS 4- Grf) + a 1 w l a) + f 1 u, a) + ^U3 (1) , 


with similar expressions ; and therefore 

2 (|jj“ Pi >o' + ^K>u') =--«i (1, («iPo' + &?o' + yiV) 

+ M2 (1) (^iPo' + ’?i?o'+ W) 

+ «3 (1) (&X + Xi%' + *Pi r o) 

— W 1 ( 1 V 01 + W 2 ( 1 ^0! -f- (1 >001 

= ^^Pi'roi- 

Consequently the aggregate of terms of the first order vanishes. 

For the terms of the second order of small quantities, we have, on putting 
1= 1, w— 1 , n— 0, in the result obtained in § 212, III, 

2^2 <U ( r 300Pl>o') + M 2 ° ’(^SOoPl'V) + M 3 (,) ( 0 3OoPl' 2 Po') 

+ ^(AooPi' 3 ) + % (#) (^3«oPl' 3 ) + « 3 (O) (03OoPl' 3 ) 

— 22^pi y<n 

-i <l) (a 1 yoi + PX + yAi) + 2m 2 (1) (^yoi + Pi^oi + CX) 

+ 2m 3 (1 ) (<l>iy 0l + Xi§ox + <PAi) 

-2u^\a lPl '' + p 1 q 1 ' t + Yl rn-W 0 W' +m^ b W') 

- 2 w 3 (0) (& Vi' + Xi'/i" + <Ai r i")» 

the aggregate of terms involving the symbols k u disappearing because of the 
vanishing of one of the sets of surface-variables. Also 

2 ^o>i"'-V 0) Pi"' H m 2 (0) ? 1 '" + m 3 ( °V 1 '" 

- - V 0) (AooPl' 3 ) - W 2 (O> (J3O0Pl' 3 ) - M3 (O) (6>3O0Pl' 3 ). 

Next, by the results in § 212, II, we have 

dA 

2 (lSi P«X' yoi + HZ oi + GB 01 + a lMl ( °) H- &*,«» + 

+ ?i'Woi + 5S 01 + ^ 01 + )S lWl (»)+i 7lM2 (») + XlM3 (»)} 

+ »'i"{^yoi + ^ 01 +C^ 01 + y 1 M 1 (0 >+ £ 1 w 2 <°> + iA 1 w 3 (0) } 

-2M"y»i 

+ « 1 ( °)(a 1 K' + i8 1 ?i" + y 1 r 1 ") + w 2 «»(^Pi" + i, 1?1 " t- CA") 

+ % (0) (^P 1 " + Xi?i"+M"). 
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217] 

Also, by the same results, 

dA 

Xj Si Pi’y 01= f 1 «, a) +*i«» (l) - 4 ft" - ff ?1 " - Or,”} 

+ K{Pi< 1 ) +Vi^ 1 ) +Xi^ 1 ) -Hp 1 "-B qi ''-Fr 1 "} 

+ S 0 l {Yi< 1) + Uu^+M^-GPi" -W-Crtf 
= -^ 4 ft"y oi 

+ M i (t> ( a i7oi + Mu + yi^m) + m 2 (1 ^iVoi + ^Ai + £ Ai) 

+ «3 (1 H&yoi + xAi + <M ol)- 

When these values of the various summations are substituted in the equation for 
the second approximation, it becomes 

-cos V +cos (J 0 = ^Ap/P 

+ I k*{«i (l HX 'aooft' V) + « 2 (1 HAooft ' V) + M 3 (1> (@:3007b'V)}- 
When the values of P, Q, R, are inserted, then 

- cos U + cos U a = l ( ^ ApiPo) X ~ K sill 2 « 

+ £«*>*(* 10) + « 2 (1) /v 2 (0, 10)+«,«>ff,(0, 10)}. 

Thus, in small quantities, cos U - cos U 0 (and therefore U ~U 0 ) is of the second 
order : for the present approximation, we take 

-cos f/ + cos U 0 —(U - V 0 ) sin II 0 . 

Further, we have 

V) Apip 0 ' — - cos / 7 0 , y sin e — z sin 77 0 , x sin e — z sin K 0 , 
so that the first term on the right-hand side 

-- ~\xyK cos U 0 sin U 0 sin V 0 . 

•I/Z 

Again, when the values of I \ l9 I\ 2 , /v 3 , in the coeflicient of ^ , are taken as 
on p. 60 , the coefficient of £n£io + & 1 2 7 ho'i K^io 

= uSHhr 0 '-gq 0 ') H 8 (l) (i< -fih) + u :i (l) (fr 0 ' -c</ 0 ') 
=Q(q 1 'r 0 '-r J 'q 0 , )=,Q^ w , 

and so for the other like combinations. TIcnec the aggregate of terms in the 
second line of the right-hand side of the expression for -cos ?7 f-cos TJ 0 

— i xz &n£io 2 

—\xz^~ >> u f 12 2 

z 

= 3 — K sin 2 6-3 xyK sin e sin U 0 . 
z 
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Accordingly, our equation (after division by sin U 0 ) becomes 

U - U Q —\Kxy sin e - \Kxy cos U 0 sin F 0 , 

thus determining the angle U up to the second order. 

We immediately infer the angle F, likewise to the second order, in the form 

V - V 0 = 3 Kxy sin e - { Kxy cos F 0 sin t/ 0 . 

In these expressions, the symbol K denotes the Riemann measure of curvature 
of the region at 0, estimated in the superficial orientation which is determined by 
the two directions OU and OF at 0 ; and in the small curvilinear triangle OUV , 
the three sides are regional geodesics between the angular points. Now 

€+f/ 0 - 1 Fq-^tt ; 

and therefore 

(e + 1/ -I F) - 7T= U - f/ 0 + F - F 0 

= 1 Kxy sin e- J-AVy sin (C/ 0 d- F 0 ) 

—\Kxy sin e. 

The magnitude on the left-hand side is the excess of the sum of the three angles 
of the curvilinear triangle over the sum of the three angles of a rectilinear triangle ; 
we shall call it the angular excess of the regional geodesic triangle, as in § 1 12 for 
a superficial geodesic triangle. The magnitude \xy sin e is the value, to the present 
approximation, of the area of the small regional geodesic triangle ; and therefore 
the equation can be stated in the form 

area of regional geodesic triangle = ^ (angular excess), 

the geodesic sides of the triangle being small. Consequently, as in § 112, the 
geometrical magnitude denoted by K is called the sphericity of the region in the 
regional orientation defined by the directions OU and OF of the regional geodesics. 

Principal values of the sphericity for a region . 

218. From the preceding investigations it follows that, at any orientation 
within a region specified by orientation-variables £, g, £, the sphericity of the 
region, estimated in that orientation and denoted by K, is given by the relation 



with the significance of the regional symbols k tj as defined (§ 162) 

^11 ^ J ( 7 722 7 733 “ ' ) ?23 2 )> ^23 ~ ^ j (VViVlS — Vll 7 )* s) ' 

^22 ~ ^ j {Vzzflll ~ VO, ^31 “ (V23V21 ~ 7 ?22 7 ?3l) ’ • 

^33“ ( 7 7ll 7 722 “ 1 7l2 2 )’ k'!2 = ^ j (' j 731 7 ?32 “ 7 733 7 7l2) - 
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It is convenient (but not necessary) to have the variables 77, £, so chosen that 
the relation is satisfied — a relation corresponding to the permanent 

equation ^Ap' 2 ~ 1 affecting line-variables. If it should have happened that 
rj , £, are determined by two regional directions p 1 / , <//, r/, and jt> 2 \ <y 2 \ r 2 ', in 
the orientation inclined at an angle e, and arc 




- Pi r 2i - <hp*> 


the corresponding relation is — sin 2 e. 

The quantity K, being a function of the orientation- variables, will have 
maximum and minimum values among all those which arise from all the sets of 
values ; and these maximum and minimum values will be obtained by making 
the algebraical quantity K, where 

K=^k n e, 

a maximum or a minimum for all possible values of the variables £, 77, £, subject 
to the relation 

1. 


The customary kind of analysis leads to the critical equations 
A’ 2 i£ + ^22 7 7 ^’23 C — ^ (A£ -f" bg +-/£) , 


for the determination of maximum or minimum values of K (called the principal 
values) and for the determination of the corresponding orientations (called the 
principal orientations) for the region. 

(i) The principal values of the sphericity of a region are the roots of the cubic 
equation 


al\. k n , hK A 1 2 ; 


gK k } 3 j— 0. 


hl\ — A’ 21 ? bh — A* 2 2» /A A’ 2; j 
— A’ ;u , //v — A’ 32 , c/v — A’jjjj 


Let /S be used to denote the determinant 


A'i 1 ^ k 
A’| 2 , A* 


12? ^13 

22> &23 


v 13? # * / 23» ^33 

also, let h Lj denote the minor of k tJ in so that (e.g.) 

k\\~ A’ 2 2 A*33 — A^J 


23^5 ^ 23 — ^12 A’i a ^1 1 & 


11 ^23 > 


and write 


= A^n + 2fl r A’|«2‘t -®A’22“H 2(7^13 + 2^ A^23+f^A^33, 

>S 2 ~ 2/tA)i2 ^A*22 2gki%~\- 2jk<^-]rck^, 
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Then the cubic equation assumes the form 

SPlP-QS^+fiiK- /S-O. 

There are therefore three measures of sphericity for a region, being the magni- 
tudes composed of the simplest symmetric functions of the principal values of 
K : they are 

S 1 N t 8 

~Q' Q 2 ’ Q 2 * 

The measures of sphericity are superficial measures for the region : and, in their 
source, they are not related to any principal measure or measures of circular 
curvature of regional geodesics which are of the nature of curvilinear measures. 

(ii) Corresponding to each of the three principal values of the sphericity K, 
there is a set of orientation- variables ; so that there are three principal orientations 
in a region. We denote by K v /i 2 , /\ 3 , the roots of the sphericity cubic ; and the 
variables for the respective orientations, providing these values, by £ n r) iy for 
i— 1, 2, 3. The three orientations are at right angles to one another in pairs, a 
result established as follows. 

Let the three critical equations, for £ v rj lf £ 1? be multiplied by £ 2 , rj 2 , £ 2 , 
respectively, and the results be added : then 

^1 a £\£ 2 - 

Similarly let the three critical equations, for J\ 2 , £ 2 , i] 2) £ 2 , be multiplied by 
t?,, resjjectively, and the results be added : then 

^ ^11^1^2 ~^2 ^ j a ^1^2* 

On the underlying assumption that the roots of the sphericity cubic are unequal, 
so that the principal orientations are determinate, K 2 is not equal to K x ; hence 

ii k £ 2 ~ i / a £ 1 £ 2 ~ 

The last relation shews that the two orientations with the sets of variables 
Vii and £ 2 , rj 2 , £ 2 , are perpendicular to one another (not orthogonal, in the 
sense of § 7). Similarly for the other two pairs of principal orientations. 

Moreover, these superficial orientations in pairs intersect in three linear direc- 
tions. Let /y, Qi, Ri, be the intersection of the orientations | 2 , r] 2 , £ 2 , and 
£ 3 , 773 , £ 3 ; and similarly for P 2 , Q 2 , R 2 \ and Pf, Q 3 \ Rf. Then we have 
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for i,j , k, =1, 2, 3, taken in cyclical rotation. But these directions P/, Q/, R/, 
do not provide curves of curvature in the region, unless the plenary homaloidal 
space of the region is quadruple *. 


Ex. Certain umbral forms can be associated with the preceding results and are 
placed on record. 

We have seen that, in the tangent flat of the region, any direction touching the 
region can be made a leading line ; and two other convenient leading lines can be 
associated with it, being the directions of the binormal and the trinormal of a 
geodesic drawn in the direction of the first. 

Consider the three preceding directions and the principal orientations. Denoting 
any such direction by P', Q\ R\ and the orthogonal principal orientation by 77 , £, 
we have 

AV UIQ' + GR' = £Q\ a£+lirj 

HP' + BQ' \ FR' = rjQ * , h( + bq +/£ = Q'Q * , 

GP' + F(J ~i CR'-WK n£+fy+ct = R'Q*. 

Thus the critical equations for the* principal sphericities and the principal orienta- 
tions of the region become 

(k n A + k l2 H i k v fi)P' + (k n H + k n B + k l3 F)Q' + (k n G + k l2 F + k n C)R'^QKP\ 
(k 12 A + k 22 H + k 23 G)P r ! (k l2 H + hoB + h, F)(/ + (k l2 G + k 22 F + k 23 C)R' = QKQ 
(k^A + k 23 ll f kyfi)P' * (k i3 H -bk^B-b k 33 F) (/ + (k l2 G + k n F \ k^C)R' ^QIiR f . 


For the umbral notation, let 


so that 


K = ^ k n f 2 - (*, f +k. 2 t] + k 3 £) 2 , 
i V; At'- = (a t P r + a# + a z R'f, 


kjj = K l K jy for all values i, j = 1 , 2 , 3 ; 

A=a t 2 , H — a x a 2 , B=a 2 2 , G=a A a 3 , F — a 2 a 2 , 0 = a 3 2 . 


* Whatever be the dimensionality of tin* plenary space, the quantity K is a measure 
of superficial curvature of the region. In the special instance when the plenary space 
is quadruple, K is only one of the two measures of superficial curvature of the region, 
which then are analogous to the two measures of curvature of a Gaussian surface in 
triple homaloidal space. Also in this special instance of a quadruple plenary space, the 
principal values of the sphericity K of a region are analytically connected with the 
principal circular curvatures of regional geodesics : and the principal orientations of 
the region are, in fact, the pair-combinations of the directions of the three curves of 
curvature of a region at any point. (See G.F.D . , vol. ii, §§ 320, 321.) 

The associations of K with the product of the principal curvatures of a surface 
in triple space (a primary surface), and with one of the measures of superficial curvature 
of a primary region, are made possible by the limitations in the dimensionality of the 
respective plenary spaces. 
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Let a, j3, y, . . . , he any umbral symbols cogredient with k ; and let h, c, . . . , be any 
umbral symbols cogredient with a. Then 

4- Aq 2 II 4“ JvyjCr — (Zj K , 
i'i\H + k l2 B jr k^F ^ a 2 K^a l< ) 

k^yG 4 ^12^ 4“ kyi^J — d^K^d K j 

and similarly for the other combinations of the coefficients k xJ with the primary 
magnitudes of the region. The critical equations now become 

(lyOLyCL a F 4- 4“ fljj CL-^G/^Ji — k^KP , 

biP +^ 2^2 kpQ 4- b 2 f$f)pR — QKQ , 

+<*Wy(?' +<WW#' -QKR ’ ; 
and therefore the sphericity- cubic is 

^ l a l f/ a I2A, f( 2 a i a a 5 ( h a \ a a =-0 

^2^/3 j — QK , baPJty 

C lYz C y » C 2Y:fy » r 3)V'y ~ 
which can be expressed in the form 

-6 (a/3y) 2 - 1 A' (dap) 2 +±K 2 (aba) 2 - Q 2 K 3 - 0. 

The result may also be obtained by noting that the sphericity-cubic is the condition 
that the discriminant of the ternary quadratic 

i>ii**-*i>** 

in surface- variables shall vanish. If, in umbral notation, wo write 

iX** - * £ «** “ (^ »- fa + 9* W = V. 

and if 6, <f> , 0, be cogredient symbols, the vanishing discriminant of 0/ is the equation 

*(W) 8 - 0, 

which can be changed into the foregoing form. 

It should be noted that the introduction of the analytical measure of the Riemann 
sphericity requires the association of the quadratic form ^ k n £ 2 with the rest of the 
system of invariantive concomitants of the region. 


Sphericity of a parametric surface in a region. 


219. Now consider any parametric surface 0(p,q,r) = 0 in a region, not 
restricted to be a geodesic surface. If pf, qf, rf, and p 2 \ qf, r 2 \ be any two 
directions touching that surface, giving rise to orientation- variables 77 , £, in 


the region, then (§ 193) 


_ ^2 __ 03 



Let K denote the sphericity of the region in the orientation rj, £, being the 
sphericity of a geodesic surface in that orientation ; then 
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The sphericity of the parametric surface 0=0, which is not a geodesic surface 
except under a group of limitations as investigated in §§210, 211, is distinct 
from K. Let its sphericity be denoted by K 6 : we proceed to find a relation 
between K and K„. 

It has been proved (§ 195) that the circular curvature and the direction of the 
prime normal of a superficial geodesic, the circular curvature and the direction of 
the prime normal of a regional geodesic touching the superficial geodesic, together 
with the regional flexure and the prime radius of that regional flexure of the 
superficial geodesic, are connected by relations, typified by the equation 

i[o_ J ' + 1 dy 
Po P y dn ' 

Let ])' , q', r ' , be the direction-variables in the region of the two geodesics ; as it 
touches the surface, there is the relation 


0 1 p' + 0 !! f/ + 0 3 / = O. 


Any surface can be represented by two parameters ; accordingly, we shall take 
]> and q to be the two parameters for the surface 0 = 0; and the inclusion of 
that surface within the region is secured by taking the value of r, and derivatives 
of the value of r, given by the parametric equation. The element of arc along 
the surface is 

ds*= V] Adp 2 , 

where 0, dp + 0 2 dq I 0 ; , dr— 0, 

so th at ds 2 — E g dp 2 + 2 F u dp dq + G 0 dq 2 , 


where 


E U =A- 


J e, L O r ’ 


F 0 —H- u 0 :--F o ' \ c 
0 2 

G 0 =B-'2F 


OA 
8 2 ’ 


Hy direct substitution, we have 


Again, we have 


V e 2 -E 0 G e -F e 2 

,, 0 2 n 0 , , 0 a 2 0 , 0 , 0, 2 
c+w/ C 9 e.^ h e, 2+Jl 0 3 2 +ft 0 3 2 

=Q 0 -' 

0 a 2 


^w ,! 

= Vnp' 2 + 2i?i2?Y + V22 ( / 2 > 
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where 


and. similarly, 


_9 V V - _ 9 V V 

7 /l 1 ~ ^11 ^ + ^7 33 0^2 ’ 7 }22 — r }22 ~ ^ *723 q + ^ q 2 ’ 

0 2 01^2 
7 7l2 — 7 ll2~ r Jl2 ^ ~V22 0 +^33 5 


r"= ^uP' 2 


— O'liP' 2 + 2i)'i2 /?Y + x) 22 (/ 2 j 

with the like formations for & n , $ 12 > & 22 , given by 

a) 11 9*11 “ 2-9 !3 0 1 f a) 33 0 X 2 > & 22 — $22 “ % $ 23 q " + $33 > 

$12 = $12 “ $13 0 2 ” 'O’ 23 g 1 + 0*33 ^ 2 “ . 

The surface has been referred to the parameters p, q. The circular curvature 
of a superficial geodesic in the direction p', q', is l/p 0 , and the typical direction- 
cosine of the prime normal of that geodesic is Y 0 ; we therefore have a relation 
(§ 93) of the form 

^°=^ii te) J j/8 h2W® ) PY + 1 ?2a < ®V 2 - 

Po 

Thus the initial relation connecting the two circular curvatures and the regional 
flexure becomes 

Vn (0) P' 2 + 2 Vi 2 (0) pY 4 V 22 ( *V 2 ^ Vu P 2 + ^ 12 ? Y + W 2 

-f n f n &n l/ ! + 2VV + y ! ), 

a homogeneous quadratic relation between the direction- variables p\ q\ of the 
surface ; and it holds for all directions on the surface. Hence there are the 
relations * 




7 ?12 <6) ='>7 i 2 


9-u dy 
6 n dn 

'O’ 12 dy 
0» dn 


- w-a _^dy 

V 22 ~ V 22 e n dn J 

* These relations can be obtained directly from the equations of the type 

of the surface by means of the necessary differential transformations, as these are 
affected by the existence of the surface-equation 6(p, q, r)= 0. 
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The sphericity of the surface, K e , is given by (§ 112) 

K = W 9 W fl) - XW 8 > } 2 

• ' E e G e -ty 

To evaluate the numerator, we note that, as 

for all values i,j, k, =1, 2, 3, we have 

dy / (in rZy ^ 

^ Vi) tn~ ^ ril] V 1 dn + Vi dn + lh dn) ~ °’ 

for all values of i, j ; and therefore 

vr* - dy_ v ^ 

^ ll dn -' Vl2 dn~°' V22 dn ~° ’ 

Also, we have 

x'P»y=i 

^ w 


Hence 




1 


-- T / 11^22 - 7 /l2 2 + n 2 1 ^ 111^22 “ ^ $12 2 }- 

u n 

After direct substitution of the values of ^ u , ^ 12 , ^ 22 , and reduction, we find 
11^22 ~ i/^12 2 

= J 2 (*1 A 2 + ^12^2 + ^22^2 2 + 2A 13 0,0; 3 f 2^6^ + k 33 0./) 


=QK 


9 2 

■y u n 


P 2 ’ 
^3 


where if is the sphericity of the region in the orientation of the surface. 

Similarly, after direct substitution of the values of & u , $ 12 , & 22 , and reduction, 
we find 


^j$'u$22~ ^ 9i2 2 

by § 196, where y 1 and y 2 are the two principal radii of regional flexure of the 
surface. 

Consequently, the numerator in the expression for K 0 
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The denominator in the expression for K e 


We therefore have 


e 2 

-VJ=Q — 


K e =K + - 


Yir 2 


as the relation between the sphericity of a surface in the region and the sphericity 
of the region in the orientation of the surface. The difference between the two 
sphericities is equal to the bilinear measure of regional flexure of the surface. 

This result, valid for a region in a plenary homaloidal space of any dimension- 
ality, is known * in the particular instance when the plenary homaloidal space is 
quadruple. 

Further, if it should happen that the surface 0=0 is geodesic to the region at 
the central point 0 considered, the regional flexure of all geodesics on the surface 
(being also geodesics of the region) is zero, so that both l/y 1 and l/y 2 vanish : 
thus 

K e -K, 


as is to be expected when the surface is geodesic. 


Curvatures of a geodesic on a 'parametric surface . 

220. In passing, it may be noted that the preceding results of the form 


W e) -Vn~ 


dy 

6 n dn 


can be used to obtain the spatial torsion of the superficial geodesic and, inci- 
dentally, to verify the geometrical relation (§197) 



pr e yo Q 


characteristic of the curves of spatial circular curvature on the surface. 

The typical direction-cosine Y 0 of the prime normal of a superficial geodesic in 
the region is given by the equation 


Yo = Y + ldy 
Po P ydn' 


Let the secondary magnitudes of the surface be denoted by L 9i M e , N e , being 
defined by the values 

L e = S { W 9, }> M 0 = 2 {Y oVli W}, N g = £ {Ytf „«•>}. 

! G.F.D. vol. ii, § 368. 
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SUPERFICIAL GEODESIC 


i i=v p + l% 

Po “'Ip y dn 


- ^11 dy\ 

e n dn) 


Now for all values of i, j, k , we have, in the region, 

S*/*p?«=0; 

and therefore 

j Vk^lt) — 

for ij = 1 1 , 12,22. Consequently 


- 


Also we have 


v d y. 


7? u = 0. 


( d y\ 


Vy"» = o V 

— 1 dn ’ — ‘ \dn) 


= 1 ; 


and therefore 


I J e ^ v v - 1 a 
~ — : 2 j i 7 ln~ -jr 8*11 
Po p y“n 


Similarly 

M i 

Po 


~\{ A ~ 2G l\ + C I*} - y9 n ( ^ ll - 3^«| + lh) ■ 

jif p d 2 f d \ 1 / (•, a ^2 a 

M s - 2 *t + ^}-4>“-' 2a 4; + "“!■) • 


Accordingly 

where 


Po p y“n 


Pi—Af' + Hq' - P (9 lP ‘ + 0#') - £ |g>' + Fq'-P (0 lP ' + 0 2? ') 
= Ap' + Hq' + Gr' - f 1 (£?/ + P?' + Or') 

0i 

^Vt-g-VP, 


and, in the same way, 
< 

Similarly, we have 


<2i=9„p' + -9-x 8 ?' + 9-wr' " + 9-23?' + 9*/). 


Po P y y « 
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where 


n ^2 

Pi = Vi- Q «„ 


Qi~ 'd'vip' + '^22 l l' + ^2j r ' - ) ‘ 


Likewise we find 


9 6 

E 0 p’ + F e q ’ -«i - * m 3 , F„p’ + G 0 q' =u 2 - ~ m 3 , 

Vo Vo 


and we had (p. 91) 




Now' (§ 106) the torsion l/o- 0 of a geodesic on a surface with E e , F e , G 0 , as its 
primary magnitudes, and L e , M 0 , N e , as its secondary magnitudes, is given by 
the equation 

- a = *( L.p' + M # '), -(. M oP ' + N e q ’) , 

Po G 0 PQ P 0 

E eV ' + F e q’ , F e p' + G e q' 

l/p 0 denoting the circular curvature of the geodesic. Hence, for the regional 
surface in question, we have 

0nJ_ T _± S} 

Po a 0 &3 P y0 n 


where 


T=\ Vi- 5 -«3, v 2 - a v 3 


Ml- W Mg, Mg — 7j~ Mg 

Vo Vo 


v l9 v 2 , v 3 


Ui, u 2) u 3 

01 , 0 2 5 ^3 


_&e n 

' T. 0,’ 

where l/r 0 is the regional tilt of the superficial geodesic (§ 201) ; and 

9 9 

S = & n p’ + 3-12?' + 3ig/ - J (3-ig p' + 3-23 q' + 3 •»/), M, - 1 Mg 


&12P "1 &22 ( I ^ 23^ “ 0 (^13 P “1“ 'S’aaf ), U.t Q u 3 
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1 

& u v' + ■9] + 813 /, 

U 1j @1 

03 

83 lP' + S' + 833 r '> 

u 2 , d 2 


8-3 ip' + Om?' + 9 '.' W r', 

w 3 , 


P i0 JL 



0o 6 3 ’ 



where l/a e is the regional torsion of the superficial geodesic (§ 200). We therefore 
have 

1 _ l 1 

Po°o y a d P T o 

the geometrical relation (§ 204) connecting the spatial circular curvature and 
the spatial torsion of the superficial geodesic, with the regional torsion and 
regional tilt of that geodesic, with the regional flexure of that geodesic, and with 
the circular curvature of the tangent regional geodesic *. 

The curves of spatial circular curvature on the surface are characterised by 
the property l/cr 0 =0 ; and thus, for the regional surface, they are given (as in 
§ 197) by the relation 

- — — -o. 

pr e yvo 

* When the region is a flat, we have a surface in triple homaloidal space ; then 
l/y = ]/p 0 , while l/p = 0, 1 /o0 = 1/<7 Oj and 1 /t 0 ~O. 


F.I.O. II. 


a 



CHAPTER XVIII 


Geodesic Parallels in a Region 
Parallel geodesies , after Levi-Civita . 

221. The determination of parallelism for geodesics has been effected for 
surfaces (§ 119). There, along any curve OUA , when any geodesic OVB on the 
surface is drawn through 0, a superficial geodesic UW through U is said to be 
parallel when the angle WUA is equal to the angle VOU ; and it appeared 
sufficient to take a superficial geodesic for the basic curve OUA. 

This characteristic property emerges as a result from the original definition. 
The matter is less simple when the containing amplitude is more extensive than a 
surface : thus, even for a region, at a point U on the basic curve OUA, there is a 
quadric cone with its vertex at U every generator of which makes the same angle 
with UA equal to VOU ; and more selective precision is necessary. As already 
stated, the notion of parallel geodesics was first propounded by Levi-Civita ; and 
it was related to considerations connected with the plenary homaloidal space of 
the curved amplitude *. For simplicity, we shall take the curved amplitude to be 
a region in multiple space. 

Through 0 , let a curve C be drawn in the region ; and let X specify a point 
moving along the curve. With this moving point, let a moving direction XZ be 
associated under some assigned law of continuous change. When X coincides 
with 0, let the regional direction- variables of the initial position OD be P' } Q', R f ; 
the typical spatial direction-cosine, c, of OD is given by 

c —y\P' + y^Q' + y*R' • 

We select an aggregate of lines through 0 in the plenary space, as a fixed set for 
reference ; they arc not related to the curve C, nor are they affected by it. We 
postulate the law that, as X moves, the associated direction XZ shall be required 
to make, with the several lines of the fixed aggregate through 0, the same several 
angles as are made with those lines by the initial position OD of the direction. 
Let l denote the typical spatial direction-cosine of any line in the aggregate through 
0 : the postulated law requires the conditions 

constant, 

where this constant differs from one fixed line to another but is unaffected by the 

* The following investigation is based upon Levi-Civita’s original memoir in the 
Rendiconti del Oircolo Matematico di Palermo , t. xlii (1917), §§ 1-4. 
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movement of X . 
the equations 


Hence, denoting differentiation along the curve by ds l9 we have 




which must be satisfied along the curve. 

Were the requirement exacted for all possible directions l through 0 in plenary 
space, the equations could be satisfied only if 


for every direction-cosine : that is, a merely constant direction in the region. Such 
a result is not possible in general. Accordingly, we take the selected lines to be 
the aggregate of directions which, passing through 0, lie in the tangent flat of the 
region at 0 ; and we therefore make l proportional to 


2/iA+»/ 2 /i+«/ 3 v, 


with no limitations on the quantities A, /z, v. For our purpose, the conditions 
must be satisfied for all possible variations A, /z, v. Thus the complete set of 
equations, to be satisfied along the curve, becomes 

for all possible variations A, /z, v ; and therefore, for the complete fulfilment of 
the imposed law, the conditions are 


Now 


v a dc dc 



0 . 


dc 


dF dQ' dF 


(h 1 ds 1 Jr ^ 2 ds x ds 1 

+ p* {ynlh + 2/12 <li + yis r i) + Q r {yn'Pi + Ihfli + + F (y^Pi + + y^r'). 

When this value is substituted in the first of the three conditions, the coefficient 
of F 

the coefficient of Q f 
and the coefficient of F 


— Aa ^ *+■ + 0(f) i, 
=ap 1 +Ht) 1 +c i x 1> 


=Ay 1 +m i +Git, li 

with the notation of § 172 ; and thus the first condition is 
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where 

V^P'a. + Q'^ + R'yMnPx, 9i, r^P', Q’> R'), 
V d =P^ 1 + Q' Vl +R'C *=mPi', ?/, r^P', Q', K), 

V a— P'<f>\ + Q'xi + P'Pi = (®%Vi’ 9i, rW, Q\ «). 

Similarly, the second condition and the third condition become 

fl (f + ^) +j9 (f +£, ') + '(f' +p *)= o ' 

When these three equations are resolved, the expression of the law is 
dP f 

f s +nv>,qi,rW, Q',R')=o 
-^WPi’ ?1- r^P',Q',R')-= o 


dR' 

ds 1 


-+mpx,qi, rW,Q',P')=v 


It is easy to verify that the equation 




is satisfied : the position XY (consecutive to the position OD) of the carried direc- 
tion lies in the tangent flat of the region at the point X consecutive to the point 0. 

Now imagine a deformation of the region, within its plenary homaloidal space, 
to be effected without stretching and without rupture of continuity, such that the 
tangent flats of the region at successive points along the basic curve C are brought 
into coincidence with one another or, what is the same thing, into coincidence 
with the tangent flat at 0. The character of the specified deformation leaves 
the lengths of all arcs and all their inclinations unaltered. Hence the deformed 
positions of the carried direction, in this one comprehensive flat, all make the same 
several angles with the aggregate of lines as does the initial line. Within this 
comprehensive flat, all these deformed positions are therefore actually parallel to 
the initial line. Accordingly, in these circumstances, the position of the carried 
direction in the undeformed region is defined to be parallel to the initial line. 

Thus the Levi-Civita parallelism ultimately is derived from a parallelism in a 
homoloidal space which is (or is contained in) the plenary homaloidal space for 
the amplitude. The primary conditions for any n-fold amplitude are 

as l l j 

(for , n), where as/, ... , x n \ are direction- variables of the basic curve 

C, and X/, ... , X n \ are direction- variables of the carried direction. The 
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simplest instance of all arises when the amplitude is a surface, the curve 
C is a geodesic on the surface, and the initial line is another superficial geodesic 
through 0 distinct from C. When p 2 , q 2 , denote the direction-variables of the 
carried line, the conditions of parallelism (as in § 121) are 

clj) 1 1 

=r " Pl ' P2 ' + r ' 2 + ftV) + 

- 2* =AnPiP»+An(qiPs' +p iV) 


Parallel geodesies , after Seven . 

222. An essential modification, of the Levi-Civita definition and of Levi- 
Civita’s determination of geodesic parallelism, is due to Severi * ; in effect, it is a 
distinct alternative. Severi associates the property with the geodesics of an 
amplitude by means of the geodesic surfaces of the amplitude. Adopting the 
Severi definition, we take two amplitudinal geodesics at 0, thus determining a 
geodesic surface S of the amplitude at 0. One of these two geodesics ORE is the 
basic curve C ; the other of these geodesics OTF is the initial line to which the 
drawn geodesics arc to be parallel. Through any point R on the basic curve, we 
take the direction RU which on the surface S is geodesieally parallel to OTF ; the 
amplitudinal geodesic in this direction is defined to be the amplitudinal geodesic 
which is parallel to OTF. 

Let the geodesic surface of the w-fold amplitude be determined parametrically 
by n - 2 equations of the type 

d(x t , ... ,X n ) = 0, 

with n - 2 independent functions 6. As the surface thus defined is geodesic, every 
geodesic of the amplitude, originating at 0 in the superficial orientation established 
by the two directions 

Xi > ••• > x n , %i , ... , z n , 


(the direction- variables of ORE and OTF), must lie in the surface ; and therefore 
the intrinsic equations of every such geodesic must be satisfied in association with 
these parametric equations of the surface. For each equation 6=0, we have 


y " + V V -d 2 - - x’x'—Q- 
2jj Xjc + 2j Zj a,v. a*. x i ~ u > 


* j 'dXidx, 

and therefore when the regional geodesic, with the intrinsic equations 

»*"= - 2 2 {y> *}»/*/. (^ =1 > — n), 

i j 

lies in the surface, we must have 


2 

i j 

* Rendieonti del Circ . Mat. di Palermo, t. xlii (1917), p. 254. 
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where 



This relation in sr/, , x n \ must hold not merely for z/, ... , z n ', but also for all 
sets of variables 


aX i 4 pZi, ax 2 ' + j8z a ', . . . , axv/ + j8c»', 


where a and jS are parameters : that is, as in § 210, we must have three relations 


V 

i j 




•°. ',aV=0, 


satisfied in connection with each parametric equation 0=0 when the surface is 
geodesic. 

Now consider geodesics on this surface that are parallel. Because they are on 
the surface, the inferred property— that two parallel geodesics make the same 
angle in the same sense with the basic curve — can be used. Take any point R, 
on the basic regional geodesic ORE in the direction x x \ ... , x n \ at any small arc- 
distance t from 0 ; and through It let a geodesic lying in the surface be drawn 
parallel to the initial regional geodesic OTF, the direction-variables of which are 
denoted by z/, ... , z n \ If the direction- variables of this parallel geodesic at R be 
denoted by £/, ... , £ w ', we can take 




for all values of i ; and it is necessary to determine the analytical significance of 
d~ * 

the quantities . As the direction £/, ... , through the point R lies on the 
surface, specified by the n- 2 parametric equations typified by 6=0, the relation 



u 


o, 


must be satisfied for each parametric equation 6=0, the values of the derivatives 
dd 

being taken at R. But as the length of the geodesic arc OR is t, we have (for 
i=l, ... , n) 



where the unstated terms involve powers of t higher than the first ; and therefore 
the relation at R becomes 
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with the same significance as regards unstated terms. The direction z/, . . . , z„', 
at O lies in the surface, so that 

and therefore the 0-equation, taken so as to include only first powers of the small 
quantity /, yields the condition 

We have seen that the relation 


is satisfied, that is, 


£ V=° 

i j 

{ij, tyZi'Tj ' ; 

i j i j Jc 


and therefore the condition becomes 

v a 00 I dz t V v ^ 


There are, in all, n - 2 such conditions, one arising from each of the parametric 
equations specifying the geodesic surface. 

Next, there is the permanent arc-relation at every place and for every direction 
in the amplitude. At R, for the direction ... , £ w ', this relation is 

D2(^,W£/=i. 


Now, for every value of 


^ £ 

£/c = + ^ + "* ’ 


and as the length t, = OR, is measured along the geodesic ORE, 


Aij + t 


and therefore, when we write 


Xm 


in connection with the direction OTF, the permanent relation is 

2X*.v+<{ 2 ^ *.v} + om=i, 

where 0(£ 2 ) denotes the aggregate of terms in powers of t above the first. Also we 
have 
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and the condition must be satisfied for all values of t ; hence, as a necessary 
condition, we have 


By § 12, 


so that 


Again 


m i j 

f~ = £ **'= £ Y KK, P) A ,p+ H p}A iP W, 

d A 

Y Y YYYY K*», p}A JP + {kj, p}A, 9 ]t, , z/r t \ 

? j i j k p 


YYY Y A jp{ki, p}z t 'z/x k '= v; ^ 

i j k p i j k 

^YxilYY i lm > *) 2 / a: ™' I ; 

? Z 7W 

and similarly 

YYY Y A i^ k j’P) z X x k'= Yxt\ Y Y ( ?m > *}*/*«']• 

i j k p i l tv 

Accordingly, the foregoing necessary condition, which arises out of the first power 
of t in the permanent arc-relation at R, is 




Finally, there is the condition for parallelism of the directions on the surface, 
represented analytically by the unchanging value of cos e along the geodesic ORE , 
so that 


l 3 


that is, 

With the notation and the results of § .‘17, we have 

^ k ^ j j $ pr j j 

m t 

du k 


d -^=Y^=Y^ {Y^^') ’ 


thus the first term in the condition 


v •> dzi 


and the second term in the condition 


jl£Y U M l > »>lV = Y Ui [s Y V m > *)*» V ; 
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S“.[5-+SS^*>iV]= °- 

x i wi - 1 

Thus the magnitudes Z l5 ... , Z w , where 

l m 

satisfy n homogeneous linear equations in all, viz. the two equations 

£xA= o, S«A=o, 

i t 

together with the n- 2 equations 


v y _q 


one arising from each of the w-2 parametric equations 0—0 which define the 
geodesic surface in the amplitude. Let D denote the determinant of the coefficients 
of Z v ... , Z n , so that 

I)=\U„ Xi , 0 ,«>, 6V, 

the equations of the geodesic surfaces being 0^—0, for 4=1, ... , n- 2. The 
determinant D does not vanish, a statement justified as follows. 

The direction x x \ ... , x n \ touching the surface, is such that the equations 


0 • 

17 V 1 

0 < 2 > 

u n 

II 0 (»- 2) Q (»- 2) 0 (n-2) 

and let M m denote the determinant obtained by omitting the columns of rank 
i and j in a row. Owing to the independence of the functions 0 , the quantities 
M tJ arc not a vanishing set, though individual members may happen to vanish. 
Let ilf 12 be different from zero ; then the foregoing relations give 

for all values of i. Similarly, as the direction z 1 , 9 ... , z n ', also touches the surface, 
we have 

( ~ %Zj = — — MijZ 2 , 


hold for k = 1 2. Consider the array 

ev, e 2 v , 


0,(2) 0„ (2) 
U l 9 U 2 7 



106 


PRIMARY CONDITIONS OF PARALLELISM 


[CH. XVIII. 


for all values of j. Consequently 


( - ]) ,+) Jfj 2 2 


= 

i 9 

M u 

X lf X 2 

— - Mi 2 Mij 

X l> *2 


~ ' « f 

f ~/ 

1 


M v 

*1, *2 


V. Z 2 


or 


M lS 



x/ 

1 

x i. 

x 2 


*/ 

m 12 


Z 2 


for all values of i and j. Now 

u t , u, \M l} 


i 3 


M, 

^1 ) *2 

* ' /v ' 
-1 5 "2 


1 12 
Xn 


t 3 


if Xj I 
U lf Uj 
Xif Xj 


Xi, Xj 

2 ' - ' 
"l > 


ilf 12 sin 2 e 
X 2 

~ ' 
*-1 f "2 



V 

X-j 

V 1 

jLJ 

V \ A 

A,jc, 


*kf 

x/, 

»/ 

J 1 » J 2 

i 

J 

k l 

A Jk , 

Aji 

*k, *i 


*/ 


a quantity which does not vanish. 

Accordingly, since the determinant of the coefficients of the n magnitudes Z t in 
the n linear homogeneous equations does not vanish, each of those magnitudes 
must vanish ; and so we have the n relations 

V-0, (*=1, ... , n), 

as l l m 

as the primary conditions to be satisfied for the arc-variations of the direction- 
variables z/, , z w ', of a succession of geodesics in the amplitude, drawn (geo- 

desically) parallel to one another along a basic geodesic ORE, the arc-variation 
ds l being taken along the geodesic *. 

The formal result agrees with the result first established by Levi-Civita *, from 
the considerations set out in §221 by reference to an aggregate of lines in the 
plenary space. The preceding process is based upon the Severi definition ; in the 


* In the establishment of the result, the geodesic property of ORE has not entered : 
up to this stage, any curve C , in the same direction at 0, could have been used without 
affecting the argument. But when approximations for points R along the curve C are 
desired, proceeding in powers of t (the length of the small arc OR), the limitation of the 
basic curve to geodesic quality in the amplitude secures much simplification in the 
necessary formulae. 
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approximations including the first power of t , the two results agree. But this 
stage is the limit of this accordance : when we take account of powers of t beyond 
the first, it will be found that the values of £ t ', , £ n ', the direction- variables of 

an amplitudinal geodesic, parallel to the initially postulated geodesic, are not the 
same under the Severi definition of parallelism as under the Levi-Civita definition. 


Geodesics drawn from a basic curve according to any assigned law 
of changing inclination. 

223. The preceding investigation relates to parallel geodesics. We may, how- 
ever, conceive a succession of geodesics drawn through successive points along 
the geodesic ORE, according to an assigned law of continuous variation (instead 
of constant value) of the angle of inclination e made with ORE at the successive 
points. For the purpose, the geodesic surface determined by the amplitudinal 
geodesics ORE and OTF is used, exactly as it was used initially by Severi. We 
still denote the direction- variables of the new geodesic drawn through R by 





and we still consider the conditions which emerge by taking account of the first 
power of the small arc t. As this geodesic at R lies in the geodesic surface, the 
n-2 equations 


v » 


'5r+s 2 

U - WA 1 / m 


=0 


still hold, as also does the equation 



+ S S l lm > 

l m 


=o 


deduced from the permanent arc-relation at R 

2 2 MMX' = i> 

i j 

or from its equivalent 

But the relation deduced from the equation 


cos e=£’£A tJ x/z/ 

1 j 

is changed from the earlier form, because of the law of variation of the angle e ; 
and it yields the relation 


always with the same notation as before. 
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When these n equations, linear (but no longer homogeneous) in the n quantities 


(ls l l m 


are resolved for these quantities, we have 


D 


dzl 

- ds 1 


+ VXM 1 }x l 'zj]=-D 1 ~ 

l m J as i 


de . 
sme, 


with the same significance for D as before, while D x is the minor of in D. But 

I\- 



X * 

J Xn 


ao«> 

390) 


&r 3 5 

J /)gr 

UJ n 

S0(u-2) 

dQbl-2) 


dx 2 ’ 

~dx 3 ’ 



----- - M isX'j + ... + (- 1 )” M lnXn 



{ 


X2 + 


X3+-” +• 

*1, ®»' 

a*/, jp a ' 


! l 


/ j 


/ t 

„ ' * ' 

^1 1 


-1, *2 


2: 3 


} %n 


Xn} 


- , K' ( ^ z i'x,) - *«'x«)} 




M, 


r-'b-! W-Zi'cose); 
x lt 


^1 j ^2 

and the value of D is (§ 222) 


T)=- Mn 


Xy, X '2 


Hence 


dZy a , . f f 2/i Z\ COS 6 d€ 

*r + ^ 


a l l rn 

Similarly for the other magnitudes ; the aggregate result can be expressed in 
the form 

r+SS <&». *KV= - t , 

Sin € 


for all the values A=l, ... , n. 
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224. Now at the point 0 draw an amplitudinal geodesic OQD in any direction 
not lying in the orientation ROT , with variables t± y ... , t n ' ; 
and let ds z denote arc-variation along OD. Through Q, 
where OQ is a small arc denoted by y, let an amplitudinal 
geodesic QE' be drawn parallel to OE and another ampli- 
tudinal geodesic QF' be drawn parallel to OF ; and, denoting 


so that we can take 

We proceed to find 
We have 

so that 


de 

’i=*+r a; +- 



de 

ds<i 


COS 6= 2 ^A/jX./z/, 


t J. 


- sin € 


V da t 1 ’ +Ail ’ ds 3 A,i ' dsj ' 


Now we have (§ 12 ) 

dAjm \ i . , dA i m 

&s 3 ~ V k dx k 

= 22^' l>WH ^ rf] ; 

* V 

also, because of parallelism, 

— = - 2 2 {Z»<, 

l 7/1 


dz! 


2 2 iKV • 

3 « ft 




Let these values be substituted in the expression for - sin e , and let the complete 
coefficient of the magnitude {< cd , (>} be selected. It is 3 

= 2 [ 4 a' (*dV + *e‘ V)] + 2 r A U x l ( z dV + -e't/)] 

m l 

- 2 \A ej z/(t/x d '+i d 'x/)]- 2 [a +t*%n 

J i 

which vanishes ; and therefore 

de „ 

77 = °. 

ds 3 

Consequently, we have (up to the first order of small quantities) 

rj~ €t 

Hence at the solid angle at Q, determined by the directions QD, QE', QF', we have 
E'QF'=E0F , E'QD=EOD , F'QD=FOD ; 
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and therefore the solid angle at 0 is equal to the solid angle at Q, up to the first 
order of small quantities. 

It follows that a solid angle, determined by three directions at any point, can 
be geodesically moved along any one of its determining directions without a first- 
order alteration of magnitude, by means of sets of geodesic parallels ; and the 
faces of the solid angle can be regarded as remaining geodesically parallel through- 
out any such displacement, also up to the first order of small quantities. 

Let the orientation- variables of the orientation EOF , being 


li *l'. •• 

X ' 

.... , j> n 

ll ~ 

« • 

1! ~1» •* 



be represented by where jj u = x/z,' - x/z/ ; then it is easy to verify that the 
orientation-variables of the geodesically parallel orientation at Q are given by 


where 




As 3 “ 


1 1 L 1 £ tin 


Similarly for angles of higher multiplicity and for the variation of correspond* 
ing variables for geodesically parallel orientations of higher multiplicity. 


Second approximation for Levi-Civita parallels in a region . 

225. Returning now to the consideration of parallel geodesics in a region, we 
have to provide the developments in the alternative definitions of Levi-Civita and 
Severi. We still take a geodesic GEE , in the regional direction pf 9 y/, r/, through 
0, as the basic curve C ; and we still denote the geodesic arc OR by t , though now 
it will be necessary to include powers of t higher than the first in the approxima- 
tions. The direction- variables at 0 of the initial geodesic OTF will be denoted by 
p 2 \ q 2) r 2 ; and thus the characteristic equations of the geodesic parallelism, on 
both the definitions, are 

^ = (r$Pii ( li j r i ( h > r 2 ) — Y12 

9i, r i ip 2 > 7a'. r t ') = 8 lt 

with the significance of y, 8, 6, as defined on p. 66. 

It is clear on purely geometrical grounds that, in the developments from the 
alternative definitions, there must be a divergence of results. In the Levi-Civita 
process, the parallelism is defined by properties connected with a developable 
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region, tangential to the given region, and ultimately associated with the Euclidean 
parallelism in the developed flat as a homaloid in the plenary space. In the 
Severi process, the parallelism is defined by properties associated with parallelism 
on a geodesic surface of the region defined by means of the two geodesics ORE 
and OTF through 0 ; and when once the characteristic of parallelism on this 
surface is imported, there is no reference to the plenary homaloidal space of the 
whole configuration. We may expect (and we have found) an initial agreement 
between the parallel directions under the two definitions ; subsequent divergence, 
arising from the deviation of the region from the tangent flat, is also to be expected. 

We begin with developments of the Levi -Ci vita process. The direction- 
variables of the regional geodesics at successive points R along ORE , which are 
geodesically parallel to OTF and so ultimately have relations with a fixed direc- 
tion in the developed flat, depend upon the length t of the geodesic arc OR and 
differ from one another in expression solely through this quantity t. Let the 
direction-variables at R of the regional geodesic, which is parallel there to OTF , 
be denoted by P 2 ', (?./, R 2 ; so that 


<b x * L as* 1 " 
Qi ~ >h +t 4 “ +2< 

T1 . . dv n I „ d*f 4 

R 2 ' = r 2 ' + l j^+it 2 -r\+. 


ds x 


ds* 


where the second and higher derivatives of p 2 , q 2 \ r 2 , along ORE are analytical 
consequences of the first derivatives given by the preceding characteristic 
equations. For the present purpose, it will suffice to determine the second 
arc-derivatives of p 2i q 2 , r 2 . 

With the notation of § 172, the characteristic first-order equations can be 
written 

“ ==a i? > 2 + ^ x q 2 +7^2 , 

~ = %iP* + r t ] x q 2 + l x r 2 , 

dr ' 

Hence 

d 2 v ' 

= ( a i 2 + i + yrfJPz + ( a A + Piii + viXi) q* + ( a i7i + Pi ii - + yM r * 

- <hPi r - fai" - vsi" - y, pm. 

ar 

In the result obtained (§212) for S "j^TmPn, take 1=1, in— 1, w=2 ; then 

asi 
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noting that y u = -p", S n = 6 n — - r", from the definitions of y i; , S tJ , S ih 
we have 


Pi Pi — «ifc, 4- ^i§i2 + yA* - (P2P1' + fill" + Yi r \') 

+(r m p 1 '* P s')+± Q K 1 (h 12), 

where (§212) the symbol K l is defined as being 

K 1 (l,mn) = \ a, pi, h^mn + hiVmn + hiCm; 

h* Qi , ^'12^’mn "t ^22^? ran + &23 £ rai 

9> i ^13^mn k&Pjmn ^ Crrn 

Thus ^(2, 1 1) =0. Also 

a iyi 2 + A§i 2 + y A 2 = “i (ai? 2 ' + Pii -z + yA) 

+ Pi(£l Pi + Vlli + £l r 2 ) 

+ Yi( ( t>iPi +Xi ( h’ + , pi r i ) ; 


and therefore 


■f/=(r»KV) + ^ 


a 9 Pi 9 ^11^12 + ^12 1 7l2 + ^13^12 

A, , ^12^1 2 + ^22 7 /l2 + ^23^12 

<7> r l j ^iafl2 + ^23^? 12 t ^33^12 


w)- 

d! 2 n. ' 

Obviously +| is a linear homogeneous function of p 2 ', y 2 ', r 2 > as a ^ s0 i s cac ^ 

fluj 

the arc-derivatives of p 2 ', f/ 2 ', ^2 » °f all orders. It may also be noted, as an 
incidental verification, that by taking the directions OTF and ORE to coincide, 
we obtain the customary value (§ 163) for p/" in a region. 

Similarly for the second arc-derivatives of q 2 and r 2 ' : they are 




h, p x , &ll£l 2 + ^ 12 7 ?12 + ^ 13^12 

?1 > ^12^12+ ^22' , 7l2'f ^23^12 

/> r i > ^13^1 2 “I" ^23 7 ?12 + ^33 £l2 


^^aooft^iO + ag^iO, 12); 


<Pr 2 ' 

& 


- s - = ( @ rf 1 V) + 3 j 2 


<7> Pi j ^11^12 + ^12 7 ? 12 + ^13^12 

/ ?1 > ^12^12 + 12+ ^23^1 2 

C > > ^13^12 + ^23^12 + ^33^12 


-(03ooPi' 2 P2') + 3^A' 3 (1,12). 
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Ex. Verify the relation 

S(M ,J =i 

up to the second order of small quantities inclusive ; and, to the same order of small 
quantities, the relation 

y)(^)*(p,')*p 2 '=cos e , 

where (P/bn ( Qi)r , (R L ')r, are the direction-variables at R of the basic geodesic ORE 
in the direction RE, the angle <■ being constant as R moves along ORE. 


Levi- Civil a parallels do not provide regional parallelograms. 

226. At the point R let a regional geodesic be drawn parallel to OTF in the 
Levi- Ci vita sense ; and at the point T let a regional geodesic be drawn parallel to 
ORE also in the Levi-Civita sense. If the construction were 
effected on a free surface, the two new geodesics would meet 
and thus complete a geodesic parallelogram (§ 120). But the 
Levi-Civita definition does not take specific account even 
of the geodesic surface determined by OR and OT : and 
therefore it is to be expected that the new regional geodesics 
through R and T do not meet. 

To establish this negative result, it will be sufficient to 
shew that the equations connected with the hypothesis of an actual intersection 
are inconsistent. Let this hypothetical intersection be C 0 in the diagram. For 
arc-lengths along the different geodesics, let 

OR^x, TC 0 ^X=x+L, 

OT-y, RC 0 — Y=y + M ; 



where x and y are small quantities of the first order, L and M are small quantities 
of the second order at least. Let the direction-variables of T C 0 at T, parallel to 
OR, be Pi, Qi, 22/ ; and those of RC 0 at R, parallel to OT, be P 2 , Q 2 , 22/. Then 
for these Levi-Civita parallels, 


Pi 


dp^ . d 2 pi 
= * +y *. +ijr - + - 


ds 2 2 


P'-v’+x - Pi ' + 1 r 2 d*—’ + 

\-x ^+ 2 x .... 

with like values for Q x ', 22/, Q.J, R 2 . 

The values of the regional parameters at the hypothetical intersection C 0 
must be the same, whether the intersection be approached by the broken geodesic 
path OR, RC 0 , or by the broken geodesic path OT, TC 0 . By the former path, 
the value at C 0 of the ^-parameter is 


=p R + yp 2 '+ jr 2 /v'+iL a P./"+... 

=p + xp 1 ' + ±x*p 1 f ' + lx»p l '''+ YP 2 '+hY*P 2 " + ±Y*P 2 "'+... , 


a 
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neglecting powers of small quantities higher than the third ; and by the latter 
path, the value of the same parameter is 

=P+yp t '+iyW+hW'+XP 1 '+iX^P 1 ''+-^P 1 '''+... , 

up to the same order. The equality of these values requires a relation 

XP x ' - xp/ + 1 (X*P l ,t - x* Pl ") +%(X 3 P 1 '" - x 3 Pl '") 

= YP 2 ' - yp' + i ( F*p 2 " - y V') + 1 ( Y*P 2 '" - fp 2 "% 

neglecting higher powers of small quantities ; and there are similar relations 
arising out of the y-parameter and the r-parameter at C 0 . 

In these relations, we substitute the values of P/, Q x> R x ; P 2 ', Q 2 R 2 ; 
and proceed by approximations. 

The terms of the first order of small quantities balance without leaving any 
residuary condition. 

When L and M (both of order higher than the first) are retained in the 
approximation of the second order, we have 

and therefore 

xPi - m’^Lpi+xy-^ = L Pi - asrS 


neglecting a term in yL as being of higher order. Similarly, up to the second order, 

YP t ' - ypi = Mp 2 ' ~xy^ r n p x p 2 '. 

Also, up to the second order, 

x^'=x^'=-x^r lx ) T p^= -x^r uV 1 ' 2 =*x'. 

so that, to this order, 


and similarly, to the same order, 

Y 2 P 2=y 2 P2* 

The remaining terms of the relation are of order higher than the second : hence, 
in this second-order approximation, there is a residuary condition 


Lpi’=M Pt ' 


from the ^-parameter general relation. Similarly, from the other two relations, 

Lq x = Mg 2 f f Lr^MrJ. 

It follows that L=0, Af=0 : that is, within the second order of small quantities. 
Accordingly, if the equations can coexist, the magnitudes L and M must be of 
the third order at least. 
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Proceeding now to the third-order approximation, we can (for this purpose) 
take 

X 2 =x 2 , Y 2 =y 2 , 7 3 =y 3 . 

We now have 

to this order ; and therefore 

xPi - *pi = PuPi'p» + fry* d £k + L Pi- 
Similarly, to the third order, 


Hence 


y P* - ypi = - *y X r 'nPiPi + i x2 y d Jri *- 
{XP{ - *Pi) - ( yp* - ypz) - hpi - M n ' + h (xy 2 - <*y ^ 


Again, we have 


P"= - XXAi)t*Y 2 . 


and l \ " has a factor X 2 , =x 2 ; so that, in the developed value of I\” 9 terms of 
the first order must be retained. Now 

(r^r^+yf^, 

up to the first order ; and therefore 

p,"= - VW-, Pi s -‘2y (*,«+ a£ + »£) 


Hence 






dpi , o dq,' , dr i 


But, by the result in § 212 when we take 1= 2, m~ 1, n— 1, 

^ — t; 11 Vi 2 ~ i 2i{a 1 y 12 -\- /?i§i 2 + yi^ia) + (FzqqVi 2 Pz ) "+* *»r> ^i0 > 21) ; 


and, as in §§ 221, 225, 


therefore 


dq x f _ * dr^ 

~ yi2 ’ ds-~ bl2 ’ ds 2 


— ~ ^12 5 


Z 2 P/'-xV'= 21). 
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In the same way, we find 

Y*P,"-yW= - WaooKKV J^ 2 *i(2, 12). 

Further, in the remaining terms up to the third order (inclusive, but not to 
higher orders), wc have 

Y*P 2 '"=yW- 

Consequently, the third-order residuary condition arising through the p - 
parameter becomes 

=Wy(r sooV ^)+~ xhjK x (\, 2i)-^(r 30oPl V)- 3 ^^A' 1 (2, 12). 

But (§ 225) 

d ^'=-(r 30 oPl y 2 ')~ ^1^,12), 

2 , 21 ); 

when these values are substituted, and terms are collected, the condition is found 
to be 

Lp^-Mp^J^yK^ 1, 21)-xy 2 K 1 (2, 12)}. 

When treated in the same way, the (/-parameter equality and the r-parameter 
equality provide the respective residuary conditions 

m - M( h'=^Q {x 2 yK 2 (l, 21) - xy 2 K 2 (2, 12)}, 

Lri ~ Mr 2 = 2 Q &?yKs( 1> 21) - xy*I< 3 ( 2, 12)}. 

Thus, in the third-order approximation, there are apparently three conditions 
which must be satisfied by the two magnitudes. For a general region, the magni- 
tudes K t (l, run), for i— 1, 2, 3, do not vanish in general ; while x and y , small 
arc-lengths, are independent of one another. Thus we cannot have L and M both 
vanishing : that is, the alternative of fourth-order magnitude for L and M is 
excluded. 

If the three equations could coexist for these non- vanishing magnitudes L 
and M , then the relation 

*y[£Mh 2i)+ Wv 2 (i, 2i)+ «(i, 2i)] 

=*» , [f 1 A(2, 12) + WC,(2, 12)+ t n K a ( 2, 12)] 
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would have to be satisfied for all values of x and y, and for arbitrarily assumed 
directions ORE, OTF, at 0 — a requirement manifestly not satisfied. 

Thus the three equalities, arising necessarily from the values of the parameters 
at the hypothetical intersection C 0 , do not hold. Consequently the Levi-Civita 
regional geodesic, through R parallel to OT , does not meet the Levi-Civita regional 
geodesic, through T parallel to OR. 


Second approximation for Seven parallels. 

227. We now pass to the consideration of the same approximations for the 
direction of a Severi regional geodesic through R , parallel to OTF, as have been 
effected for the direction of a Levi-Civita regional geodesic parallel to the same 
initial geodesic. After the investigation of § 222 which applies to any n-fold 
configuration, we shall assume that, for the Severi geodesic through R, parallel to 
OTF , we may take its direction-variables at R as given by 

P*- x Vu t> <l 2 -^i 2 > r 2 '-xti 12 , 

up to the first power of the small arc-length ; and we denote those direction- 
variables, to the next order of approximation, by 

Pf-pf - xy 12 4 - 1 x 2 P , Q 2 = q 2 - x$ 12 4 - \x?Q , R 2 ' = r 2 ' - xS 12 4 - 1 x 2 R . 

Thus, for the required approximation, the three quantities P, Q, R, must be 
obtained ; and, serving to determine them, there are three data. We have (i), the 
permanent arc-relation 

^(A)nt V*=l 

at R ; (ii), the requirement of geodesic parallelism between the geodesic through 
R and the geodesic OTF, lying on the same geodesic surface, in the form 

2 ( A )ti p 2 (Pi%= cos e= 2 A Pi'Pi> 

where ( p t % , (ji)ji, ')r, are the direction- variables of ORE at R in the direction 
RE ; and (iii), the requirement of lying in that geodesic surface at R, expressed 
by the condition 

(e 1 ) R P 2 / +(e 2 ) R Q 2 '+(d 3 ) R R 2 '=o. 

The only small quantity, which occurs in this stage of the enquiry, is the magni- 
tude x of the small arc of the geodesic ORE. 

We shall begin with the third of these three conditions, the surface-requirement. 
Here, up to the second order of small quantities, 


Now 


(»l)n= 


d6 j , 

* + **; + *v 


f'-duPi+e^’+o^ 

= +'9'l2?l +'9'l3 r i + 4“ + ^31^ • 
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Because the surface at 0 is geodesic to the region, certain second-order conditions 
(p. 61) are satisfied ; when these are used, we find 

& 11 P 1 +’9'i2?i / +i%2 r i ,= $n?V (jj-\ +^f) 0102?l' +2 ^2* ^3 r l 

= i ^WtPi +«»'/) +**. Pi +*>' +^ f i') = ^t T,’ 


where 

and therefore 
Similarly 


m 'ft'll / . $22 „ / , $33 ^ / . 




^=0 1 a 1 +0 2 £ 1 +M 1 +i0 1 2V 

f^e^+e^+e^+ie^, 

d £=8iYi+Mi+Wi+lWv 

Also, denoting by 1\ the result of substituting p 2) q 2 , r 2 , in T v we have the three 
corresponding relations of the type 

— 0j a 2 +0 2 £ 2 + $3 < / ) 2 + 2^1 

(i) When substitution of the values of (0^, (0 2 )/?> {0 3 ) R , and of the postulated 
values of P 2) Q 2 \ R 2 , is effected in the surface-condition, the terms free from the 
small quantity x are 

+ ®2^2 + ^3 r 2> 

which vanishes : no residuary condition is left. In the aggregate of terms, 
involving the first power of x, the coefficient of that first power 

= P2 + rf“ + r 2 / ^ 3 -(« i yi2 + 0A2^ ^ls)* 

which also vanishes identically : again, no residuary condition is left*. Finally, 
for the present approximation, the aggregate of terms involving x 2 must disappear, 
so that the coefficient of must vanish ; and this demand leaves the residuary 
condition C— 0, where 

/# ,d% ,d% ,d% 

/ dO x k dO 2 * d0 3 \ 

~ 2 V" dsS^^dsj 

+ O^P -f 0 2 Q + 0,3-B. 

* This result is, in effect, merely a verification of the general result of § 222, when 
the w-fold amplitude is specialised into a region. 
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As regards the terms in the first line in 0 , we have 


+ Q300P1 2 + 2^210^1 ?i + 202 ol^ ) l , ^l , ^■^l 2 o ^/ 2 + 20 111 y 1 / r 1 , 4 • 0 l O 2 ^l ,2 . 

To modify the right-hand side, we substitute for the quantities 0 tJk their values 
from the general relation (p. 58) 

0 m = & m +0i p iJk 4- 0 2 A ijk 4 - 0 3 0 ijk 

+ (^1 + 0\jP i M +0 lfc r */) +^2i^ki +^2k^ij) + $ 31 ® jk + 0 3 j ®Jl* + 03 fc®*i)> 

and we also substitute the values of p/', j x ", r x ", in terms of p x ', y x ', r/. 

Further, we use (merely as a temporary abbreviation) a symbol <f> iJk defined by 

— H 0\P ijk + 02^ ijk +03® ijk > 

and after some re-arrangement, we find 


d% 

ds* 


4*3QoPl 2 +2^210^1 7l “1 2^201^1 +012O71 2 +2<^ ul g f 1 V 1 ' 4"<£i02 y l 


'2 


Similarly, 


4-2 


(M 1 

U; 1 


dd 2 u dd 3 



feZ—^noPi* +2<l>noPi ( h' +<t>o3o ( h' 2 +2<f>02i1i r i -I <l>oi 2 r i 2 


(M. 


.. o <W 2 (Wo \ 

+2 U: a+ ^’' + s»>’)' 

d~2 =Z( l > 20lP 2 +^ < AniP 1 (?1 +2(/)] 02 7), fj +^021?l 2 fj +<^003^1 2 

.. /(Wi cW 2 eW, . \ 

When these values are substituted in the first line of the expression for 6', that 
first line 

= £ &oo?V 2 K +2 (y,2 +S 12 ^ + $12 ; 


and therefore, as the whole expression for O, we have 

^j ( l ) 30oPl*P2' +0\P +02 Q 4-0 3 2?. 

We now separate the quantities </> ijk into the two parts, one involving the quantities 
&ij k and the other involving the quantities of the type r, jk ; and we write 


P 0 ^P+(P3ooPi 2 P2% 

Qo — Q +(^ 300 Pl 2 P 2 )* 

R 0 = R +(®2Q 0 p 1 2 p%)' 

Thus the residuary condition 0=0 becomes 

j&3aaP\ 2 Pz +0 1 Po+0 2 Q o +03Ro=O. 
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In this reduction, the completely geodesic quality of the surface at 0 relative 
to the domain has not yet been used. There are certain third-order conditions 
consisting of relations between the quantities & i3k9 as obtained in § 211 ; and they 
can be used, either in the form as given on p. 63, or in the umbral form as given 
on p. 65. 

In the full literal form, they lead to the equation 

+02 q* +<W W a +2 (6 lPl ’ +0 a q t ' 4 0 t r^)W tt , 

where, for ij=\\, 12, 

w„=^p; r ; +%” i.v +** 

+«(?>/ +?/'.') +&('.>/ +r/p/) +c(y,V 
Because the two directions lie in the geodesic surface, we have 
OiPi +0*qi +0 3 r/=(), +0 2 ? 2 ' +0 3 r 2 '=() ; 

and therefore 

$300 Pi 2 P2 ,== ^* 

In the umbral form of the third-order conditions, with the umbral notation of 
p. 64, we have 

$300 2 P2 1 

where, because the two directions lie in the surface, 

a Pi = PlPl > a jV ~ P2 5 


and therefore 
2 


V ^ooPi 2 lh'^( r iPi + r 2<h') 2 ( r iP2 +r 2 <h') 


= r i a Pi 2 Pi +r t *r i {2p 1 'q 1 'p i ' 4?w) 

+AA 2 (2pi ?i ?2 +?i 2 /- i '2 ) +A*?i 2 ( i‘I • 

The third-order relations of geodesic quality are 

A 8 =o, /v>r 2 =o, r x r 2 ^o, jy*=o ; 

and therefore, as before, 

2$300Pl /2 l ; 2 

The final form of the surface-relation at R thus becomes 

0\P 0 +^ 2^0 ^-O^R 0 =0, 

(ii) Next, we use the permanent arc-relation at R which, for the parallel 
geodesic, is 

£(^)*JV*= 1 ; 

and we require approximations of like order. We have 

... . dA . ,d 2 ^4 

Pi* -Pt 2 - ZxPiYu + x2 (yi2 2 +PiP)> 
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up to the order at present necessary, with corresponding values for the other 
primary magnitudes at R, and for the other quadratic combinations of the 
direction- variables ; and the successive approximations must be framed. 

The terms independent of the small arc x require the relation 

it is satisfied, without imposing any residuary condition. 

The terms involving the first power of x require the relation 

When the derivatives of the primary magnitudes arc inserted by taking the 
relation in § 212 for l— 1, m~ 2, n — 2, the first term 

=2{V 2) yi 2 +V 2) S 12 +w 3 (, >0iJ : 

that is, the required relation is satisfied without imposing any residuary condition. 

The terms involving the second power of x , if they are to disappear, impose 
the relation 


52 


d*A 


sdA 


^K 2 - 2 2 a (y 12 2 +?./P)= o. 


The value of the first term on the left-hand side is derivable from the result in 
§212, by taking Z=l, m=2, w=2 ; thus 


lS ^yd 2 A 

2 -^<V 


Pz “ — — a 2 ^n£i2 2 


+ V 2) (AooPi>2') + u^HAsooPi'-Pi) + W3 (2) (©»oojPi' V) 

+ ^jAy 12 2 

+ 2M 1 (2) (ai yn+PAi + yAi) 


+ 2M 2 (2) (|iy 12 + 7 ?1 S 12 + £,#12) 


+ 2w 3 (2) (<£ 1 y 12 + X i8 lt + ipAi)- 


For the second term on the left-hand side, we have 


. / ,dA ,dH ,dG\ 

^+». £i +'. 


5 / ,dH , dB ,dF\ 

+ Sla d Sl + (h d Sl +r * djJ 


+ 


a ( ,dO , dF ,dC\ 
612 V >2 d. h + q2 c^ + f2 dsj 


= ^ ^yw 2 + yia K (2) <*i + “2 (2) £i + w 3 (2) ^x) 

+ ^12 (% <2, £l + M 2 <2,7 ?1 + M 3 <2) Xl) 

+ S 12 (u 1 ^y 1 + u 2 ^ 1 + u 3 ^ 1 ), 
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from the result in § 212. Also 

%Ap 1 'P=u l <»P+u M <*>Q+u a <*>I!. 

When the terms are gathered together, the relation becomes 

~ 3^^1l£l2 2 + 300^ 2 Vi) + (^300^1 2 Pz ) + U 3®H®30oPl 2 P* ) 

+ u 1 WP+u 2 MQ+u 2 MR=:0. 

Now 

i 2=:K sin2 e > 

where K denotes the sphericity of the region in the orientation determined by the 
two geodesics ORE , OTF. Hence, with the former significance for P 0 , Q 0 , R 0 , 
the residuary condition from the second-order approximation in the permanent 
arc-relation at R is 

V 2 >P 0 + w 2 (2) Q 0 + u 3 WR 0 ~iK si n 2 e. 

(iii) The remaining condition, being the condition of parallelism of geodesics 
as expressed by the constancy in the value of e as R moves along the basic geodesic 
ORE, is 

£ (A)rP 2 ' (Pi')r=cos €= V ApzPi. 

Here, (pi)n, ( r i ') r> are the direction-variables of the geodesic ORE at R in 

the direction RE, so that there are expressions of the type 


As before, 


(pi%=pi + x Pi" +&W'- 
dA 1 d 2 A 

(AU-A+x 
P2=p2- X yi2 + iv 2 P> 


with similar expressions for the other primary magnitudes at R, and for Ql, R 2 '. 
We take the ordered approximations in turn, after these values have been sub- 
stituted. 

The relation, arising out of the terms free from the small arc x , is satisfied 
identically. 

The relation, arising out of the terms which involve the first power of x, is 


By the result in § 212, we have 


rM 


- S^i'yia =() - 


-foPlPt=‘ U l <f) ?tL+ W 2 <2) ^11 + M 3 <2) ^U+ M l <1) ri2 + M 2 <1) ^12 + M 3 <1) ^12 

= - “ «2 <2) ?l" ~ U 2 2)r l' + M 1 <1) yi2+ M 2 (1) ^12+ J 

also 

i: a v w = u ^ v :' + « 2 ( 2 ) ?i " + %< 2 v, 

S^Pl'yi. =Ml (1) yi2+V 1, Sl2+M 3 (l) ^2 : 
the relation is satisfied without leaving any residuary condition. 
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The relation, arising out of the terms which involve the second power of x in 
the condition of parallelism, is 

i i; a Pi 'p + 1 v; a P2 ' Pi '" + i £ £4 Kp.' 

The first term in the first line 


= i {u^P+u^Q + u^R}; 
and the second term in that line 


= -iK ( 2 ) (AooK 3 ) 'I' ^ 2 ( 2 ) (^ 300 ^l' 3 ) + % ( 2 ) (© 300 Pl' 3 )}- 
The third term in the first line, by the result in § 212, 

“ 2 2 P 2 )’¥U^(A 3 oo?^l 2 P 2 ) + U 2 ^(® 300 Pl 2 ?2 )} 

+ 2 K ( 2 ) (A ooPl' 3 ) + ^ ( 2 ) (^ 300 ^l' 3 ) + % ( 2 ) (@ 300 Pl' 3 )} 

+ (^4, /?, (7, i 7 , (?, Htyfn, §u, ^n^yi2» $i2> ^i 2 ) 

+ ^i (1) (a 1 y 12 + ftSj 2 + yi^i 2 ) + V 2) ( a irn -f &3 U + yAi) 

+ W 2 (1) (^l7l2 + 7 7l^l2+ ^1^12) + W 2 (2) (^l7ll+ > 7l^ll+ £l^ll) 

+ W 3 (1) (<^iyi2+XlSi2 + ^l 2 ) + W 3 (2) (^^ XlSll + lMn), 

in which 

Yn——'Pi , ~ “ r 7i ? -ri . 

The first term in the second line 


„/ , d/f , d// ,dtf\ 

?;i v ’ 2 * 1 +ft d Sl +r 2 rf.sj 

„( ,dH , dB ,dF\ „( , d(J , dF ,dO\ 

— Pl” (^712+^12 + ^12 l' M l (2)a l I" M 2 (2) ^l+ U 3 (2)< f>l) 

+ q"(Hy 12 +B$ li +FB 12 +u 1 <*% m 3 (2 >x!) 

+ »l" (G'y.. + ^>12 + C^12 + «i ( *Vl + “2 (2> ^1 + M 3 <2 Vl)< 
one-half of which is the same (save for sign) as the second term in the second line. 
Finally, the third term in the second line 

. ( ,dA , dH ,dG\ 

" 712 \ Pl ds[ +qi d Sl + r ' dsj 

5 / , dll , dB ,dF\ . ( ,dO , dF ,dC\ 

-*'•[* *, +? ' as l +r '<h)- e “V' a, +?1 a 1 +ri * 1 ) 

— — y,g(yly u + /fS u + 6 , ^ 11 + M 1 * 1) a 1 + M2^^i + M3 (1) ^ 1 ) 

- $ni H Yn + Bl n + Fd n + «/> >& + u 2 ^ Vl + u 3 < l > x t ) 

~ Sn(Oyn +FZ n + C8 11 + u l Vy i + u i Vi; t + uW t ). 
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When these respective values are substituted, and reduction is effected, the 
condition is found to take the form 

W 1) {^+(A 0 oKV)} + X <1 MG+(4 00? 1 >2 , )} + iM 3 (1 >{i2+(©300^l'V)}=0: 

that is, in effect, 

M 1 < 1 >P 0 +M 2 (1 )Q 0 + M 3 < 1 )i? 0 = 0, 

with the former significance for Po, Qqi K 

(iv) Hence, for the determination of these quantities P 0 , Q 0 , J? 0 , we have the 
three equations 

«A+ ^3^0 == ^) 

V l) Po+w 2 (l) (? 0 +w 3 (l) i?o=0, 
u^Pq+u^Qq+v^R^ \K sin 2 e, 

and therefore 

P 0 ==lK(p 2 ' -pi cos 6), 

Qo=lK(q 2 '~ q t ' cose), 

R 0 ~lK(r 2 - r x ' cos e). 


Accordingly, the direction- variables of the Severi geodesic, through R parallel to 
the geodesic OTF , are 

P'i~lh ~ x Yi2+2 x2 {i K (p2 ~Pi cos e ) ~ (^sooPi 2 ? ; 2 )} 

Q 2 ^q 2 -xl 12 + \x?{\K{q 2 -< ]i' COS €)-{A hooPi ' 2 ]J 2 )} 

R 2 ' = r*' - xy 12 + \x 2 {\K(r 2 - r{ cos e) - (@ 3 oo?>i' V)} - 


Divergence between the directions of a Levi-Civita parallel and a Severi parallel . 
228. It was proved (§ 225) that the direction-variables for the Levi-Civita 
geodesic through R, parallel to the initial geodesic OTF , are 


p =p 2 + x 


d Pl+i, r 2 d2 P? 

ds 1 2 dsj 2 


P 2 ~ X Yl2 ~ 2' x2 { (^300 Pi Z P2 ) + &l{ 1 5 12)}, 

q’ = q 2 '-xS 12 - M(4ooPi' V) + fQ ^ 2 ( 1 , 12)}, 

t — r 2 — x@i 2 — 2 x *{ (@anoPi 2 P'i ) + W , 12)}, 

up to the second power of x inclusive. 

As the quantity - *1^(1, 12) is not equal to K(p 2 -p{ cos e) injgeneral, nor 
1 1 

- qK 2 (1 9 12) to K(q 2 -qi cose), nor - ^K 3 (l, 12) to K(r 2 cose), it follows 
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that the direction- variables of the Levi- Ci vita parallel differ from the direction- 
variables of the Severi parallel. The two parallels are distinct, in general. 

But if the region be of constant sphericity, the two parallels coincide up to 
the second order of small quantities — a remark due to Severi himself*. Let K 0 
denote the constant sphericity of the region ; then the relation 

&ii£i2 2 ~ ^o^l> a fi2 2 

is satisfied for all orientations in the region, and therefore 

K 0 (i, k 2 2~ K 0 b f jfc 3 3=A 0 c, 
k 2 ^— Kq / , /c 31 =/v 0 ^, k l 2 =K 0 h. 

With these values, 

A\(l, 12) = a , p t \ a£ l2 A hrju+gtw K 0 . 

h, Ji', 7*£l2+^12+/£l2 

g, g£ i2+/i7i* + ^£i 2 

When K 1 is expanded, so as to exhibit its linearity in £ 12 , rj l2 , £ l2 , the coefficient 
of £ 12 is zero ; the coefficient of rj l2 

a , pi, li — - Qu ./ l) : 

h, y/, h 

9 , f 

and the coefficient of £ 12 

^ <*> Pi, 9 

K f 

9 . r i> c 

Hence 

A', (i, r2)=QK 0 {U< 1) -r h ^ l) } 

=QK 0 {(p l 'q i ' - 7 ,X)« 2 (X) - ( r iPi -^tV)«3 (l) } 

= QK 0 (pi cos e-p 2 ). 

Similarly 

X 2 (l, 12) = 0A r o (yi' cos<r-y 2 '), /\ 3 (1, 12)--i2/i 0 (r 1 ' cos €-r 2 '). 

When these values are inserted, we have (up to the second power of x) 

p' = p*, q'=Q*> r'~R 2 : 

that is, up to the second order of small quantities, the direction-variables of the 
two parallels are the same for a region of constant sphericity ; and Severi \s 
remark is verified. 

* Rend. d. Circ. Mat. di Palermo , t. xlii (1917), p. 256. 
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It is obvious that, for regions of variable sphericity, the angular divergence 
between the Levi-Civita regional parallel to OTF and the Severi regional parallel 
to OTF is a quantity of the second order in x, the length of the geodesic arc OR ; 
and an expression for this angular divergence, to be denoted by V, can be obtained * 
as follows. We have 

Pi -v' - i x * K ( Pi - Pi cos *)+§ Q KAh 12), 

with similar values for Q 2 - q' and R 2 - r\ We write 

Ki(l, 12)= a , < p 1 , (bn — K(i)£i2^- (Jew — Kfi)rj 12 + (ki 3 — Kg) £12 * 

!/ii (*« - Kh)€ u + - Kb)rj 12 +(le 2 , - Kf)l l% 
ff, *i'. (* ls - Kg)£ n + (* 23 - Iif)rj l2 + (/r 33 - Kv) £ 12 

or, if 

A = (*n ” Ka)t; 12 4 - (A * 13 Kh)rj i2 -\- (^j Kg )£, 12 
Z) 2 =(yti2~ A/?)^1 2 + (^ 22 — /\&)t7 12 "1' (^*23 Kf) £12 “ j 
^3 ~ (^13 ~ Kg){j 12 + (^23 “ Kf)r ] 12 + (A ’ 33 ~ Kc) £ 12 

with 

Aj ~~ r i K 2 > V'— r i ^i“ Pi v=z 'PiK 2 — q y D Xy 

then 

^(1, 12)=aA *{- /?/x -| 

and similarly, with corresponding definitions of A 2 (l, 12), A 3 (l, 12), 

A 2 (l,12)=/*A + 6/x + /i', 

A 3 (J, ]2)—gA+ffi + cv. 

Now, with these magnitudes, 

12)-^ 1 (1, 12)=A" a, pi, atj 12 +hr) 12 +g £ , 2 
/*, ?i', Hii+hn+fZu 

!h r l > .9^12+/ 7 ?12+ C Cl2 
— - KQ(fz - Pi COS e), 
by the preceding analysis. Hence 

p *" y ~S J?i(i,i2); 

and similarly 

^(1,12), 

Ri-r' = ^K 3 (l,V2). 

* Such an expression, for the general amplitude and not solely for a region, was 
first obtained by Bompiani ( l.c . § 119). 
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Accordingly, wc have 

that is, 

2-2 cos ^A(a^ + k/j.+ffy)K 

Consequently, as <f> is a small magnitude, 

S«A> 

= 36 Q 

=~^{(D ^p/ 2 ) ( S - ( £ a t^xY) 
= 3 ®e^-<S^.AW, 

the expression in question. 

Manifestly, <j> is of the order x 2 ; also, as D ly D 2 , I) 3 , vanish for a region of 
constant sphericity, <f> then also vanishes. 

Peres parallelogram on a geodesic surface of the region. 

229. Now consider a Peres parallelogram on the surface at 0 geodesic to the 
region, with OA and OB as adjacent geodesic sides ; and 
let AC ' , BC', meeting in C', be the geodesics parallel 
to OB, OA. As arc-lengths, let 

OA^x, BC'-^x+X, OB=y , BC'=--y+Y, 

where x and y are accurate, while X and Y will be 
found to the desired degree of approximation. 

With 7 )/, qf, rf, and p 2 , q 2 , r 2 , as direction- variables 
of OA and OB respectively, the direction-variables of BC' at B in the direction 
BC' are Pf, Qf, Rf, where 

—Pi ~~yyn ^%y 2 {kK(pi ~~p% C0S€ )~(1 sqqPiP2 2 )}> 

up to the second order of small quantities, with like expressions for Qf and Rf ; 
and the direction- variables of AC' at A in the direction AC' are P 2 , Q 2 , R 2 , where 

P*=P* - xyu+ix^K (Pi -Pi COS e) - (r 300 )}» 

also up to the second order, and with like expressions for Q 2 and R 2 . 

At the intersection O', the values of the regional parameters must be the same, 
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attained by the path OAC' and by the path OBC' . By the equality in value for 
the p-parameter, there is the relation 

>W+i<y+ Yypj'+Uy f- Y) 3 p 2 '" 

up to the third order, the quantities P 2 ", P 2 "', being taken at A and the quantities 
Pi", being taken at B ; and the terms of the successive orders of small 

quantities in the relation must balance. There are similar relations arising out of 
the ^-parameter and the r-parameter. 

In previous investigations of the kind, it has appeared that magnitudes such 
as X and Y are of the third degree at least in small quantities ; this characteristic 
will be assumed here initially, being verified incidentally in the course of the 
analysis. Thus, up to the order retained in the relations, 

(z + X)*=&, (a + A F ) 8 =®», ( ? /-f Y) 2 -?/ 2 , (y+ Y) 3 -2/ 3 . 

Now P/", at B along BC', differs from y/", at 0 along OA , by small quantities 
of the first order at least ; and y/" is the same for the geodesic surface at 0 as 
for the region : hence, to the retained order, 

(X+X)*P 1 '”=r-0p 1 "\ 

Similarly, to the retained order, 

(y+ Y)'P % "'=VW'. 

But the terms involving P/' and P 2 " have quantities of the second order as 
coefficients of those magnitudes ; hence P x " and P 2 " must be evaluated up to the 
first order inclusive. Now, as the geodesic AC' at A lies in the geodesic surface * 
under consideration, we have 

where, on the right-hand side, we must take the values at A ; and, for the 
immediate purpose, quantities of the first order in the value of P 2 " must be 
retained . Accordingly, 

2 (n, )a p**--* ^ (r u + * (P* 2 - 

= Pa i + x ^ d ^Pi a - 2(<hi?i2 + P*$ia + Y*6u)^ - 

up to this order. But, by the result of § 212, 1, 

* The surface is geodesic to the region at 0, and the regional geodesic OA (with its 
continuation) lies entirely in the surface ; but unless the surface is geodesic to the 
region everywhere and not at 0 solely, a regional geodesic at A, in the initial direction 
of the superficial geodesic AC' at A , does not necessarily coincide with that superficial 
geodesic. In the general event of non-coincidence, the quantity P 2 " will not be the 
ame for the surface and the region ; and similarly for the quantity P/' at B. 
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dP 9 

~d^P* 2 ~ ^ ( a 27l2 + ^2 ^12 + y2^12) +" &1 (2, 12) + (P'qqoPi P 2 2 )> 

with the significance of K x there given ; consequently 

S(Ai)„JY 2 = - p 2 " -I- X' |( r, mVl 'p.^) + + K, (2, 12)} . 


Again, the general value of the geodesic flexure of any surface in the region is 
given by 


1 

y 


-5- S^uP'*. 


a magnitude which vanishes at 0 for the geodesic surface. At A , where OA = x , 
we have to evaluate the right-hand side up to the first order, that is, we require 


2(&u).if Y 2 . 

Now, to this order, 

&« + * , Pz^ih 2 - tept'yi* 

and therefore 

S 11 ) a Pi' 2 = ^ & 11 P 2 2 - 2^ ^ y 12 (0-1, Vi + *>1 2<h' + Y) + x ^ Vi 1 

= a, S^ 1 lh' 2 -' 2x ^Yn^iiP-i +^u7 2 +013 Y) 
+2x^y, 2 (0 1 a 2 +0 2 £ 2 +03^ 2 )» 

with the notation of § 172 for the quantities of the type a, £, </). 

For the evaluation of the initial term on the right-hand side, we have 


dd u 

ds 1 


~d\‘ ~ ^2^11 

~ +^21o7l +^20i r l 


(de A r de 2 

Uvi ll+ tls t 


A xx 4- 




C 1F±} A , ^11 D ,^®11 
, rfcq 1 2 rf.sq 



As in § 227, we substitute, for the quantities 0 iJki their values (p. 58) in terms of 
the quantities & lJk ; that is, again using the symbols cf> iJk under the definition 

fiijk — $'ijh- +0i r ijk +0 2 A (Jk +03@^ fc > 

we take 


Qijk — ^ijk + (01*-Trt* +01 jP'ki +0 U rj +(0a^j* +02^ A* +02 A.Aj) 

+ (03/®* + ®3y®W + ®3*®/y). 


F . I . G . IT . 
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dQ' 

When the first two lines of the expression for ~ are combined after these sub- 
stitutions, reduction leads to the result ‘ 1 

OzooPx +U' + e ^i - A 1 +- d * A n +j^ ©u) 

=<l>30o'Pi +<f>2\0 ( h' +'/ , 20i r j' +2 (0 U “1 +A 2 & +0ia<f>i) 5 
and we thus have a value of . 

US ^ 

Similar analysis leads to the result 

^^nolh +<l>m<h +<t>niU - [ -j~ 0 l + -^ 6, + $ 3 ) 

4 fillPl “f" ^12' l 7l +^13Xl) +(^2l a l +^22^1 +^ 23 ^ 1 ) > 
and there are corresponding results for the arc-derivatives of & 22 , $' 13 , a) 23 , < 9 * 33 . 

When all these values are inserted in the magnitude 11 p?' 2 , the resulting 

equation can be arranged in the form 1 


s^dd'n , 2 v' jl 

2j- ds ~V 2 

‘f2^yio(0n p 2 4 0 i 2 V2 \~@i3 r 2 ) 


KkPlPt* 


If) V n '2jfl ^11 '2 . f) V » ' 2 1 

+ e ^dT L ih +e **'a£ p *r 


Now using the formulae in §212, I, with the assumptions /—l, m=2, w = 2, we 
have successively 

V (y«o, +s 12 jS 2 + s 12 y 2 ) + (r 30oPl > 2 ' 2 ) + 3 | isr t (i , 12), 


(i.S L 

v ( i4" v ' 2 = 


P 2 ' 2 ~~ ^(Fl2^2+S,2T72“1 ^12^2) +(^300^1 7^2 2 ) 12), 

,7$ 2 

£ ^ J>i /2 = 2 011*. d^uXl + M.) +(®300^1>2' 2 ) + j^ ^ 3 (1, 12), 

as values to be inserted in the foregoing equation ; and their terms involving the 
magnitudes of the type r^ A . can be combined with the terms involving the magni- 
tudes <j> ljL . 

After complete reduction, we find 

£(»u )aP* 2 =*Z, 

where 

2=£ 12) +0 2 /i 2 (l, 12)+0 ,/l b (1, 12)}. 


Thus far, the analytical restrictions required by the geodesic quality of the surface 
have not been imposed. In the present approximation, these restrictions are the 
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third-order relations among the quantities $ ijky set out in §211. We use the 
umbral form (p. 64) of these relations ; and thus, as on p. 119, 

^ J / 9'300jPl Jp2 2 ~ a Pi a l)z‘ 

Because the directions, with the variables p x ', y,', r/, and p 2 ', r/ 2 ', r 2 ', lie in the 
superficial orientation at 0, we have 

"b-^ayi » a V2~^\p2 ‘+*^2?2 * 

and therefore 


i?h Jt ^2 ( h ) [F iV 2 +^2(Z2 ) 2 

-wk 2 +KV) 

+AA 2 (ftV +^ 2 '? 1 '?2 / ) +r t * qi ’qt'\ 

The third-order relations, required by the geodesic quality of the surface at 0, are 

A 3 =o, jyr 2 =o, r 3 r 2 2 -o, jy=o. 

Hence 

' 9 * 300^1 P 2 2 — 

so that the first term in Z vanishes ; and we have 

%{&n)APt'*= 12) +^,(1, 12) -f-0 3 /i 3 (l, 12)}. 

It follows that the regional flexure of the superficial geodesic through A, drawn 
parallel to the (regional and superficial) geodesic OB on the geodesic surface, is 
given by 

-=.7 of 01*1 (2, 12 ) + «A(2, 12)+e 3 K,(2, 12)}. 

7a oiJt f n 


230. The various terms in the equation for P 2 " have now been evaluated ; 
the result is 


rv ~Pt" - X {(AooPiX 2 ) + ^ A\ (2, 12)} 


+ £ejl {9lKl{2 ’ 12 ) + ^(2, 12) + 0 3 / v 3 (2, 12)}, 


an expression which admits of simplification in the terms involving K v K 2 , /i 3 . 
We have 


1 dn 


dq 


e n =e^ + e^ n+ e 3 


i L. 

dn’ 


and therefore the coefficient of 


2* 

313 
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in this expression for P 2 " 




>{ 


K^n) d l-KM,m d £ 


Now (p. 66) 


A* (2, 12) = 


^11 ^12 + ^ 12 1 ?12 + ^ C 13 £ l2 > 
^21 £l2 + ^22 7 7l2 ■+* ^23 £l2> 
^3l£l2 ^32 ^12 + ^33 £l2> 


a, K 
*> to' 

g> r 2 


when we substitute A, ft, /, for the constituents of the second column, we obtain 
the value of 7f 2 (2, 12) ; and when we substitute g,f, c , for those constituents, we 
obtain the value of A 3 (2, 12). Hence, in the foregoing coefficient, the total 
coefficient of the constituent £ 12 +^ 12 ^12 + ^ 13^12 arising out of all the terms in 
A\, A 2 , /f 3 , 


But 

n J^~oBi+h0i+gO$ t 

O0 n^= M l + M t+ 

c &-3 > 

so that 

t (6r -'“ A ') 

=^- K' {& Ml + A0 a 1.9^) - h (h6 1 + bd 2 f/R,)} 

-q 2 ' {f(a8 l + hd 2 +g8 3 )-g + bd 2 +f0 3 )} ] 

Un 

Gp 2 ' + Fq 2 ' + Cr‘ ’), 

t'n 

because 0^' 4 - 0 2 y 2 ' + 0 3 r 2 '=O. Similarly, we find 

^ (A 2 ' - <¥.') - £ (Ar,' - <7? 2 ')= - l~ n (Hp 2 + Bq 2 + Fr 2 '). 
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Thus the aforesaid total coefficient of the constituent k n £ 12 4 rk l 2 r] 12 + k l3 £12 

= k + Cr 2 ') - 6 3 (Hj> 2 ' + Bq / + Fr')}. 

u n 

Further, we have 

— ^ 2 _- ^3 ^ n . 

£l2 Vl2 Cl2 8 ^ ne 

and 

VteWp* + ^ W + CV 2 r ) _ £12 (#/V + 

- - Jh' X) ^K 2 + K XI 'tyi'Pa' =~Pi+ Pi cos 


so that the total coefficient of the constituent & n £ 12 t* ^i2 r /i2 + kizCw 

^-^(-K+K cos e ) £12- 

Similarly the coefficients of k 12 £ J2 + k 22 y l 2 + k 23 £ 12 and k 13 g 12 + k 23 rj l 2 + k 33 £ 12 arc 


Q 


Q 


sin 2 e ( - Pi V* 008 e )Vn, sil ^-( -Vi+Pi cos e) 


respectively, while 

A r being the sphericity of the geodesic surface. Accordingly, the coefficient of 
2 x/ 3 Q in the expression for P 2 " 

— QK(-]) x '+p 2 ' cose) ; 

and the equation for P 2 " thus becomes 

Pi"=P»" - J {( r 3 ooPiPi 2 ) + l K (Pi -Pi cos e)}, 

up to the first order of small quantities. 

Similarly, up to the same order, we have 

~Pi ~ y{(^\iooPi 2 Pz ) + l^(l ; 2 ~~Vi cose)}. 


We now return to the parameter-relations. The ^-relation has become 
xpi'^x?r'' + (y+Y)P 2 '+ly*P 2 '' 

^-yP2+iyW^^+X)P l , +^iY ; 

all other third-order terms, which initially were retained, have cancelled each 
other. In this form, after the values of P/ and P 2 ' have been substituted, the 
first-order terms cancel ; and, after the values obtained for P*" and P 2 " have 
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been substituted, the second-order terms cancel. The requirement, that the third- 
order terms shall balance, is met by the relation 

Ypi + (p 2 ' - pi cos e) - (AooPi'V)} 

- 1^/iaK (pi - pi cos e) + (Aooft'ft' 2 )} 

= *ft' + «***{»£ (ft' - Vi cos e) - (r m pipi 2 )} 

~ (pi - pi cos e) + (r a0 oPi 2 Pi% 

that is, 

{Y 4- i/foy (® ■ + y cos € )}v* = + 2 A r ay (y + a? cos e)}^'. 

Similarly, the relation arising from the equality in value of the ^-parameter at 
C', by the alternative paths OAC and ()BC f , is 

{Y 4 lKxy(x+ycos€)}q 2 '={X+%Kxy(y+xcos€)}qi ; 

and the corresponding relation, from the similar equality in value at C" in the 
r-parameter, is 

{ y 4- \Kxy (x-\-y cos e)} r 2 ' — {A -I- \ Kxy (y -f x cos e)} r/. 

The three relations are consistent, partly in virtue of the two conditions 
Pi' + #2 7 1 ' + ^ ~ 0 = V* + e 2 q* ‘I 0a r 2> anc * °f the two results 

X — - 2 Kxy (y 4- x cos e) j 
Y= - 4 Kxy (x+y con c) J 

These contain the promised verification that X and Y are of the third order of 
small quantities ; and they are in accord with the result in § 124, K now being 
the measure of sphericity of the (geodesic) surface. 

Further, the values of the regional parameters at the angle C f of the Peres 
parallelogram on the geodesic surface can be deduced at once. Thus the value 
of j) is 

Vv =p + xpi + lx 2 pi' + Ix^pi" 

+ (y+ 

up to the third order : that is, on substitution of the values of Y , P 2 ', P 2 ", and 
P 2 "', in their respective terms, 

pc =p + x vi t- yp 2 + i (**ft" - ‘iw?u+ y 2 Pi") 

4 lx 3 pi" - i^y(r 300 pi 2 p 2 ') - lxy 2 (r aW) pipi 2 ) 4 \y*pi" 

- J xy 2 K (pi - pi cos c) 4- \x 2 yK (pi - pi cos e) 

- \Kxy (x + y cos e) pi. 

Let a small quantity z 0 and direction- variables P', Q\ R', be taken such that 
ZoF = xpi 4 ypi, z 0 Q’ ~ xqi 4- yqi, zJP = rri 4- yri, 2 AV 2 = 1 ; 
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p c ^p+z 0 P' + WP" + WP'" 

- x y {* + e Pi C()S e )+.y( \pi + iv 2 cos e)}K, 

up to the third order. Similarly 

qc’-q + z 0 Q'+ httt!" + WQ'" 

- x y {x {Ui + 111 cose) + y( \qi + %q 2 ’ cos e)}Ii , 
r r - = r + z q R' + \z 0 2 R" + \z 0 2 R'" 

-xy{x(\r 2 I- e r i cos e) I y(lr,' + \r 2 cos e)} A', 

results which agree with the former results (§ 125) for any surface, and now are 
obtained for the surface that is geodesic to the region with K as the measure of 
sphericity. 


Regional geodesic diagonal of the Peres parallelogram. 

231. The analysis in §§210-215 can be adapted to the discussion of another 
cognate question : when the regional geodesic UV is drawn from a point U in 
a regional geodesic OA to a point V in a regional geodesic OB, so that its points 
U and V are on the geodesic surface AOB , does the regional geodesic UV lie 
wholly in the geodesic surface ? It will be sufficient to determine whether the 
direction of the regional geodesic UV at U lies in the geodesic surface ; manifestly, 
the geodesic cannot be contained in the surface, if its direction at U is not so 
contained. 

It has been proved (§216) that, if OU—or , OV — y, the direction-variables 
p\ q r', at U of the regional geodesic UV are given by 


where 


p'=-Po-xy 0i + lr 2 P, 


~P 0 - yPi - xpi , zq 0 ~Wh -X’h > ~ r o = y r 2 - xr i 


P- -MAooMVV-IK KmnU + ^K^O, 10), 


the value of A 3 (0, 10) being defined in § 212. There are corresponding expressions 
for q' and /. 

The condition that this direction at U should lie in the geodesic surface 6=0 
is, by §227 (i), 

(OJup'+QM + Mu^O. 

As approximations of the second order in small quantities have been made, when 
determining the values of p\ q\ r\ by means of magnitudes at 0 , and when 
obtaining the values of 0 3 , 0 2 , 0 3 , at U also in terms of magnitudes at 0, this 
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equation would certainly have to be satisfied up to that second order inclusive. 
We have 

>d% 


(#l) U — 0 l + x ($i a l + + ^30l) + \ x2 


ds 2 ’ 


up to that order, and similarly for (d 2 )u and for ( 0 3 )t 7 *, when these values are 
substituted, the aggregates of terms of successive orders must vanish, each in 
its own order. 

The finite terms in the condition 
— Q\Po “f 02<7 o d @3 r a 

l {yViPt + <W + +.®*?i , + fl 3 ri')} = 0, 

because of the constitution of the geodesic surface. This part of the condition is 
therefore satisfied. 

The aggregate of terms of the first order of small quantities 

“ ^]7oi ~Po{0 i a j+0 2 £i + 030i) 

\ $2^01 ~ ( jo (®lA + ®2^1 + ®3Xl) 

4 Moi-»o' (#i 7i + O^ + B^v)- 

Now 

Po a i + 7o A. + r o Vi = yoi j 

Po £i + (7o + r o Cl~ Sqi ? 

+ 7oXi + r o t l’\ — ®ov 

Hence the aggregate of terms of the first order vanishes ; and this part of the 
necessary condition is therefore satisfied. 

The aggregate of terms of the second order of small quantities has, for the 
coefficient of |x 2 , a quantity which 

, d 2 6^ , d 2 0 2 , d 2 d 3 

<v +r ° *>? 

{yoi (A a i + #2 £i + A ^i) ^oi (A A "b A'tyi'b AXi) "b ^oi(^i7i b + 
d' 2 6 d 2 d> d 2 0 

When we insert the values of | ^ , obtained in § 227 as connected 

CLS-^ (IS j 

with the surface which is geodesic at O, and when reductions take place, this 
coefficient can be expressed in the form 

Oi{P+ (TWoV 2 )} +0*{Q+ (4ooKK 2 )} +W+ (GWK 2 )}- 

After the values of P, Q , /2, are inserted, two sets of terms arise. One set involves 
/£ in the form 

i + Vo') « wn* c. 


--Po 
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which vanishes, as in the finite terms of the central condition. The other set of 
terms 

-Ah\(0, 1O) + 0 2 /i 2 (O, 1O) + 0,A' S (O, 10) 

aO-i+hBi+fjdto po , ^i 2 1 ?io ^‘i3 £io » 

hO 1 + b0 2 +fO 39 g 0 , ^ 12 ^ 10 +^ 22 °?lo i' ^ 23^10 

ffO 1 +/0 2 + T 0 9 ^13^10 ^ ^23VlO h ^33 £l0 

and does not vanish. Consequently the aggregate of terms of the second order 
does not vanish ; and the condition (even up to the second order of small 
quantities), that the regional geodesic UV should lie in the geodesic surface 
UO V, is not satisfied. 

It follows that the geodesic surface, determined by the set of regional geodesics 
originating at O in the orientation through the directions of OA and OB at O, is 
geodesic towards the region for all directions at O in the orientation. At a point 
on OA, other than O, the surface is geodesic to the region only for the continuation 
of OA ; and similarly at a point on OB, other than O, the surface is geodesic to 
the region only for the continuation of OB. Thus, in § 229, an estimate is obtained 
for the regional flexure of the superficial geodesic at U drawn in the direction 
which, under the Scveri definition, provides a parallel to OB through U ; this 
flexure is not zero ; and therefore the regional geodesic, drawn at U in the specified 
direction, does not lie in the surface which is geodesic to the region at O. 
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Geodesic Parallelograms, Geodesk 1 Cells, in a Region 
Geodesic 'parallelograms in a region not practicable on preceding definitions . 

232 . The geodesics in the preceding investigation in § 229 are superficial 
geodesics, not regional geodesics, the limitation to the surface being introduced 
on p. 128 ; and we have seen (§ 231) that the regional geodesic TJV does not lie 
in the surface that is geodesic to the region at (). Accordingly, it is not to be 
expected (and it is not the fact) that the regional geodesics at U and at V, drawn 
at those points in the directions of the Scveri parallels at those points, lie in the 
surface that is geodesic to the region at 0 ; it remains to prove that these 
regional geodesics, thus drawn at U and at V, do not intersect. 

On an assumption that they intersect in a point Z, let x + X and y + Y denote 
the lengths of VZ and UZ respectively where (after earlier experiences) it may 
be assumed that X and Y are of the third order of small quantities : the last 
assumption will incidentally be verified. We write (§ 227) 

with like expressions for Q 2 ' and P 2 ', as the direction-variables at U of the Severi 
direction parallel to OV, and 

Pi — pi - yy\2~ I V~ (Fimlh V 2 “) + i^y 2 ('Pi ~ Vz cos e )’ 
with like expressions for Q x f and /?/, as the direction- variables at V of the Severi 
direction parallel to OU. Owing to the assumed intersection of the regional 
geodesics VZ and UZ, the regional parameters at Z have the same value by the 
OUZ approach as by the OVZ approach. Consequently, as arising out of the 
common value of p at Z, there is a relation (up to the third order of small quantities) 

p + x Pl ' + ±x* Pl '' | + Y)I> 2 ' + i(y+ YfP' f -vUy+ r ) 3 P 2 '" 

= V + Vih b \y 2 ih + \tfvi " + (x t Z)P/ + i (X 4- xw + * (*• + xw. 

As small quantities of order higher than three arc not retained, 

{x + Xy^'j*, (j u + J£) 3 =a* ( y+Y)*=y\ (y+Yf^y\ 

% 

to the retained order of approximation ; so that 

(y+ Yyp 2 ’"~ -y 3 (r m> r 2 ' 3 )= -yH^p^y^r, 

to this order ; and similarly 


(x+xypy'^appy. 
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It is necessary to retain the values of P 2 " at U and P /' at F, up to the first order 
inclusive, connected with regional geodesics ; and, as on p. 129, we thus have 

/»."= - ^r n ) v p^ v j'-x{r mV W)-~xK l y, 12), 

Pi"= - ^(Pnh-Pi^P r-y^Pv'V)- ^2/^(1, 21). 

When these values are substituted, the terms involving the quantities r ijk cancel ; 
and the relation becomes 

*Px + UWy(n' - Pi cos e) - g A, (2, 12) 

"= Xpj 1 + i Kxy 2 (p L '- /V cos e) - ^A 2 (J,21) : 

that is, 

p 2 '{ F -f (a? 4- y cos e )} - p x * {-V + 1 Kxy (y + x cos e)} 

There are similar relations arising from the //-parameter and the /--parameter, in 
the form 

<h{ y+l Kxy (x + y cos e)} - 7, '{A + }. Kxy (y+x cos e)J 
r 2 '[Y + 1 Kxy (x + y cos e)}- r 1 '{X\-^Kxy(y+x cos e)} 

=Sa' 3 (2,12)-^A 3 (U2). 

These three conditions cannot simultaneously be satisfied in general * by values 
of X and F. Accordingly the regional geodesics, drawn in the Severi parallel 
directions, do not intersect. 

It thus appears, for parallel geodesics in a region, when at U a regional geodesic 
is drawn in a direction defined to be parallel at U to the 
geodesic OV at 0, and when at V a regional geodesic is 
drawn in a direction defined to be parallel at V to the 
geodesic OU at (), these regional geodesics do not intersect, 
whether the Levi-Civita definition or the Severi definition 
be adopted. Hence, on neither definition, can a regional 
geodesic parallelogram be constructed ; the Peres geodesic 
parallelogram in § 229 is a figure in the geodesic surface, 
and its two new sides are not regional geodesics. 

* An exception would arise if the sphericity of the region were constant for all 
orientations, but this case is tacitly excluded. 
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Other definitions can be propounded. Thus at U, there are two regional 
geodesics UA and UV ; and they determine a surface geodesic to the region at 
£7, distinct from the surface that is geodesic to the region at 0. Similarly at F, 
the two regional geodesics VB and VU determine a surface, there geodesic to the 
region and distinct from the surface that is geodesic to the region at 0. Accord- 
ingly, it can be proposed that, in this geodesic orientation at U a direction (JY 
shall be taken, and in this geodesic orientation at V a direction VX shall be taken, 
to provide parallels, under specified definitions two of which may be noted. 

1. By one definition, we make the parallelism in each instance revert to the 
initial point 0, by requiring each of the angles AUY and XV B to be equal to V 0 F. 
If we write 

Pi '=pi+xpi" + l<*pr + ... 

with quantities q/ and r/, to denote the direction- variables of the regional 
geodesic UA at U in the direction UA , and retain p', q , r', to denote the 
direction- variables of the regional geodesic UV at U in the direction UV, then 


where (§ 216) 


P'~Po -^Voi + Po, 


Po - -MCrfoXViPo' A'sin’e-f ^ A\(0, J2), 


xy 


3.Q 


with like expressions for q' and / ; and the direction-variables of the suggested 
parallel UY at U in the direction UY are 


, _ sin (e -I - U) 
2 sin U 


Pi + 


sin e , 
sin U ^ 9 


and similar expressions for Q 2 ' and R 2 '. As (§ 217) 

U - U 0 = Ivxy ( J sin e - -J- cos IJ 0 sin F 0 ), 

we can obtain the values of P 2 ', Q 2 ', R 2 , j u P the second order of small quantities 
inclusive. In particular, up to the first order of small quantities, we find 

P 2 ~p2 ~ *^yi25 0*2 = ?2 “■ ^ i2 , R*2 —^2 ~ ■ 

so that the definition, up to this order, agrees with the common portion of the 
direction-variables of the Levi-Civita parallel and the Severi parallel ; but, in the 
terms of the second order of small quantities, there is divergence from the variables 
for both these parallels. Similarly for the direction-variables of VX at F under 
this definition. 

But, when regional geodesics are drawn through U in the suggested direction 
UY at U and through V in the suggested direction VX at F, it is found * that 
such regional geodesics do not intersect. 

* The calculations are similar to those on the preceding page. 
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The suggested definition does not therefore render practicable the construction 
of a regional geodesic parallelogram. 


II. By another definition, the parallelism of the regional geodesics ultimately 
to be drawn through U and through V (though still drawn in the superficial 
orientations at those places) is made to depend upon VU as the basic geodesic 
for this purpose, thus making a partial reversion to the initial definition of parallels. 
Under this definition of parallelism, the parallel UY through V would be such 
that the angle YUY is equal to the angle B VW, and the parallel VX through V 
would be such that the angle X VIJ is equal to the angle AUT . Then the direction- 
variables of this suggested parallel U Y at U in the direction UY are 


p 
L 2 


sin V , sin (U+V) , 
sin U sin U ^ ’ 


with similar expressions for Q 2 \ 11 2 '. The value of V - U Q is as cited before ; 
and, up to the order of approximation retained, 

V - V 0 —Kjy(li sin e - J cos V 0 sin U 0 ). 

Thus the values of P 2 ', Q 2 ', TV, can be obtained up to the second order of small 
quantities retained ; and in particular, up to the first order inclusive, it is found 
that 

1*2 — = jP2 ~' J 'Yll9 Q2 — 72 ~ X $129 ^2 ~ r 2 

so that, up to this first order, the direction -variables of the suggested parallel are 
the same as the corresponding portions of the direction-variables imder the Levi- 
Civita definition and the Scveri definition. 

Similarly for the suggested direction VX at V. 

But, as before, when regional geodesics are drawn through U in the suggested 
direction at U and through V in the suggested direction at V, it is found * that 
they do not intersect. 

Consequently this definition also fails to render practicable the construction 
of a regional geodesic parallelogram. 


Alternative selection of parallels ; regional parallelograms. 

233. Accordingly, as all the four definitions preclude the construction of a 
regional geodesic parallelogram, we seek other values of the direction- variables 
at a place such as U along OA and the analytically symmetrical direction- variables 
at a place such as V along OB , for respective directions through those places, 
which shall conform to the primary conditions of parallelism in the four definitions 
and shall admit of the intersection of regional geodesics drawn in those directions. 
We therefore postulate direction-variables V a, Q'u, R' in at U for the direction UY, 
and direction- variables P'v, Q'y , i?V, at V for the direction VX, of regional 
* Again, the calculations are similar to those on p. 139. 



142 


REGIONAL 


[CH. XIX. 


geodesics which are to satisfy the imposed conditions ; and, as initial forms, we 
take 

P V~v% ~ x 7l2 ~ 30oPl 2 } } 2 
P'r^pi ~ yy 12 - ly 2 (PsooPiP 2 2 ) + P 

with corresponding expressions for Q' a, R a, and Q'y , R v , the sets of magnitudes 
Pa and Py being of the second order in the small quantities. Moreover, the 
magnitudes Pa and Py must change, each into the other, by interchange of the 
direction-variables />/, <7/, r/, and the small arc x, with the direction-variables 
p 2 \ f( 2 ' , r 2 , and the small arc y. In Py there can exist no term in y 2 alone because, 
when x vanishes, P' a must become p 2 ; and similarly in Py there can exist no 
term in x 2 alone because, when y vanishes, P'y must become p/- -results in 
accordance with the interchange property of P v and Py as stated. 

(i) In the first place, the permanent arc-relations of the region 

24 r (PY). = i, 

at U and at V respectively, must be satisfied ; but there is no precedent value 
set upon the angle A UY or upon the angle BVX, as no one of the four definitions 
of parallelism in § 232 has been adopted. The first of these two arc-relations is 


^ [ ( A + * ^ + 2 ^ - 2 r-p»Yu ~ ’sooKV) + H *Pt Pa}\ = 1 • 

The finite terms cancel, owing to the relation ^Ap 2 2 = 1. The aggregate 
terms, of the first order of small quantities, 


when the values (§ 212) of the first arc-derivatives of the primary magnitudes 
are inserted. The aggregate terms, of the second order of small quantities, must 
vanish ; and therefore we must have 


2 {u^Pa + u^Qu + u^Ru) + ^ Ay, 2 
- ^ 2 {V 2) (AooK 2 K) + «2 (2) (4oo?i'V) + « 3 (2) (©.3«o ?V 2 /V)} 

- 2* 2 S ^ P2V12 + 2 » 2 S = °- 


When substitution for the last two terms involving the first and the second arc- 
derivatives of the primary magnitudes is made and reduction is effected, the 
relation becomes 


u l w Pv + u 2 ( *Xjo + u^ 2) Ra~=\x 2 K sin 2 €, 

where Ii is the sphericity of the region in the orientation at 0. 

In the same way, the permanent arc-relation at V is satisfied, unconditionally 
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for finite terms and for terms of the first order of small quantities ; as regards 
terms of the second order of small quantities, the relation 

u l {x) Py + u£ l) Qv + u^ l) R v —\y 2 K sin 2 e 

must be satisfied. 

(ii) The regional geodesics, drawn through U in the direction Pjj\ Qu\ /<V, 
and through V in the direction P/, Q /, R v ', are to intersect. Let Z be their 
intersection ; and denote the lengths of UZ and VZ by y+Y and x+X respec- 
tively, where X and Y may be expected to be of the third order — an expectation 
that will be verified incidentally in the analysis. The regional parameters at Z 
must acquire the same values, when Z is attained by the path OUZ as when it is 
attained by the path OVZ ; and, therefore, when the corresponding values of p 
are equated, there is the relation 

Kyb Y)Pu'+k(y+ n*/V'+i(y+ W" 

=P + yih + hyW + Wvz" + (* ■ + X)Py + K x h + i(* ■ + XW, 

up to the third order of small quantities. 

We have 


{x+X)^x\ (x + i)»=a?, (y[Yf=y\ (y+Y)*^y*, 
up to this order inclusive : so that, to this order, 

(Jf+ Y?Pu"-y*Vu", {x+X)*P v ' § ' = -j?py", 

while the values of P/' at V and P a " at U are required up to the first order of 
small quantities inclusive. Proceeding as in § 229, we find 

Pa'=Pt" ®*i(2, 12), 

P V " —Pi' -y(r 300 pi 2 p 2 )— g 21), 

up to the required order. When the values are substituted, it appears that the 
finite terms cancel, the terms of the first order of small quantities cancel, and the 
terms of the second order of small quantities cancel. In order that the terms of 
the third order shall cancel, it is necessary that the equation 

Y])% ,J t~yP(J ~ 2 x2 y{^30oPl 2 p2 )“ 2 x y 2 (-^300pl Pz 2 ) ~ Xy 2 Ki (2, 12) 

= A>,' + xP v -l xtf - \xh) (F soolh'Zpz) - ^ xhjK ,(1,21): 

that is, the equation 

Ypt' + yiPu-.^xyKiV, V2)}=Xp 1 ' + x{Pv-J Q xyK 1 (l, 21)}, 
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shall be satisfied, together with the corresponding equations arising from the 
^-parameter and the r-parameter. Now write 


P,;- 3 ~^A' |( 2, 12 ) = /*.', 
Qrr-^xyK 2 (2,12)=--Q', 
Rp-^oc y K 3 (2, 12)— R./, 


p r-^^K 1 (l,21) = P 1 ', 

Qv-^ x yKi{i,^i)=Qi, 

Ry- xyK 3 ( 1 . 21 ) = Ri, 


so that the relations become 

Ypt' + yP^XpS + xPS, 

Yq 2 '+yQ_ 2 '^X qi ' + xQj, 

Yr 2 ' + yR 2 '-Xr x ' \-xR x '. 

In the first place, the quantities Pu and P v are to interchange when the set 
of direction-variables p 2 \ q 2 , r 2 , and the arc ?/, are interchanged with the set of 
direction- variables p x , q X9 r x , and the arc x, each into the other ; and this property 
actually holds of the magnitudes xyK t (2, 12) and xyK t ( 1,21), for i— 1, 2, 3, in 
the respective pairs. Hence the same property holds concerning P x and P 2 , 
Q x and Q 2 , R x and R 2 . 

In the second place, we have 

V 2) A\(2, 12) + m 2 (2) A 2 (2, 12) + w 3 (2) A r a (2, 12) 

UU x ^-\- h'U 2 ^ -j- gu^ 2 \ p 2, &nfi2 ^ : l2 7 ?12'h ^ ; 13^12 
hu^ + bujv tfu./ 2 \ q 2 \ & 21 | 12 4 Jc 22 rj 12 -I Z’ 23 £ 12 
9 u i^ \ fu 2 ^ V cu.^ 2 \ r 2 , ^ 31 ^ 1 2 + Z’ 3 2 'i 7 i 2 “i Z’ 33 ^ 12 

But the three constituents in the first column— &p 2 , iiq 2 , &r 2 , respectively, so 
that the determinant vanishes, and 

V 2 >/i 1 (2, 12) + V 2 )/i 2 (2, 12) + w 3 (2) A 3 (2, 12) — 0. 

Hence the second-order condition from the arc-relation at U becomes 

V 2 >P 2 ' + u 2 ™Q 2 ' + u^R 2 '=±x 2 K sin 2 6. 

Similarly, it is proved that 

V l) A\(l, 21) + w 2 < 1 >A 2 (1, 21) I- u h VK 3 (1, 21)=0 ; 

and therefore the second-order condition from the arc-relation at V becomes 

>/*/ + V 1 )Q x r + u« %' = ■ \y 2 K sin 2 e. 

(iii) Having regard to the forms of the direction-variables of the parallels 
under the Severi definition (and also under the third and the fourth definitions in 
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§ 232), wc postulate the forms 

Pt = Kx 2 (api +Pp 2 ') + Iixy (yp/ + 8 p 2 ), 

Qi = Kx 2 ( aqy + fiq 2 ') + Kxy (■ yq / + 8q 2 ), 

R 2 =Kx 2 (ar 1 ' +fir 2 ) + Kxy(yr 1 ' + 8r 2 ), 

where a, /?, y, 8 , are quantities independent of u and v, and are symmetrical in the 
two sets of direction- variables j?/, < 7 /, r/, and p 2 ', < 7 2 ', r 2 ', should they involve these 
variables. The term in ?/ 2 alone is omitted because, when x vanishes, P 2 becomes 
an d therefore P 2 vanishes ; and likewise for Q 2 and ft 2 '. Owing to the 
interchangeable property between jp/, Q x \ R x \ and P 2 \ Q 2 \ R 2 , when the 
variables of the arcs OU and OV are interchanged, the postulation for P 2 \ Q 2 \ R 2 \ 
admits the further postulation 

Pj = Kf (ap 2 + /V) + Kx U (VP* + *Pi) i 
-tKxy(yq 2 +8q /), 

Rx=Ky 2 {ar 2 +fir x ') +Kxy(yr 2 + Sr/), 


derivable by the indicated interchanges. Let these values be substituted in the 
two second-order conditions surviving from the arc-relations at U and at F 
respectively ; then we find 

^ sin 2 €—-j3-\-a cos e, 0 = 8 } y cos e, 

as equations to be satisfied by a, (3, y, 8 . 

Again, the three second-order relations (on p. 144), which emerge as the con- 
ditions for the required intersection of the two regional geodesics drawn through 
U and F, lead to the values 

X -= Kxy{x(oc -8)+y(y-P)}, Y= Kxy [x(y- ft) +y(<x- 8 )}. 

Thus far in the construction of the geodesic quadrilateral, the explicit demands 
have exacted, beyond the necessity of actual intersection of the two geodesics, 
the requirement of satisfying merely the primary conditions of parallelism at JJ 
and F. Two parametric quantities remain at our disposal. The deduced values 
of X and Y manifestly admit a descriptive demand affecting the sides of the 
quadrilateral, viz. that the opposite sides shall be equal in length : which, more- 
over, is a property as characteristic of a plane rectilinear parallelogram as is the 
postulated property relating to the exact equality of angles. In accordance with 
this postulate of equal sides, we take X=( ), F= 0 . The lengths jr and y are 
independent of one another ; and therefore 


so that 


«= 8 , y=fl, 

P=l = y- a=-Jcose= 8 . 


The values of P 2 , Q 2 , R 2 , and of P/, , R t ', now arc determinate. 


F.I.G. TI . 


K 
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The geodesic quadrilateral, thus framed, has its opposite sides OU and FZ 
equal, and likewise the opposite sides OF and Z7Z. The primary conditions of 
parallelism, at V and F, of these respective pairs of sides are satisfied. It will be 
proved (§ 234) that, up to an included second order of small quantities, the angles 
ATJZ and BVZ are equal to one another. We therefore regard the quadrilateral 
OUZVO, with regional geodesics for sides, as a regional parallelogram . 

The direction-variables of the sides UZ at U and FZ at F are P 2 ', (? 2 ', R 2 , 
and Pj', Qi, P/, respectively, where 

P^p 2 '-xy n -ix\r 3wPi y 2 ') + ~xyK 1 (2, 12) 

+ \Kx{x(pi - pi cos e) I y(pi -pi cos e)} 

Qi = ( ji ~ ^^12 — 2 Pi ) I j yP‘i (2> 12) 

5 

+ \Kx{x {qi - qi cos e) + y (qi - qi cos e)} 

R.;-r 2 '-x6„- W(© :m p^p 2 ’) + ,' Q xyK,(2, 12) 

4* fiKx{x(r 2 f - r/ cos e) + y(fi - r 2 ' cos e)} . 

Pi ' ^ pi - y?ii - hy 2 X mPiPi' 2 ) + ^ 1 ( 1 , 2 1 ) 

+ «Ky{y(ih'-Pi cos *)+ x (pi -pi cos 6 )} 

Qi =( h — ?/^ia — i>y 2 (^3aoPi p2 2 ) i x yp‘^0 > ) 

I- }Ky{y(qi - qi cos e) +a:( 7 2 ' - qi cos e)) 

Pi- ri-yS 12 - lyH©, 00 pipi 2 ) + ^yK 3 (l, 21) 

+ - 6 Ky{y{ri - ri cos e) +*(r 2 ' - ri cos e)} . 

The values of the parameters at Z, the point of intersection of the regional 
geodesics UY and VX, are 

p+ ( xpi+ypi )-l-2 (AiW+jPi'W-iS { r 3<>o( x pi +ypzY> 

+ \Kxy{x(pi -pi cos e) + y{pi - pi cos e)}, 

? + ( *?i' + yqi) ~ i 2 it ( x Pi + W 2 ') 2 } - ¥ 2 ( x Pi + 2 /P 2 ') 3 } 

+ lKxy{x(qi - 7 j' cos e) + «/( 7 a ' - qi cos e)}, 

r + {xri + yri) - ^2 {©11 ( x Pi + VPiY) “12 i 0 3oo ( x pi + VPif) 

+ \Kxy{x(ri - ri cos e) + y{ri - ri cos e)}, 


up to the third order of small quantities inclusive. 
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Length and direction of diagonal of the parallelogram . 

234. To find the length of the geodesic diagonal OZ, and the direction- variables 
p\ q\ r\ at 0 of that diagonal, we proceed as before. Let a small arc-length t and 
direction- variables pf, q^\ r 4 ', at 0 be chosen, so that 


and therefore 


tpl = xpf + yp 2 , tql = xqf + yqf, tr A ' = xrf + yr 2 ; 
t 2 =x 2 + y 2 4- 2 xy cos €. 


We denote the direction- variables of the geodesic OZ at 0 by 


P’=Pa+P> r' — r A ' + R, 

where P, P, are small quantities, which will be found to be of the second order 
of small quantities ; and we denote the geodesic length OZ by t + T, where T will 
be found to be of the third order. Then the value of the ^-parameter at Z 

=p + (* + T)p r + i- (t+ T) 2 p" + 1 (* -f Tfp f, \ 

up to the third order of small quantities ; and this is necessarily equal to the value 
just obtained, which may be written 

p+ ivi (Ai (<K) 2 ) - o s (Aoo('K) 3 } 

+ 1 Kxy{x(p 2 ' - Pi' cos e) + y(pi- cos e)}. 

Now, for this approximation, 

r"=-^r uP ’* 

= - S{Ai(K 2 + 2 ?4 T)} 

— “* 2 ^ r u p A P ; 

and therefore 


tP +Tpi-t* '£r u ptP=lKxy{x(p 2 ' -pi cos e) + /V cos € )}- 

Manifestly the third term on the left-hand side, involving quantities of the order 
t 2 P , is negligible compared with the first term on the left-hand side ; and thus 
the equation is 

IP h Tpi = \Kxy{x (p 2 - p/ cos €) + y (pi - ^ 2 ' cos e)}. 

Similarly, by using values of the ^-parameter and the r-parameter at Z, we have 
relations 

tQ + Tql - \Kxy{x (q 2 - qf cos e) + y (qf - </ 2 ' cos e)}, 

£P + 7Y 4 ' = £ Kxy{x ( r 2 ' - cos c) + y (r/ - r 2 ' cos e)}. 

The arc-relation at 0 for the geodesic diagonal OZ is 

^p' 2 =l: 

X^(K 2 +‘^)=i. 


that is, 
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and therefore 

u^P+uJVQ+Uzm ?=0. 

There are four equations to determine P, Q, R , T . • When the first three 
equations are multiplied by w x (4) , u 2 ^\ w 3 (4) , respectively, and the results are 
added, then, by means of the fourth equation and of the relation ^Ap 4 ' 2 = 1, we 
have 

T={-Kzy^j[u 1 (4) {x(p 2 ' -pi cos e)+y{p 1 '-p 2 ' cose)}], 

shewing that T is of the third order of small quantities. The first three equations 
then shew that P , Q , R , are of the second order of small quantities. Also 

-Pi cos e) = ~ v {(xu^+yu^ipi'-pi cos e)j 

=^sin 2 <r, 
t 

oc 

S u i {A) (Pi - P 2 cos €) = - sin 2 e ; 
and therefore 

T — ^ Kx 2 y 2 sin 2 e. 

06 

Thus the length of the geodesic diagonal OZ 

= t + ^ Kafy 2 sin 2 e, 

with the value of t equal to {x 2 + y 2 -\- (, l'jry cos e)*. 

The values of P, Q , P, are obtained by substituting the value of T ; and, 
after reduction, we find 

P =% ( x * - y 2 ) - J»i' cos e) - y{pi ' - p 2 cos <=)}, 

Q = (* 2 - «/ 2 ) A’ {a; (q 2 ' - y/ cos e)-y(q 1 '~q 2 cos e)}, 


{:r?-y 2 )K{x(r 2 - r/ cos e) -«/(»•/ - r 2 ' cos e)). 

The direction- variables of the geodesic diagonal OZ at 0 are given by 
'p’ — 'Pt+P, </— r / = r 4 / 4 P. 

The approximations for these direction- variables are (as usual) taken up to the 
second order of small quantities inclusive, while the approximation to the length 
of the geodesic diagonal is taken up to the third order of small quantities. 
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Angles of the regional parallelogram . 

235. The direction- variables of the regional geodesic UZ at Z in the continua- 
tion of the direction UZ are 


=TOi7+y(P,")i7+te i mr/ 

+ y<x{x(j) 2 ' - p/ cos e)+y(p 1 '-p 2 ' cos «)}, 

with like expressions for the (/-direction- variable and the r-direction- variable ; 
and the direction- variables of the regional geodesic VZ at Z in the continuation 
of the direction VZ are 

~Pi - 2 l r n{Vi( x Pi + ypt)} J -- - jgj ayA't (1,21) 
+ 6 %{</ (?V - K cos e) + x(p 2 '~ p/ cos e)}, 


with like expressions for the (/-direction-variable and the r-direction- variable. 

In the construction of the parallelogram, the direction-variables at U , for the 
direction UZ of the regional geodesic, were made to agree with the first-order 
portion of the corresponding direction-variables of the Levi-Civita parallel and 
the Scveri parallel. A more precise relation between the angle A UZ and the angle 
AOB is found by merely calculating the angle AUZ. At U, the value of A is 


A + x— +lx 2 
&S\ 


d 2 A _ 

(V ’ 


the direction-variables of UA at U in the direction U A are 


Pi' + xp i" + Wpi", 

with two similar expressions ; and the direction- variables of UZ at U in the 
direction UZ arc the foregoing magnitudes / J 2 ', Q s ', R 2 ' , on p. 146. Hence 

cos AUZ= 2 {(^ + x<l f Si + i x * j f) (Pi + x Pi + W'w} • 

When substitution is made for P 2 ', $ 2 ', P 2 ', and the terms of various orders in 
the small quantities are collected, the terms of finite order 

= YjApiPi- cose; 

and the aggregate of terms of the first order of small quantities 

= ■ X s ^ Pi Pi - x 2 a PiYh +x'£ a Pi Pi” 

= 0 , 

when the value of the first term is inserted from § 212. 
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The aggregate of terms of the second order of small quantities 

fJ 2 A 

=i* 2 S ds \ vivi + 

+ S^i'[-i^(AooKV) + ^^i(2, 12) 

+ %lix {x {pi -pi cose) + y (pi - p 2 ' cos e)} J 

-x*^ A Pl "y n P1Y12 + * 2 £ ^ Vivi' • 

When substitution for the magnitudes involving the first and the second of the 
arc-derivatives of the primary magnitudes is made from §212, and when reduction 
is effected, the aggregate becomes 

£«i (1) [ 3 ^ x yK\ ( 2 , 12) + \Kx[x (pi -pi cos e) + y(pi - pi cos e)} . 


12)= ««!»>+ huJV+guiM, pi, k n £ i2 +k 12 7) 12 +k 13 t 12 
A% (1) + bu 2 M+fui l) , qi, k 12 ij 12 +k 22 r) 12 +k 22 t 12 
gu 1 ^’\-fu2^ + cu^ 1 \ r 2 > ^13^12+ ^23 1 7l2 + ^:w^l2 

— Q Pi , p %, k lx £ 12 + ^12^12+ ^13 £12 

( h > f 2 > k 12 £ 12 + k 22 r] 12 -\-1c 2[i £ 12 

r i > r 2 •> ^13 £12 + ^23 Viz d" kn 2 £ 12 

= Q^k u (; 12 2 =QK sin 2 € ; 

while 

V u^ l) p 2 = cos e, ]>] % (1) = 1 . 

Consequently, the aggregate of terms of the second order in question 
- \Kxy sin 2 e + iKxy sin 2 e~\ lixy sin 2 e. 

We therefore have, up to the second order inclusive, 

cos AUZ = cos e 4- £ Kxy sin 2 <r, 


and therefore also, up to that order, 

AUZ—€- lKxysm e. 

Similarly we have 

B VZ — e - 1 Kxy sin e. 


236. Next, the angles of the geodesic triangle UZV must be found. For the 
angle ZUV, the direction- variables of UZ at V in the direction UZ are the 
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quantities P 2 , Qz, § 233 ; and those of UV at U in the direction UV 

are the quantities p', q', r', of p. 82. Hence 


where 


cos ZUV='£A u P i 'p' 

P%=T\ - J 'Yi2 - 2* 2 (Aoojh>2) + 3^ xyK i(2, 12) 

+ \Kx {x (p 2 - pi cos e) + y (pi - p 2 cos e)}, 
v' —po - ry 01 - i X 2 (AooPi'V) + h>o K sin 2 e + X}jK x (0, 12), 


with like values for Q 2 , R 2 , and q 0 \ r 0 f . 

In this expression for cos ZUV , the finite terms 

■ £Ap 2 'p 0 '=cos V 0 . 

The aggregate of terms of the first order 

V 2 P 0 - ^PzYot ~ ^IPoViaJ 

-o, 

when the values of the arc-derivatives of the primary magnitudes are substituted. 
Denoting the aggregate of terms of the second order by T 2 , we have 

T - 1 ;2 V V ' V ' 

1 2 — 2 J ( f s ^P2 Po 

- E {Apo (Aoo*VV)} + ^ X W K i (2, 12)1 

+ l Kx ^ [Ap„' {x(p 2 - Pi cos e) + y(Pi- Pi cos €)}] 

“ h'x 2 ^ [Ap 2 (T . ioa Pi 2 Po)} + ;~ Q xy { V Apz'K! (0, 12)} 

+ e S (dPoPt ^jr K sirl2 «) 

- j:2 {£(»'*. + iVroi)} + x 2 ^A y 01 y 12 . 

In this expression, the total coefficient of J.r 2 in the term in the first line, on 
substitution for second arc-derivatives of the primary magnitudes (§ 212), becomes 

-ts*uf«fi,+ ^ {«i (2) (Aoo?V%')} + 2 {V 0) (AooK V)} 

+ 2 S-4y 10 y 12 

+ 2 ^ [«i (2) {«iyio + ft fto + yAo(J + 2 ^ [Mi (0) {a 1 y I , + ftS ]2 + y x ft J], 
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the first term of which 

— _2?yi, t 2 

— 3 7 j *11*12 

z 

= - f - A sin 2 e ; 

3 z 

and, in the last line of the expression for T 2 , 

„ f(lA . , _ r- C\ 

Zj (P° ^ 12 + P* i)j 

^2^(^701712)+ ^ 712 W M i (0) + £i«2 (0) + <£i“ 3 (0) } + 2 7io K m i (2) + ^m 2 (2) + ^1«3 (0) ) • 
When these values are substituted, we find, after some reduction, 

3 T,= -*?? A sin 2 , 

+ XX (#) ^Q x y R i ( 2) 1-’) + £AV{x(j) 2 ' - cos e) + y(p/-p 2 cos ,)} 
+ 1] V 2) i /'o' ■';! a sin 2 e + -^ 37/ A, (0, 12)] . 

Now 

V)«, (0) 7' 2 '=cos F 0 , '£ l 'u i m Ti= -cos U 0 , u t m p 0 ' -cos V 0 ; 

also 

^)m 1 (0) A 1 ( 2 , 12 )= «w 1 < 0 )+*?/ 2 < # >+^w 3 (0 >, j> 2 , + + 

hv^+bu.w i/w 3 (0) , q 2 , k l2 ^ 12 +k 22 r] Vi + lc. i3 C u 

< 9m 1 (0 )+/m 2 <0) +«/s ( 0) , r 2 ', 

— Q I Vo > Pa ^’ll£l2 + ^'l2 T 7l2 + ^uC\2 ! 

^11^02^12 

- .Q 31 kn£i 2 2 —Q - A’ sin 2 e ; 

£ * — “ £ 

and similarly 

2>i (2> Ai(0, 12)=fi2*nfaof 1 s= -®* K sin2 «• 

Hence 

T 2 = - i A sin 2 e + £Ax{:r(cos F 0 +cos U 0 cos e)-y ( cos U 0 +cos F 0 cos e) 

Z 

0«2|y2 

+ i — 2 A sin 2 e cos F 0 . 


Hut, as H 0 + V 0 +e= 7 r, we have 

cos F 0 ~f cos C/ 0 cos e=sin U 0 sin <r, cos U 0 + cos F 0 cos e~ sin F 0 sin c ; 

also 

x sin U 0 —y sin F 0 ; 
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Consequently 


T 2 — - \xyK sin e sin F 0 + \xyK sin U 0 sin F 0 cos F 0 . 
cos ZUV - cos V 0 -T 2 , 


and therefore, up to the second order of small quantities inclusive, 

ZU V=V 0 + xyK (-3 sin e - £ sin U 0 cos F 0 ) = V ; 

and, similarly, we have 

ZVU — U 0 } xyK sin € - l sin F 0 cos U 0 ) = U, 

with the former (§§ 217, 232) significance of U and F. 

As ZV-r, ZU=y, ZUV=OVU 9 ZVU-OUV, as the side UV is common to 
the two geodesic triangles OUV, ZUV , and as the sphericity can be taken as 
measured at U or at F in connection with the area of the triangle OUV, the 
angle UZV would appear to be equal to e, up to the second order of small 
quantities at least. This inference we establish as follows. 


237 . The direction- variables P/, 22/, of the regional geodesic VZ at Z, in 

the direction which is the continuation of FZ, are 

as the arc FZ is of length x : that is, as (p. 129) 

Pi’=Pi" - 2/(AooP/ V) + 4 yK 1 (M2) 

for the regional geodesic, we have 

Pi'=Pi - S r nPi (*Pi + «pi') - s ^ {AuoPi' (^1' + yr-z) 2 } 

+ ^K t (\ > U) + lKyT I „ 

where 

T P -x(p 2 ' - p/ cos e) + 2 /( 7 ;/ - Vz cos c) ; 

and there are corresponding values for Q/, 12 / , involving quantities 2 ^, P r , with 
variables 7 ', r', instead of// in 2^. Similarly, the direction- variables of f/Z at Z, 
in the direction which is the continuation of IJZ, are 

Pi =]>2 - ^ r np2 (rpi + VP 2) - 2 y, {P300V2 (*Pi + UPt)*} 

+ ^K 1 (2,2\) + iKxT P , 

with corresponding values for Q 2 \ P 2 - 

The values, at Z, of the primary magnitudes are required. We have 
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up to the second order, y being the accurate length of UZ ; and 

. . dA , „d 2 A 

.4,,= + 

to the same order. For approximation to A Zi we retain the first-order terms in 
the first derivative of A v , and only the term free from small quantities in the 
second derivative. Thus we take 

d 2 A v d 2 A dAjj_dA d (dA\ dA d 2 A 

ds 2 2 ds 2 2 ds 2 ds 2 ds 2 \ ds ^ / ds 2 ds ^ ds 2 

under the convention of §§213, 309, as regards this second-order differentiation 
of a function solely of position, effected along directions ds\ and ds 2 independent 
of one another. We therefore have 

, . dA dA 1 / d 2 A d 2 A 9 d 2 A\ 

ds\ * ds 2 2 \ dsj 2 J ds 1 ds 2 ” ds 2 ) 

up to the second order inclusive. 

Now cos UZV~ y \A Z P;P; ; 

and the value of cos UZV can be derived, up to the second order inclusive. 

In this expression for cos UZV , the finite terms 

= '£Ap 1 'p i '-coac. 

The aggregate of terms of the first order of small quantities 

- 2 LV 2> { AiK ( x Pi + Wi)} 1 - n p 2 + yp 2 )}\ 

~ ^{wi (2) (^yu+«/yi 2 )}- SK (1) (^ri2+.yy 22 )) 


on substitution from § 212 of the values of the first arc-derivatives of the primary 
magnitudes. 

Let E 2 denote the aggregate of terms of the second order, so that 


+ D « 1 (2) [ - KAooPi' (*p/ + mV) 2 } + || A\ (1, 12) + *A'yr„] 

+ s V ) [-2 {A «,**,' VPi' + mV) 2 } + 1| A(2, 21) + iKxTj 
- S ( y { (sy n + MVVV + (W + MVVi'} 

+ ^ (^yn + mV) (W 1- .yy 22 )}- 
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When we substitute, from §§ 212, 213, the values of the first arc-derivatives and 
of the second arc-derivatives of the primary magnitudes, and collect terms, we 
find, after some reductions, 

E 2 = \xy y; h n U + H [{ 1>1 <2 >^1 ( 1 > 12 )}+{2>i (i, £i(2. 21)}] 

+ \K\y{ y £ i u l VT v }+x{V J u 1 VT v }l 

Now, as in § 236, 

V 12)= -£> V Ml (i)/c i(2j 21 )= - fl 

and also 

^ sin 2 €, ^ ti 1 (1 )T„=y sin 2 € ; 

consequently 

#2= - » a"*/ ^'ii£i2 2 + 1^2/ sin 2 

It follows that, certainly up to the second order of small quantities inclusive, 

cos UZV— cos e : 

or the inference, that the angle UZV is equal to e, is verified up to the second 
order of small quantities inclusive. 

It follows that the two regional geodesic triangles OUV and ZVU , when 
ZVU is constructed by drawing the geodesics UZ and VZ in the respectively 
assigned directions, are such that the sides and the angles of the geodesic triangle 
ZVU are respectively equal to the sides and the angles of the geodesic triangle 
OUV , to the retained order of approximation. 

Hence a small geodesic parallelogram can be constructed in the region. To 
this end, we take two regional geodesics OU and OV in any regional directions at 0, 
the lengths of the arcs OlJ ( — x) and OV{~—y) being small. Then we draw regional 
geodesics through U and V in specific directions ; and we measure lengths x and 
y along the geodesics through V and U respectively. We assign (as is possible) the 
specific directions so that, not merely are the primary conditions of parallelism at 
U and at V obeyed, but also the two new geodesics intersect, in some point Z. 
In the geodesic parallelogram OUZVO thus formed, opposite sides are actually 
equal ; and as regards angles, it has been proved that 

ZUV=OVU , ZVU —OUV , uzv=vou . 

the equalities subsisting up to the second order of small quantities inclusive. 

Relation of regional geodesics to the various superficial orientations . 

238 . There remains a double question as to wdiether the direction UZ at U 
lies in the superficial orientation AUV of the region at U, and whether the direc- 
tion VZ at V lies in the superficial orientation BVU at F. The direction UZ 
will lie as suggested, if quantities A and p exist such that 

with like expressions for Q 2 and R 2 ', where the coefficients of p, are the direction- 
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variables of the regional geodesic U A at V, and p', q\ r are the direction-variables 
of the regional geodesic UV at Z7, so that (§216) 




p'^To-ryoi-i^^wPop^+lpo'-^-K sin 2 e+^A r 1 (0, 12), 

with like values for q' and /. As approximations up to the second order of small 
quantities have been made, the expressions for P 2 ', Q 29 R 29 must be satisfied up 
to that order ; we therefore take 

A~ A 0 + A x + A 2 , /x=/A 0 -f-/4 1 -f-/x 2 , 

where K t (for k— A, p, and i=(), 1 , 2) is of order i in the small quantities. 

Let the expressions for P 2 ', Q 2 , R 29 be substituted. In order that finite terms 
may balance, we have 

J>s=\Pa+li oPt, 

and therefore 

x 


Ao — > Po- 


y 


with the former significance (§214) for z . In order that terms of the first order 
may balance, there are three relations of the type 

- xy 12 -r A iPo'+Hip' ~ A^yoi+Po^i"- 

Now 

zVoi^WYvz ~ ryn^yyn + xPi'’ 

so that 

x yi2= K x Yoi ~ Po x Pi » 

and therefore 

KPo + PiP' 

Similarly 

Atfo' *» A^o'+^r^O ; 

consequently we must have 

Ai=0, ^=0. 

In order that the terms of the second order may balance, there are three 
relations of the type 

3 oo Pi 2 Pi) + (2, 12) + \Iix {x (p 2 ’ - pi cos e) + y ( Pl ' - j> 2 cos e)J 

— A 2 /) 0 +^> 2/^1 


+ - 

y 


•^ 2 (Aoo^oV 2 ) + 6Po'^ A r sin 2 e + ^Aj(0, 12) U Pl 


xy 


\\Q 


y 


When substitution is made for the value of y/", the terms in this typical relation 
involving the magnitudes r t3k cancel ; and the relation can then be modified so as 
to become 


A 2 P 0 4 P 2 P 1 


: ia K 1 ( lj 12 ) + * - Pi cos e ) + y (Pl - Pi cos e)} - Ipo K sin 2 e ; 
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and the other two relations, similarly modified, become 
V+Mi' 

= 2qK 2 ( I, V2) + iKx{x(q 2 ' - q x ' cos e) + y(qj - ? 2 ' cose)} - ^ /v sin 2 e, 

Vo'+W' 

= ;^/v 3 (l 3 12)4- J Kx {x (r 2 - r/ cos e)+y (r / - r 2 ' cos e)} - £ r 0 ' K sin 2 e. 

Now Pi £l 2 + (7l 7 ?12 + r i ^12 — ^) ? ; 2 ^ 12 + ?2 ^12 + ^2 £l 2 ~ 

and therefore Po'£i 2 + ?o'^i 2 + r o'£i 2 =0- 

Multiply the three modified relations by £ 12 , ? 7 12 , £ 12 , respectively, and add the 
products ; then the result requires that 

&*£.(!■ 12) + Wi 2 (l, I2)+CiA(l, 12) 

shall vanish, contrary to easily verified fact. 

Hence the three relations do not coexist ; simultaneous values of the two 
quantities A 2 and fi 2 cannot be found. In other words, there do not exist quantities 
A and p, such that the three conditions of the type 

*v= 

can be satisfied. Consequently, the direction UZ at V does not lie in the super- 
ficial orientation at U determined by the two regional geodesics UA and UV. 

Similarly we infer that the direction VZ at V does not lie in the superficial 
orientation at V determined by the two regional geodesics VB and VU . 

239. As an indication of the deviation between the foregoing regional paral- 
lelogram and the earlier Peres parallelogram (§§ 229, 230) in the surface which is 
geodesic to the region, consider the inclination of the two regional geodesic 
diagonals, OZ of the former, OC' of the latter. 

The respective sets of the direction- variables at 0 of the two diagonals are 
required, up to the second order of small quantities. With the notation of § 234, 
the direction- variables of OZ at 0 are 

p 4 ' + ^ <h’ + Q* W + R, 
with the values of P, Q t R, as given on p. 148. 

With the same notation, let the length of the regional geodesic OC' of § 231 be 
denoted by t + T, to the third order of small quantities : it appears that T itself 
is of that third order. Let the direction- variables of OC' at 0 be denoted by 

+ 9a+Q*> * 4 ' + ^ 4 > 

to the required. second order of small quantities: it appears that P 4 , Q 4 , R 4 , 
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themselves are of that second order. By analysis of the kind used in similar 
investigations, we obtain the three equations 

tP l +p/T= - Kxy{x (ip/ + ip/ cos e) + y (ip/ + ip./ cos e)}, 

*Qi+ q*T= -Kxy{x(iq/ +iq / cos e)+y(iq/+iq/ cose)}, 
tR x + r/T = -Kxy{x(ir/ + \r/ cos e)+y&r/ + \r/ cos e)}, 

from the property that the values of the parameters at C are the same, by the 
diagonal path OC as by the lateral path OUC'. There is also the equation. 

v/vPi+u/PQ 4 +«,< 4) fl 4 =0, 


as a residuary condition from the permanent arc-relation at 0 along OC\ 

Multiplying the three parameter-equations by u/ A \ u/P, u/*\ adding the 
products, and using the residuary arc-condition, we find 

T - - Kxy{x{i cos j3+ £ cos a cos e) + y (/ cos a 4- i cos j3 cos e)}, 


where a denotes the angle UOC' and /3 the angle VOC. When this value of T is 
inserted in the parameter-equations, they give 


Pa—K 


,xy(or?-y*) f 


31 * 


{y(Pi ~p/ cos e) - x(p/-p / cos e)}, 


with like values for and f? 4 : that is, 

P 4 =-2P, Q 4 =-2<3, P 4 =-2«. 

-Vow let <f> denote the inclination at 0 between the two regional diagonals 
0/ and OC" : thus 


on reduction. 


sin* <£ = V ) o {( q/ + Q i )(r/ + R)~ (r/ + fl 4 ) (q/ + Q)} * 
^Va(q/lt- r /Q)* 

=9«2 M ' 2 ) ( £ AP*) - ( V Ap /l Ti 


—9 V) yfP 2 — K 2 - 
Consequently 


shy 2 (x 2 - y 2 ) 2 


4/ 4 


. Tr xy(x?-y 2 ) . 
* =A ‘ 20 Bm€ ’ 


shewing that the inclination is a small quantity of the second order. 

Ex. 1 . Prove that the length of the small geodesic arc C'Z is \Kxyl ; and find its 
direction-variables. 

Ex. 2. Prove that, to the second order of small quantities inclusive, 

ZOU^a-lt, ZOV=P-&. 


Regional cells. 

240 . We now can construct a geodesic parallelepiped (or geodesic cell) in a region, 
the definition being the obvious extension of that of the geodesic parallelogram 
in § 233. 
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Take any three non-complanar directions at a point 0 in the region ; and 
along the regional geodesics drawn in these directions, measure small arc-lengths 
OX=x, OY=y , OZ=z , the direction- variables 
at 0 of the respective directions being denoted 

by Pi, ?i'> r i : Vi, <h'> r 2 ; Ps, q*, ; re- 

spectively. Complete the geodesic parallelo- 
gram (in the sense of § 237) having OX and OY 
as adjacent geodesic sides ; in this parallelo- 
gram OYZ'XO, the small arc YZ'=x and the 
small arc XZ'—y . The geodesic parallelogram 
OXY'ZO, with the side XY'—z and the side 
ZY' — x , is completed; and likewise the 
parallelogram OZX'YO , with the side ZX'—y and the side YX' — z. The sides of 
all these parallelograms, in their respective pairs, have direction-variables which 
conform to the primary conditions (§221) of parallelism, up to the first order 
inclusive in each instance ; and there are the established second-order terms, in 
conformity with the results of § 233. 

To complete the geodesic parallelepiped, we take a regional geodesic X'O' 
parallel (in the foregoing sense, that is, up to the first order) to OX and of length 
x\ a regional geodesic Y'O' similarly parallel to OY and of length y; and a regional 
geodesic Z'O' similarly parallel to OZ and of length z. It will, of Course, be neces- 
sary to take account of the positions X', Y', Z', as the respective initial points of 
X'O ', Y'O', Z'O' ; and we take O' to be the point of intersection of these three 
geodesics, O' being at geodesic distances y , z, respectively from X ', Y', Z'. 
The parallelepiped, thus formed in the region, with regional geodesics for its 
edges, and having regional parallelograms for its faces, will be termed a cdl or 
(where necessary) a regional cell. 

Earlier investigations (p.146) shew that the direction- variables of the regional 
geodesic YZ' at Y are 

Pi - yvn - -^(AooPi'K 2 ) + p i2> 

with two other expressions, the second-order quantities P 12 , Q 12 , R 12 , depending 
on the four-index symbols, and that the direction- variables of XZ' at X are 

Pi - > Yli ~ W X 300 Pl 2 Pi) + P 2V 

with two other expressions, the second-order quantities P 2 n Q 21 , R 21 > depending 
on the four-index symbols. Similarly, the direction-variables of XY' at X are 
three magnitudes of the type 

Pz - x Yiz - i x2 (-^zooPi 2 Pz ) + P 31 , 

and the direction-variables of YX' at Y are three magnitudes of the type 
Vz ~ V72Z ~\y 2 {r 300 V 2 2 Pz ) + ^32* 

Similarly for the direction- variables of Z Y' at Z, and of ZX' at Z. 
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We therefore, as the direction-variables of a regional geodesic X'O' at X' in 
the direction X'O', take * quantities P/, Q x ', R x ' , defined by 

Pi ^ Pi - l r uPi (ypJ + ^ 3 ')] - KAoo/b ' Cm' + * pj') 2 ] + ^ 1 , 

- [AuPl'(yP2 +^ 3 ')] ~ 2[^30oK(m' +2p a ') 2 ] + #l> 

# 1 '-^/ -I ®iipi , (^2' + 2;p3 / )]- a[®300Pi / (KP2 / + »/'3 / ) 2 J + ^ 
where P 1} P l5 are magnitudes of the second order of small quantities. Similarly 
the direction-variables, of a regional geodesic Y'O' at Y' in the direction Y'O', 
are taken to be P 2 ', Q 2 ', P 2 ', defined by 

1*2 = ?V - 1 AiPs' + ay/)] - 2 [ Aoo'/V (^ 3 ' +^i') 2 ] + ^ 2 , 

© 2 ' = 7a' - MuPa' ( 2 ^ 3 ' +^l')J- sL^aooPa' ( Z P* +XPl) 2 ] + Q2, 

R 2 ' = r 2 ' ~l@nP» (*p* +^V)]~2L©300/ ? 2'(^ + ^i , ) 2 J b# 2 > 
where P 2 , $ 2 , P 2 , arc of the second order of small quantities. Similarly also the 
direction- variables, of a regional geodesic Z'O' at Z ' in the direction Z'O ', are 
taken to be P 3 ', Q 3 ', 7? 3 ', defined by 

p* =K - LAi Pa' (*/V + Wa')] - 2 LA 00 P 3 ' (*Pi.' + y? 2 ') 2 ] + P a> 

Gs' =-■ 7a' “ MnPa' 0*pi' + 07a') J - alAoo Pz ( x Pi + y<h) 2 J + Q* 
fla' = *a' -r®iiP3'(^Pi'‘» 2/7 2 ')J - K^aooPa' 0 *Pi' + 2/7 2 ') 2 J 

where P 3 , Q 3 , arc of the second order of small quantities. 

241. To verify that these values, which evidently satisfy the primary conditions 
of parallelism under all the definitions adopted, satisfy also the intrinsic require- 
ments of the region, and simultaneously to determine the nine quantities P h Q v , R, 
(for ? — 1, 2, 3), there are two kinds of equations. 

The first kind consists of a set of three relations, which survive from the 
permanent arc-relation of the region, at X' for X'O', at Y' for Y'O', at Z' for Z'O'. 
It will appear, in each of the three instances, that the arc-relation is satisfied by 
the foregoing values of direction-variables, unconditionally for the finite terms 
and for terms of the first order of small quantities, and by a residuary second-order 
condition involving magnitudes P t , Q n R r 

The second kind consists of three sets of two relations, each set arising out of 
the values of the regional parameters at O'. The value of the />- parameter at O'. 
in relation to its value at O, is the same in the broken geodesic path from 0 to O', 
whether this path j ends in X'O', Y'O', or Z'O ' : the three paths provide three 

*Here, and elsewhere, [PnP™ ih/J is used as the equivalent of ^ ^ 
where the variables x' and z ' represent p m q m \ r m ', and p n ' , q n ', r n ', respectively. 

f The equivalence of the paths OYZ f and OXZ', in providing the values of the 
regional parameters at Z', has already been used (§ 233) in the construction of 
the regional parallelogram OXZ'YO ; similarly as regards the paths OXY' and OZY' 
in the parallelogram OXY'ZO, and as regards the paths OYX' and OZX ' in the 
parallelogram OYX'ZO. 
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formally different values which must be equal and therefore provide two relations. 
Similarly, there are two relations from the (/-parameter, and there are two relations 
from the r-parameter. In all these relations, it will appear that the finite terms, 
the terms of the first order of small quantities, and the terms of the second order, 
are exactly the same in each set of three values ; in order that they may be the same 
for terms of the third order, there are two residuary conditions involving the 
magnitudes P { , Q if R { . 

Consequently, there are nine equations in all, potentially sufficient for the 
determination of the nine magnitudes P, Q, R. In the arc-relations, terms up to 
the second order of small quantities inclusive are retained ; in the parameter- 
equalities, terms up to the third order are retained. 

We begin with the arc-relations at X \ Z', respectively. At X ', the relation 

is 

^A X .P^=L 


As we require only terms up to the second order of small quantities in this equa- 
tion, we take (as in § 234) 


. . dA dA 

Ax '- A+y di, +z di+ 


*(= 


? 2 


d 2 A 

dsn ds •> ds *) 


, it .* 


with the earlier convention (§213) as to differentiation along different geodesics. 
All the various geodesics in question satisfy the convention up to the order 
retained ; for, up to the second order of small quantities, we have 

Px'=p +y?2 + zp-j - i[A i (yPi + *p 3 ')*L 
with corresponding values of q x > and r^ r , and 


A x -=A{p X ;q x .,r x ). 


There are similar values for the other primary magnitudes at X'. Also, up to the 
second order, 

Pi = Pi - («/y 12 + z Yw) + {Pi - 2 [A BooPi (ypa + z Pi?]}- 


Let these values be inserted in the arc-relation at X\ which must be satisfied, 
the small quantities x, y, z, being independent of one another. 

From the finite terms, we have 

^Ap i' 2 =l, 

a relation which is satisfied. 

From the terms of the first order, we are to have 

'E pi 2 (y ^ + 2 - 2 ^ A . Pi (yYi * + z ?i 3 ) = o ; 


F.I.O. II. 


L 
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but (§ 212) 

fJA 

S ds 2 Pi ' z = 2 ^ (1 ^ i2 + Wz<1 §i2 + M3<1> ^’ 

dA 

S K 2 =2 K (l) yis+«2 (1 > Sl3+M 3 (1> ^}, 


and therefore the terms of the first order vanish. The required relation is thus 
far satisfied unconditionally. 

From the terms of the second order, we are to have 


2 X Api'Pi - S A Pi[ r mPi (VPi + z Vz) 2 ] + 2 M toft. +**.)*} 

-2S{w, (j^+4^)} 




When the combinations of the first derivatives of the magnitudes A , and those 
of their second derivatives, as given in § 212, are inserted, and the condition is 
reduced, it becomes 


u^P. + u^Q. + n, 

a residuary second-order condition from the arc-relation at X'. 

Similarly we have 

v 2) /yi u^q,+u,^j{ 3 = i s {k n (zu+'^n 

< 3) p* + -I- «3 (3) i* 3 =£S {lc n (*£„ + yU)\ 

as residuary second-order conditions from the arc-relation, at Y', and at Z', 
respectively. 


Parametric positions of the angular points of the cell in the region . 

242. The value of the ^-parameter at Z' is, by § 233, 

Pz'=P+ x Pi + yVi - M-T, n (Xfi + yPi) 2 J - 6 [ r 300 {xpi + yj) 2 ') 3 ] + l 0 xyK , 2 T 3 , 
where 

K 1Z sin 2 12- 2 ^n^i 2 2 . T ^~ x (Pi~Pi cos 12) + y(p 1 ' -p 2 cos 12), 

and 12 in T 3 denotes the angle XOY at 0. The value of the ^-parameter at O', 
when O’ is attained from 0 by a broken geodesic path ending with Z'O', is 

Pz' + zPs+W+W, 

up to the third order of small quantities, where P 3 " and P 3 '" must be taken at 
Z'. Now, as in § 229, it is proved that, at Z' for the direction P 3 , 

Pz'=Pz'-[PmP^{ x pY + yPi)]-^ Q {xK^, Vi) + yK 2 (Z, 23)}, 
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up to the first order of small quantities, higher powers not being necessary because 
P 3 " has a factor | z 2 . Also, because of the factor }z 3 , we can take 

Pi"=pi"- 

Hence substituting for p Z ', P 3 ', P 3 ", P 3 '", the value of the ^-parameter at O', as 
given by the path ending in Z'O', is 

r + x Pi + ypi - a t-^i i ( x pi + ypi) 2 ] - i l f 300 ( x pi + ypi) 3 ] + o'xyKj z T s 

+ z pi -4^11 pi( x pi ypi ) J - hir^pi (xpi + ypi) 2 ] + zP 3 

+ h 2 pi' - 2 Z 2 [r 300 pi 2 (xpi + ypi)]-^ [xKi (3, 13) + yA' z (3, 23)} 

— \z 2 \T 3W p 3 *]. 

Tn this expression, the aggregate contributed by the finite term, the terms of 
the first order in small quantities, the terms of the second order, and those terms 
of the third order involving the quantities r uk , for i -\-j j- £=3, is 

V + xpi + ypi + ~pi - -2 [At (xpi + ypi + -pi) 2 ] - l [Pm (xpi 4 ypi + zpif 1 , 

a total which is symmetrical as regards the three edges OX , OY , OZ, of the cell. 
The aggregate of the remaining terms, all of the third order of small quantities, 

-~ZP 3 + lxyK 12 T 3 - ^ {. xz 2 K \ (3, 13) -t yz 2 K, (3, 23)} : 

or, if 

P 3 - ™ {xzKy (3, 13) + yzK } (3,23)}- P 3 , 


this third-order aggregate 


=zP 3 + lxyK 12 T. 


Similarly, if we take 

P^^yx A',(l, 21) + *zA 1 (l, 31 )}=P lt 

Pz-^&yKiV, 32) + ajyA\(2, 12 )}=P Z , 

y (Jh' - P 2 cos 23) + Z (Pz - Pv COS 23) = 1\, 
z (Pi ~Pa cos 31) + x(p 3 ' -pi cos 31) — T 2 , 


the symmetrical aggregate in the expression for p at O' by a broken geodesic path 
ending in X'O' is the same as the former symmetrical aggregate, and the third- 
order aggregate 

=xP l + lyzK 23 T 1 ; 


while, in the expression for p at O' by a broken geodesic path ending in Y'O', the 
symmetrical aggregate is again the same as the former symmetrical aggregate, and 
the third-order aggregate is 

=yP 2 +izxK 31 T 2 . 
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Hence, when the three formally different values of p thus obtained are equated 
to one another, we have the two relations 

+ \yzK 23 T 1 =yP 2 + %zxK 3l T 2 = zP 3 + \xyK 12 T 3 , 

the three expressions constituting, at this stage, a single unknown quantity. Let 
the common value be represented by 

xyzP *f -g (yzK 22 Ti + zxK 21 T 2 + xyK 12 T 3), 
where P is this single unknown quantity ; then we have 
P 1 —V Z P + g(zA 3 iJ t 2 + yK X2 T 3 ) 

P\=zxP +£(#£ 12 ^ 3 + zK^Ti) ' , 

P * = ^ i {yK 23 T 1 + xK 3l T 2 ) ^ 

as analytical inferences from the equal values of the ^-parameter at O'. 

Similarly, if we take 

Qi - 4 iyxK 2 (l, 21) + zxK 2 ( 1, 31 )}=&, 

Q 2 -~{zyK 2 ( 2, ■62) + xyK 2 (2, 12 )}=&, 

Q 3 -~{xzK 2 { 3, 13) + yzK 2 (3, 23 )}=(?„ 

the equal values of the ^-parameter at O', attained by the three paths, lead to the 
analytical inferences 

Qi~yzQ +j?(zK 31 U 2 + yKi 2 U 3 ) 

Q 2 —zxQ 4- q(xK X2 U 3 }- 2 A 23 Oi) ► , 

Q* ^xyQ+i {yK%Pi + ® A r 31 c/ 2 ) „ 

where Q is an unknown quantity at this stage, and U l9 U 2i U 3 , are the same as 
T l9 T 2) T 3 , with the variables q' in place of the variables p'. And, if we take 

Ri - 3 ^ iyxK 3 ( 1 , 21 ) + « g *,( 1 , 31)}= 

{*(2, 32) + xyK 3 (2, \2)}=R 2 , 

R 3 -~ {xzK 3 (3, 13) + yzK 3 (3, 23)} = R 3 , 

the equal values of the r- parameter at O', attained by the three paths, lead to the 
analytical inferences 

yzR’\-\{zh ^ 31 k r 2 H- 2 /A 12 F 3 ) 

^ 23 ^ 1 ) - > 
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where R is an unknown quantity at this stage, and V l9 F 2 , F 3 , are the same as 
Ti, T 2 , T z , with the variables / instead of the variables p'. 

We now return to the residual conditions from the arc-relation at X\ at Y', 
and at Z', respectively. When account is taken of the values of the quantities 
A\(A, fiv) for the various values of i, and of A, /*, v, we have 

21) + n 1 ft)Z a (l > 21) + uJ»K z (l, 21) 

= Pi 9 h&%L+k\tfi\ + hzt>2\ • 

JlU^ ffU 2 ^ + fu 3 ^\ (Ji , ^12^21 + ^22^21 + *23 ^21 

^1 (1) * + >2 (1 > + CW 3 (1 } > *l'> *uf 21 "I' *23*?2l + *33 ?21 

The constituents of the first column are fip/, fiy/, fir/, and therefore the deter- 
minant on the right-hand side vanishes. In the same way, we find 

31) + w 2 (j) /£ 2 (1, 31) + u^K 3 (\, 31) =0. 

Accordingly, we have 

V‘>P X + «2 (1) <?1 + M3 (1) ^X = «1 (1) ^1 + «2 (1) 0 1 + «3 (1) ^1 S 
and therefore the residual condition from the arc-relation at X' becomes 

W l (1 ) P 1 + M 2 (1 + $11 (yll 2 + 2 £m) 2 }- 

In this form of the residual condition, let the inferred expressions for Pj, Q v R lt 
in terms of P, Q, R, be substituted. Because 

Mi (1) r 2 + M 2 (1) C/ 2 +r< 3 (1) F z = z sin 2 31, 
uJ^Ta + u^Ui + u^V^y sin 2 12, 
the left-hand side becomes 

yz{u^ x '•Pa- u 2 a) Q 4- u z (l) R) A- -|z 2 /f 31 sin 2 31 4- ly 2 1\ 12 sin 2 12 

=-.yz{u^ '>Pa-U'P 4 - m 3 <‘ •R} + \z 2 ^k n £ r / + ly 2 ^& u £ 12 2 , 
and therefore the residual condition from the arc-relation at X' now has the form 
u^P A- u 2 MQ + u 3 « >7M S kntutu- 

Similarly, the residual conditions from the arc-relation at Y' and the arc- 
relation at Z' have the respective forms 

u^P + U.MQ + u.MR=\ £ 

«1< 3) P + u^Q + U.^R = I y) ^11^31^32- 

These are the only surviving conditions : and they suffice to determine P, Q, R, 
and therefore (by implication) the quantities P/, Q/, P/. All the intrinsic 
requirements of the region have been satisfied by the values postulated initially 
for the nine quantities P', Q\ R r ; and these postulated values are such as to 
constitute the opposite edges of the cell to be directions geodesically parallel to 
one another in sets. 
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In the resolution of the three equations for P, Q, R, the determinant of the 
coefficients 


where 


Mi* 2 ’, M 2 (2) , 

«1 (3) , m 2 (3) , 


A, H, G 
II, B, F 
G, F, C 

= (OS)*, 


^3 

« 3 (2) 

« 3 (3) 


Pi, <h, *i 
Pi, <li, r 2 
Pa, q», r a 


S— 1 - cos 2 23 - cos 2 31 - cos 2 12 -f 2 cos 23 cos 31 cos 12, 
the usual magnitude connected with the solid angle at 0 ; also 


m 2 (2) u 3 (3) - M 2 (3) M 3 (2) =a^ 23 + hrj 23 + #£ 23 , 

with corresponding values for the other minors in the determinant. We write 
£23(^1 ^11^21^31)+ ^:u( + £n(^jku£ia£ia) — K( 

1 72 3 (^J^H^21^3l) + 7 ? 3 l(^ ^n^ 3 2^12) 7 h2 ( ^/^'ll^l.'i^2.'i) = B-7) • i 

£ 23 ( zL/ ^11^21^31) + £ 3 i(/L ^11^32^12)+ £12 ( ^'11 3^23) — I^i 
then we have 

Z(S25)*P=aK f +hK v +gK i 
3 {QSyQ - hK ( + bK v +fK i ►. 
S(aB)*R=gK t +fK n +eK t . 


Direction-variables of the edges of the regional cell. 

243. When these results are gathered together, the direction-variables of X'O’ 
at X' are Pf, Qf, Rf, where 

Pi -Pi ~ [P11P1 (VPi + z Pa)’\ ~ 2LA00K (VPi + z Pa?\ 

+ ~{xyK 1 (h2l) + xzK 1 (l, Sl)} + ^zK 31 T t +yK lt T a ) 
+iyz(aK f +hK ri +gK i ), 

Qi = ( h- 11P1 (yPi + z Pa)] ~l[d 300P1 (SPt + z Ps ? J 

+ ± i {xyK i ( 1, 21) + xzK 2 (l, m + \(zK n U t +yKM 
+ iyz(hK f +bK 1 ,+fK t ), 

Ri’=ri - &11P1 (ypi + z Pz)\ ~ il®300 Pi (yPi + z Pa?] 

+^{xyK a (\, 21)+aaJf 3 (l, 31 )}+\(zK zl V 2 +yK n V z ) 
+iyz(gK ( +fK„+cK l ), 
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^2 = Z (Pl -P3 cos 31 ) + x(pz - Pi COS 31) ' 
U 2 : =z(qi' - q 3 cos 31) + x(q 3 - y/ cos 31) ► , 
F 2 =z(fi' - r 3 ' cos 31) + #(r 3 ' - r/ cos 31) 


T 3 =x(p 2 -p x ' cos 12) + y (pi-pt cos 12) " 

V^=x(q 2 -gq'cos 12 ) + y(gq' -gr 2 ' cos 12 ) 

F 8 =®(r 2 ' - r/ cos 12 ) + y(r l ' - r 2 ' cos 12 ) 

The direction-variables P 2 ', Q 2i R 2i of Y'O' at I 7 ', and the direction-variables 
P 3 '> Qs) R3, -Z'O' at Z', are of forms similar to P/, Q/, /?/, and can be derived 

by the cyclical interchanges of 2 ?, p/, <7/, r/ ; y, p 2 ', q 2 > r 2 ; z, p 3 ', q 3 , r 3 ; with 
one another, simultaneously with the appropriate changes of the quantities 
Ki(\, fiv) ; K afJ ; and of T i9 U n F f . The magnitudes A%, A { , being symmetrical, 
remain unaltered by all the sets of interchanges. 

The values of the regional parameters at O' are 


where 


p 4- tp 0 \ nr xl p 0 2 ] - J 0P0 3 ] 

+ J (yzK 83 ^ 1 + zxK 3X T 2 + xyK n T 3 ) + + hK^+gKJ, 

3 ( J A3 ) 8 

(J + t<lo ~ |< 2 [^llPo' 2 ] - -^ 3 [^30 oPo' 3 J 


+ KyzK^U, + zxK :n U 2 + xyh 12 t/ 3 ) H , ( hK ( + bK , +//£ { ), 

3 (iciii) 8 

' + fro' ~ l< 2 |©nPo' 2 ] - ^ 3 L©30 oPo' 3 J 


+ UyzK i3 V x + zxK sl V z + xyK n V 3 ) + —~i (gK ( +fK v +cK c ), 

3(Qa)‘ 


tpo'^xpi +yp 2 ’ +zPz> <?o'=%' + w/+< tr 0 '=xr 1 '+yr 2 '+zr 3 ', 
t 2 = a: 2 + + z 2 + 2yz cos 23 + 2za; cos 3 1 + 2xy cos 1 2 . 


Ex. 1 . Prove that the sphericity of the region in an orientation at 0, parallel to 
the orientation of the small triangle X YZ as x, y, z, diminish towards zero, is equal to 

^jk n (yz{j 2 3 +zx £ 3 1 + xy£ n ) 2 

'£,a(yztia+zz€ 3 i+ x yZu? ’ 

Ex. 2. The length of the geodesic diagonal 00' of the cell, and the direction- 
variables at 0 of that diagonal, can be derived by means of the values of the regional 
parameters at O' which have just been obtained. 

Let the geodesic length of 00' be denoted by t + T, where T will prove to be of the 
third order of small quantities ; and let the direction-variables p', q' 9 r', at 0 of the 
geodesic 00 ' be such that 

P'=Po'+ p , q'=q 0 '+Q> r' = r 0 ' + R, 

where P, Q, R, will prove to be of the second order of small quantities, within the fore- 
going approximations. 
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In the first place, there is the arc-relation 2 Ap' 2 = 1 at 0, so that we have 

^A(p 0 ' 2 +zp 0 'P) = l, 

neglecting P 2 and quantities of like order : that is, 

u^P+u^Q + u^R- 0. 

The ^-parameter at O', estimated at an arc-length 1 4 * T from 0 along the geodesic 
00' with p', q\ r\ as its direction-variables at 0 is 

- p + (t + T)p' + £ (t + P) 2 p" + * (« + T)Y". 

Now p"=-SA iP* 

= -SA APo' + zPo'P + I 32 ), 

and p" is already multiplied by the magnitude (t + T ) 2 ; hence the parts in P and P 2 
arising out of p" can be neglected in comparison with the part tP arising out of tj>\ 
Similarly for the term in p'" ; and therefore the foregoing value of the parameter p 
at 0' 

=J» + <n - MAiPo' 2 ] - e^tAoolV 3 ] + tP + T Po> 

neglecting magnitudes of the fourth and higher orders. When this value is equated to 
the value obtained in the text, we have an equation 

tP t- T V 0 ' = 1- (yzK^T, +zxK 3l T 2 +xyK 12 T 3 ) + -^-( a K ( +hK r) +gK c ). 

The corresponding equations arising from the values at O' of the other two para- 
meters are 

tQ + Tq 0 ' = £ (yzK^U, +zxK 31 U 2 + xyK 12 U 3 ) (hK e + bK v +fK ( ), 

tn t- Tr' = 1 (yzK^V, +zxK 31 V 2 + -xyK i2 V 3 ) +-*** (g Kf +/K V + cK ( ). 

o (U&)* 

Thus there are four equations for the determination of T ; P, Q, R\ they verify 
the statements that P, Q, P, are of the second order of small quantities and that T 
is of the third order. 

We multiply the last three equations by u^°\ u 2 and add the products : as 

1. 

the result becomes 

T = {% (0) (^23 T 1 + ZxK Zl T 2 + X V K 12 Ti)} 

%es)\ S + hK +** { )>. 

For the aggregate of terms in the first line of this expression for T, as 

= +2/^(2) -fzw/ 3 *, 
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with similar values of w 2 (0) and w 3 (0) , we have 

2 tu l ^T l = ^ {xu^+yu^V +zu l ®'>}{y(p 3 -p 2 cos 23) +z(p 2 '-p 3 cos 23)} 

= 2 yz sin 2 23 4#2/(cos 13 - cos 12 cos 23) 4&z(cos 12 - cos 13 cos 23) = W v 
y] tu 1 ^T 2 = 2zx sin 2 31 +yz (cos 12 - cos 13 cos 23) 4 sm/(cos 23 - cos 12 cos 13) = W 2 , 
y] tu l ( ° y >T s = 2xy sin 2 12 4Z£(cos 23 - cos 12 cos 13) +yz{coa 13 - cos 12 cos 23) = W 3 ; 
and therefore the first line in the expression for T 

-\-zxK 3 ]W 2 +%yX 12 ^ 3 )* 

For the aggregate of terms in the second line, we have 

X u^(aK { + hK v +(jK c ) = Q(p 0 'K ( + q 0 'K, + r 0 ’K e ) ; 


also 


t(Vo K (+<U> K v+ r o K d = 


ft. ft 

4. ?2 

*l'. r • 


2 ’ 


% 

To 


11 ( X ^12^13 +2/^23^21 + Z ^31^32) 


Thus the second line in the expression for T 


~( q ) -^11^ £12^13 + 2/^23 £21 


““ Kll ( X £l2%13 + 2 /^ 23^21 +^^ 31 ^ 32 )* 

Accordingly, 

tT — J- {W 1 yzK 23 4- W 2 zxK 3l 4- W 3 xyK l2 ) 

+ IxyzLt -^11(^^12^13 "t 2 /^ 23^21 +^^31^32) > 
and the length of the geodesic diagonal OO r 

-< + T, 

where 

t 2 —x 2 +y 2 +z 2 +2 yz cos 23 4 2 zx cos 31 4 2a^ cos 12. 

The values of P, Q , P, arc inferred by substituting this value of T in the three 
equations involving those magnitudes. 

Ex. 3. In the cell thus constructed, each face is a parallelogram of the type 
considered in §233. Thus in the face OXZ'YO , the angles OXZ' and OYZ' are equal, 
up to the second order of small quantities, the common value being (§ 225) 

77 - 12 4 \K 12 xy sin 12 ; 

and in the face OXY'ZO , the angles OXY' and OZY ' are equal, to the same order, 
their common value being 77-13 +\K l3 xz sin 13, where 12 denotes the angle YOX and 
13 denotes the angle ZOX. 

Required the magnitude of the difference between the angles F'ZZ'- 23, where 
23 denotes the angle YOZ , so as to complete the determination of the three plane 
angles which art* the constituents of the solid angle at X made by the three regional 
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diagonals, one being the continuation of OX and the other two parallels to OY and 
to OZ respectively. 

Ex. 4. Let the continuations of the geodesics X'0\ Y'0\ Z'0\ through O' be 
O’X , 0'Y, O'Z. The direction-variables at 0' of these three continuations are known, 
as are the parameters at 0' : required the magnitudes 

YO'Z-23 , ZO'Y - 31, XO f Y + 12, 
connected with the plane angles of the solid angle at O'. 
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Parametric Curves in a Region 

244. A curve in a region can be most simply represented by two relations 
e(p,q,r)=Q, e(p,q,r) = 0, 

among the parameters of the region. Each relation, by itself, represents a 
parametric surface wholly contained within the region ; and the two relations, 
combined, represent the curve of intersection of the surfaces. At any point of the 
curve, each of the associated surfaces has its own tangent plane ; and the inter- 
section of the two tangent planes is the tangent line of the curve. In the same 
direction as that tangent line, and therefore touching the curve, there are three 
geodesics to which the curve can be specially related : the superficial geodesic on the 
e-surface, the superficial geodesic oil the e-surface, and the regional geodesic. The 
orthogonal frames of the curve, in relation to flexure in the separate surfaces, to 
flexure in the region, and to its curvatures in the plenary space, are interlocked 
with the orthogonal frames of the two superficial geodesics in the region and in 
space, and with the orthogonal frame of the regional geodesic. 

Consider the parts of the orthogonal frames of the two superficial geodesics 
which lie within the tangent flat of the region. The special lines are, (i), the 
common tangent in the direction //, q , r', such that 

e iP' +* + e./ = 0, e 1 p' + e 2 ^'-j-€ 3 /=0 ; 


(ii), for each surface, the line lying in its own tangent plane which is perpendicular 
to this common tangent line, the two lines thus selected being the two 
binormals of the respective superficial geodesics ; and (iii), the regional normals 
to the two surfaces. The element of regional arc normal to the e-surface will be 
denoted by dn , and the clement of regional arc normal to the e-surface will be 
denoted by dv ; and the respective normal dilatations (§ 207) of the surfaces will 
be denoted by e n , e„. Then we have 


Qe n -^= a e l + he 2 +ge 3 


^ e n^=9ei+f e 2+ ce 3 


Qe v — = a € 1 + he 2 + ge 3 




Qe n 2 = 2 & € v 2 = 2 ae i 2 * 
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Let <x) denote the angle of intersection of the two surfaces at the place p, y, r, 
taken to be the angle between the positively-drawn regional normals to the two 
surfaces, and let it be measured positively from the normal of the e-surface 
towards the normal of the e-surface, as in Figure 28 ; then 


so that 

It follows that 


so that 


cos CO 




dp dp 
dn dv 


Q 2 e„e v 


2 {A (ae v + he 2 + ge 3 ) (a €l + h e 2 + ge 3 )} 


i2<v„ 




~V ; ac 1 e 1 — Q(’ n e v cos co. 

( Qe n e „) 2 sin 2 w = ( ^ ae/) ( Y, ae z 2 ) - ( ^ ae^) 2 
— Q ^j{A (e 2 e 3 — c 3 € 2 ) 2 }, 


^ {A (c a e 3 - c 3 <= 2 ) 2 } = jQe„V sill 2 w. 

The variables p', q', r', of direction of the curve are given by 


so that 


where 


that is, 


(’iP + (■/]' + <'■/ = 0, 6j p' + e 2 q' + e 3 r' = 0, 

/ _ / = 1 

C2 e 3 — e 3 € 2 f 3 e l — C *l e 3 — 1 A 

A*= %{A(p'A) 2 } 

= Yj {A (e 2 e 3 - c 3 e 2 ) 2 }-£)e n \* sin 2 a > : 

1 

A — Q*e n e v sin to. 


Let X e and A e denote the typical direction-cosines of the respective superficial 
binormals, being the lines at right angles to the tangent in the respective tangent- 
planes TOB e and TOB e : then 



y» 

?/2> 

2/3 

, qKx= 

Vi> 


2/3 


Ml, 

U 2 , 

U.J 


Ul, 

u 2i 

u 3 


Cl, 

c 2 , 

e 3 


e i> 

€ 2> 

e 3 


the direction-variables in the magnitudes u l9 u 3 . 
Also 

^AA=coso>, 


being those of the curve. 


as is easily verified. 
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Again, let 0N e and 0N e be the regional 
normals to the two surfaces, OT being the 
tangent to the curve of intersection ; also let 
OB e and OB e be the respective superficial binor- 
mals. Then the four lines ON e , ON € , OB e , OB c , 
in the tangent flat of the region, are at right 
angles to the line OT in the flat ; and they there- 
fore lie in a regional plane at right angles to OT . 
The direction-cosines of sets of three of these four 
lines must therefore be linearly connected ; and 
the geometry of the diagram leads to these linear 
relations in the form 


T 



Fig. 28 . 


where 

while 


~ sin to— X e cos to — A c 
an 


x . dy dy 
A. sm co = ~ - ~r~ cos co 
dv dn 


dy . . . 

sm co=A e - A t cos co 
dv 


x • dy 
A e Sill to— ~ COS OJ - 
dv 


N e ON € =zaj=B c OB e3 

dy dp da dr dy dp dq 

£•**>*«&+*&• i-**K + »*® + * 


dy 

dn 


dr 

dv' 


the direction- variables of the respective regional normals 0N e and 0N € being as 
already stated. 


Ex . 1. Obtain the following relations, which will be found useful in a later 
investigation : 


(u 2 e 3 - u 3 e 2 ) sin to = Qh n 
(u 3 e x - u x e 3 ) sin co — Q*e n 
(u x e 2 - u 2 e x ) sin to — 

(u 2 e 3 - u 3 € 2 ) sin co = Q* 

( u 3 € x - u x € 3 ) sin to = Q*€ v 
{ u x e 2 - u 2 e x ) sin co = .Q» e v 


(i-£— •)' 

(?-$«.») ■ 
\dv dn / 

( dr dr \ 

T - , - COS tO ] 

dv dn J J 

(-£ 4 —)' 

( dq dq \ 
l - + } cos to I 

\ dn dv J 

( dr dr \ 

~dn*dl m V\ 


An analytical interchange of the surfaces e and €, with the corresponding inter- 
change of the sets of the direction-variables of their regional normals, requires a 
reversal of the direction in which the inclination to is measured and therefore compels a 
change in the sign of co : hence the skew symmetry between the two groups of results. 
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In connection with these results, it is convenient to re-state the results 

e 2 e 3 ~ e 3 € 2 ~p' Q* e n € v S ^ n 

e 3 €i - e x € z = q' Q*e n e v sin co 

e l € 2 ~ e 2 e l — r ' ®* e n € v n 

which evince the same skew symmetry as regards the two regional surfaces. 


dco 


Ex . 2. To obtain the value of -j- , we proceed from 


COS CO 


8 " => 'tf 


«i«i. 


so that 


/de n dt v \ dco 

Vds e " + ds v C<>8 ( °~ ds e " e ‘' SU1 40 


do) 


4[e /w?i)€2 + (^<7C|)e a + (^ rt€i)f J i+(^ J ^€i)e 2 I j> 


on reduction, where 

<’* = S ( C * - e l F iK - e 2 4* - <3 0 ia) **V> 

* 

e l-^ */c ” e 2^?A- “ e 3®ilc) X k> 

with the usual convention x v x 2i x 3 , =j>, q, r. Also, as in § 207, 

<kn=e dp +c ^+e. dr 
ds 1 dn 2 dn 3 dn ’ 

^ - rfp , - - dr. 

ds x dv + 2 dv + 3 dv' 

and therefore 



When the values of the coefficients of e 1? e 2 , € 3 , e v e 2 , e 3 , as given in the preceding 
example are inserted, and after a slight reduction, we find 



"l, 

w 2 , 


1 

w x , 

u 2 , 

u. d 



w 

— 2 

_ 

_ 

_ 


^ 2> 

H 

€ u 

«i> 

«2> 

e 3 


*2> 

e 3 


e » 

«2> 

€ 3 


and therefore, by the results in § 200, 

dco 1 1 



where cr e and a € are the radii of regional torsion of the superficial geodesics on the 
e-surface and the c-surface respectively. 
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Ex. 3. 


The quantities y\ are typical 


direction-cosines of three non- 


complanar lines in the tangent flat which can be taken as its leading lines. They are 
equivalent, as leading tines, to the directions of the parametric curves at 0 ; and 
the typical direction-cosines of each set are linearly expressible in terms of those of the 
other set. We therefore have relations of the form 




To determine /, P, Q , we have 


Pcosa J +Q = 22/i^=-g 1 ; 


and therefore 


Similarly 




V2 y u 2 + \ji n V e 


- - cos Cl) J -f 


ci 


dv V e T 


cos CO 


)]■ 


J3 J 3 sm 2 a> ldn^e n € v J dv\ €v e n /_ 

It follows that any expression which is linear and homogeneous in y v y 2y y 3 , 
can be transformed into a modified expression which is linear and homogeneous 

in v' - y dy . 
y ’dn' dv 


Values of p", q ", r", along the curve . 

245. These relations are useful in evaluating the second arc-derivatives of 
p, q, r , (to be denoted by p", q c ", r c ") along the curve of intersection of the 
e-surface and the €-surface. 

Because the curve lies on the e-surface, we have 


e lVc” + e 2 ( Ic" + e » r c" = - 2 C llP' 2 ’ 


and therefore 


e 1 (Pc"-p") + <’*(qc" ~ ?") + «3 (r." - r")= - 2 (e n - - e 2 A n - e 3 @ n )^=~ n , 

re 


where l/y e is the regional flexure of the superficial geodesic on the e-surface 
touching the curve. Similarly, 
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where l/y t is the regional flexure of the superficial geodesic on the €-surface 
touching the curve. Also, because the arc lies in the region so that the relation 
^jAp' 2 = 1 is satisfied, we have 

Ml (Pc' -p") + m 2 (q c " -q")+u 3 (r" -r")= 0, 
with the customary significance for u x , =Ap' + Hq' + Gr', and likewise for u 2 
and u 3 . 

Thus there are three equations for p c " - p", q" - q'\ r c " - r". The determinant 
of the coefficients of these quantities 


— ®1» ^2) ^3 

«=1> e 2> € 3 

Ui, Ufr ll 3 

= (u x p f + u 2 q' -f u 3 r') Q*e n e v sin oj 
—-Q* e n € v sin a;. 


Consequently, 

(Pc" - p")&e n e„ sin to = 



f_v 

> e 2> 
0 , u 2 , 


<3 

e 3 

% 


(dp 

y e sin a> Ww 


uv / y € sin oj \ay an / 


and therefore 



These are the values for p", r", along the curve which is the intersection of 

the e-surface and the €-surfaco. For the superficial geodesic on the e-surface 
touching this curve, we have 


__ 1 

dp 

Ye 

dn 

_ 1 

dq 

~Ye 

dn ' 

_1 

dr 

~~Ye 

dn ^ 
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and for the superficial geodesic on the e-surface touching the curve, we have 
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The quantities p e ", q e " 9 r", and p”, qj\ r e ", belong to the geodesics on the 
e-surface and the e-surface respectively, while the quantities p ", y", r", belong 
to the regional geodesic, all these geodesics touching the curve and touching one 
another. (The curve of intersection can be regarded as its own geodesic.) 


Circular curvature of the curve. 

246. We now can obtain the circular curvature and the direction-cosines of 
the prime normal of the curve of intersection of the surfaces. 

Along the curve, we have, for a typical variation, 

y” = yiPc" + y t q " + ?h r " + X y n j>' 2 

= yii?" - v") + y-i ( lc " - ?") + y 3 {r" -r")+ 2 ^l! P' 2 - 

Let 1 1 p e denote the circular curvature of the curve, and let Y c denote the typical 
direction-cosine associated with the typical space- variable y , so that 

Y c = Pc y c ". 

Now, from the values obtained for p c ", q c '\ r ", 



a V j 

\y c y e J sin oj 9 


by the expressions (§ 244) for X e and X € . The foregoing equation for y" thus 
becomes v 

Pc P y,/sinaj’ 

which accordingly is the typical equation for the circular curvature and the 
direction-cosines of the prime normal of the curve. 

For the magnitude of the circular curvature, we have 

£rA.=0, £yA e =0, S A A=co S<u ; 


F.T.G. II. 


M 
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and therefore 

1 _ 1 /I 2 cos 1 \ 1 

pc 2 ~p 2+ W y<7e + 7e 2 ' Sm 2 CO ‘ 

The equation for the typical direction-cosine can also be written in the equivalent 
forms 


~ e -~, 

dy 

dy 

=0, 

Y._T 

y -£_Z, 

L-I 

Pc P ’ 

dn ’ 

dv 

Pc P ’ 

Pe P ’ 

Pe P 

1 




1 

1 

COS CO 

J 

1 , 

cos CO 


9 

9 


Ye 




Ye 

7e 

Ye 

1 




1 

cos CO 

1 

9 

COS co , 

1 


9 

> 


Ye 




7e 

Ye 

7e 


with the significance for Y e , Y el p e) p € , indicated below. 

Ex . The tangent to the curve can be taken in the form 

y-y=*y i+hh+m* 

where the parameters k , A, p, satisfy the two conditions 

Ke x + Ae 2 + pe z = 0, K€ x + Ae 2 + pe z = 0. 

Let TI be the perpendicular drawn to the tangent from a consecutive point of the 
curve at a small arc-distance 8 from 0 ; and let Y denote the typical direction -cosine 
of this perpendicular. Then, using the method of §§ 166, 194 to determine this perpen- 
dicular and its direction, obtain the equation 

l p \y e yj sin co J 

accurate up to 8 2 inclusive, leading to the result stated in the text. 

There is a geometrical construction for the direction of the prime normal of 
the curve of intersection of two parametric surfaces in a region. 

Let the circular curvature and the typical direction-cosine of the superficial 
geodesic on e=0, touching the curve of intersection, be denoted by 1 jp e and Y e ; 
and let the corresponding magnitudes for the superficial geodesic on €=0, in the 
same direction, be denoted by l/p € and Y f ; then we have (§ 195) the respective 
relations 

y e= j + i_% 

pe P 7e dn ' p t p y € dv 

We take the regional normals ON e and 0N t at 0 as in § 244, and the two superficial 
binormals OB e and OB a all these four lines lying in one plane — the plane which, 
in the tangent flat of the region, is at right angles to the tangent line of the curve. 
With this plane, we associate the prime normal OY of the regional geodesic ; and 
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we thus have another flat. In this new flat, let a sphere, centre 0, be drawn ; 
and consider its intersection by the various lines. The points N e , N €9 B ey B a lie 
on a great circle, of which Y is the pole. 

The direction of the radius of circular curvature of the superficial geodesic on 
the e-surface lies in a plane through OY and 0N ei by § 150 ; accordingly, it 
intersects the sphere in a point on the quadrantal arc YN e , and we take OC e to 
be the direction. Similarly, the direction of the radius of circular curvature of 
the superficial geodesic on the e-surface lies in the plane through OY and ON € ; 
we take OC € to be the direction. 

Again, the curve lies on the e-surface ; OC e is the prime normal of the geodesic 
on this surface in the same direction as the 
curve; and the line, perpendicular to this 
direction and in the tangent plane of the 
surface, is 0B e . Consequently, the direction 
of the prime normal of the curve lies in 
the plane determined by 0C e and OB e , and 
it therefore meets the sphere in some point 
on the great circle B e C e . 

Similarly, because it lies on the €- surface, N e 

the prime normal of the curve meets the B e 

• • ■ Fiq 29 

sphere in some point on the great circle B e C e . 

Let those two great circles intersect in C ; then OC is the direction of the prime 
normal of the curve, and the prime normal itself is the intersection of the planes 
B e OC e and B t OC v 

As regards the spherical trigonometry of Fig. 29, we have 

N e N e =(x)=B e B f ; 



the point B e is the pole of the great circle N e C e Y, and B € is the pole of N e C € Y. 
Let YC e — a, YC € =p, so that 


cos a 
Pe 
sin a 
Pe 


1 

P 

1 

Ve 


COS /?__1 

Pe ~ P 
sin j8_ 1 

Pe ~7ej 


Let CY=<f> i CYC e =u , so that CYC € =u-q) ; then as the angles at C e and C f 
are right angles, we have 


tana 

. =COS U. 

tan^ 


tan/} 

tan^ 


—cos (u~a>). 


Eliminating u, we find 

sin 2 o> tan 2 </> = tan 2 a - 2 tan a tan /? cos co + tan 2 j8, 
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and therefore 

tan 2 <£ / 1 2 cos to 1 \ 1 

P 2 W y e y e + y e a /sin 2 o>' 

But 

11 I 1 2 cos tu 1 \ 1 

Pc 2 P 2+ W« 2 y«y e + y { 2 / sin 2 a> ’ 

and therefore 

cos <f>_ J 
Pc p' 

Again, in the right-angled triangle YC e C, we have 

cos CC e cos Y C e = cos C Y = cos <f>, 

that is, 

— cos CC e = cos 6=- c , 

P P 

and therefore 

cos CC e __ 1 
Pc "pe ' 

Similarly, we find 

cos _ 1 
Pc 

Thus we have 


p cos CY^p e cos CC c =p e cos CC € =p c , 


three equations which assign the angular distances of C , the intersection of the 
two great circles B e C e and from the centres of circular curvature of the 

three several geodesics touching the curve. 

Next, let C Q be the point on the sphere where the sphere is met by the prime 
normal of the curve, with a typical direction-cosine given by the equation 


P \y< y./sinw 


The angular distance YC 0 is given by 

cos YC 0 = 2 YY c . 

Now, with the relations expressing X e and A c in terms of and ^ in § 244, we 

, an dv 

have 


and therefore 


2rA e =0, '£YK= 0; 


cos 7Co=^=cos YC. 
P 


Again, the angular distance C 0 C e is given by 

cos C 0 C e =^Y c Y e . 
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Also 

L = y -+L * 9 

Pc p Ve dn 9 

and therefore 


but 


so that 


hence 


cos C 0 C e = 

PcPe 



s > x dy 

^A, £ =- 8 m <o, 




_1 

PrPe 


cos C 0 C e =- t +~ = 
P 2 Y* 



Similarly, we find 


cos C 0 Cv = Pc = cos CC e . 
Pe 

cos C 0 C € = P ~=cos CC € . 
P < 


Consequently the angular distances of C 0 from Y , (7^, C € , are equal to the angular 
distances, from the same points respectively, of the intersection of the circles 
B e C e and B e C € : that is, C 0 coincides with that intersection — which is the 
geometrical construction indicated. 


Ex. In Fig. 29, the great circle C e C € and the great circle YC meet N e N e B e B ( in 
X and Z respectively ; shew that B e X — N c Z. Shew also that 

y € sin X N e = y e sin XN € = y. 


Superficial flexures , regional flexure, of the curve . 

247. Account also must be taken of the relation of the curve to the two sur- 
faces, the intersection of which constitutes the curve, as well as of its relation to 
the region, which contains the intersecting surfaces. We therefore require the 
measure of its respective rates of deviation from the geodesics on the two surfaces, 
and the measure of its rate of deviation from the regional geodesic, all these 
geodesics being tangential to the curve. 

We proceed as before (§ 149). At a point on the curve, at a small arc-distance 
8 from 0, the value of the typical space-coordinate is 

y c =y+y’8+^y c "8 2 -i ... , 

while at a point on the regional geodesic in the same direction, at an equal arc- 
distance 8 from 0, the value of the same typical space-coordinate is 

+ + S 2 +..., 

with the customary notation. Hence, up to the second power of 8 inclusive, the 



SUPERFICIAL FLEXURES 


182 


[CH. XX. 


projection of the deviation of the point on the curve from the point on the regional 
geodesic 

=y c -yr=i(y"-y") s a . 

This deviation, manifestly within the region, is at right angles to the prime normal 
of the regional geodesic, because the prime normal is orthogonal to the region. Let 
l denote the typical direction-cosine corresponding to the variable y, and let D r 
denote the magnitude of the deviation ; also, let 1/y denote the regional flexure, 
as a measure of the rate of deviation ; then we have 

lD r =\{y c "-y") S 2 , 2yD r =h*, 

and therefore 


„ pc P \y e y*/sina>’ 

while 2ir=0. 

Let <f> denote, as before (§ 246), the inclination of the prime normal of the 
curve to the prime normal to the geodesic, so that 


X* Y e =cos<f>=^-, 

then, because of the relations 

II i, t„ y ||=o, 

the direction of the regional deviation D r lies in the plane through these two prime 
normals, and 

'£lY,=am4=*. 

y 

Similarly for the separate superficial flexures. Let 1 /T e denote the measure of 
flexure of the curve by the e-surface, and let l e denote the typical direction-cosine 
of the deviation of a neighbouring point on the curve from the corresponding 
neighbouring point on the superficial geodesic ; then, in the same way as for the 
regional deviation, we find 


r=y"-y: 

1 e 

Y Y 

i c J e 

Pc Pc 


P yJ smcoj [p y e dn) 

(--- A *)-. 1 4 — ( A e cosa >- A e ) 

\y € yJ smco y e sm co 


/ 1 cos aA X e 
\y« y e ) sin to ’ 
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This relation is typical of the direction-cosines of the radius F t of superficial 
flexure of the curve by the e-surface ; hence 

h=K 

sin oj _ 1 cos cd 

r e ye Ye 

The former typical relation verifies the known property (§ 150) that the radius of 
superficial flexure of the curve lies in the tangent plane of the surface, at right 
angles to the tangent to the curve : that is, in the line OB e . 

So, also, for the €-surface : let l/T € denote the superficial flexure of the curve 
by the e-surface ; we find 

sin cd cos cd 1 



and the radius of this superficial flexure lies in the tangent plane of the e-surface 
at right angles to the tangent to the curve : that is, in the line OB € . 

The inclinations of the respective radii of superficial flexure of the curve by the 
surfaces, to the radius of regional flexure of the curve, are given by the equations 


also we have 




sin 2 a>_ 1 2 cos co 1 

y 2 y* YeY* + y « 2 

1 2 cos co 1 

~r?~~r e i\ + r*- 


248. The relations between the various circular curvatures of the curve and 
the three geodesics, including also the various flexures of all but the regional 
geodesic, can be illustrated geometrically. Let the dotted 
line OZ denote the tangent at 0 ; and let K denote a point 
on the curve adjacent * to 0. We take the block, the 
leading lines of which are the three lines of the tangent flat 
of the region and the prime normal of the regional geodesic in 
the direction OZ ; in that block, we select the flat which is 
perpendicular to OZ ; and in that selected flat, we construct 
a sphere on ZK as diameter. Let the regional geodesic, the 
superficial geodesic on the e-surface, and the superficial geodesic on the €-surface, 
meet this sphere in the points R, S e , 8 ei respectively, so that the angles KRZ , KS e Z i 



* In the diagram, ZO represents a small magnitude of the first order of small 
quantities, while ZK and all the lines connected with the sphere on ZK as diameter 
represent small magnitudes of the second order of small quantities. 
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KSJZ, are right angles ; then as OZ tends towards zero, the limiting positions of 
the lines ZB, ZS e , ZS„ ZK> are the prime normals of the regional geodesic, the 
superficial geodesic on the e-surface, the superficial geodesic on the e-surface, and 
the curve respectively. In the selected flat, the lines RK, RS e} RS € , are at 
right angles to RZ, and consequently they lie in one plane RS e S e K. Moreover, 
the angles ZS e K and ZS e K are right angles, SK being the diameter of the sphere. 
Then as ZO and (up to the second order of small quantities inclusive) the lines 
RO, S e O , S € 0, KO , are equal to one another, these lines all being orthogonal to 
the selected flat (up to the same order of small quantities), we have 


from the curve ; also 


OZ 2 =2KZ.p Ci 


OZ 2 ~2RZ . p—2RK . y, 


from the circular curvature of the regional geodesic and the regional flexure of 
the curve ; also 

OZ 2 =28 e Z . p e =2S e R . y e =2S ( ,K . r„ 


from the circular curvature and the regional flexure of the superficial geodesic on 
the e-surface, and from the superficial flexure of the curve by that e-surface ; 
and 


OZ 2 =2S ( Z . p € =2S € R . y e —2S f K . jT € , 


from the circular curvature and the regional flexure of the superficial geodesic on 
the e-surface, and from the superficial flexure of the curve by that e-surface. 

A comparison of this diagram with the diagram in § 246, shews that 


i?Z$,, = the angle between the prime normal ZR of the regional geodesic and 
the prime normal ZS e of the superficial geodesic on the e-surface 
= YC e =a y 


with the former notation ; also, similarly 

RZS € = FC Y t = p ; 

and, as connected with corresponding lines associated with the respective com- 
binations of curvatures, 


RZK— YC~</>, S e ZK=CC e , S.ZK^CC^ 
The foregoing sets of equal values for OZ 2 now give 


RZ 

p KZ~ Pc ’ 

so that p cos <j> — p c 

RK 

y sin <£—/>„ 

y KZ~ Pc ’ 
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“O 

& 
cs ^ 
II 

'O 

OQ 

o 

that pcosa^p. 


RZ e 

Y 'S e Z~ pe ’ ' 

Ye sin a— p e 


RZ 

p gjr p ° ■ 

pco*p--p c 


RS e 

Y ‘S'Z" P ” ' 

y e smP=p ( 


fell . 55 

Nl 

II 

T5 

r e smCC e —p c 


S.K 

e Pt* ■ 

► 

/^sin CC t —p c 

But we had (§ 246) 

tan a 

t&n<f> = COSM, 

tan j 8 

- — 7 = cos (u-co ) ; 
tan cp 

and therefore 




sin u sin co—- — (tan B - tan a cos <o) 
tuncp 

_ P /I cos co\ r e sin CC e / 1 cos a>\ 
tan ^ \y c y e ) sin cf> \y 6 y c / 

The former diagram (p. 179) gives 

sin CG e = sin C YC e sin C Y — sin u sin <f> ; 


and therefore 

sincu 

1 COS CO 

Similarly we find 

r. 

7r 


sin co 

COS CO 1 



y € 7e 


All these results are in accordance with the results already (§ 247) established. 


249 , To obtain the torsion and the direction-cosines of the binormal of the 
parametric curve in the region, we could proceed by regarding the curve as 
belonging to the c-surface and as arising from an intersection by the e-surface : 
also by regarding it as belonging to the e-surface and as arising from an inter- 
section by the e-surface. In each instance, we should combine the results of 
§ 152 with those of § 195 ; and for a diagram, we should combine the constructions 
of §§ 152, 202, 246. 

We can proceed, more directly to the analytical formulae, in a different manner ; 
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and the actual result admits of a simple geometrical construction. In the in- 
vestigation, the symbol [L] will be used (when convenient) to denote generically 

any quantity which is linear and homogeneous in , y\ whether y' does or 

does not occur in a completed expression. 

The equation for the circular curvature and the direction of the prime normal 
of the curve is 


where 


y. = y + * 

Pc p y’ 


l_ 

r" 


dy / 1 cosaM 
dn \y € y e 


\ dy/l cos 1 

/ dv \y e y e /Jsin 2 cu 


We denote differentiation along the curve by ds c as usual. Also we have (§ 245) 


~ d P 

(l 

COS oj \ 

, d P( ] 

cosoA - ] 

-dn 


Ye / 

dv\y 

e Ye ) J 


and, with similar expressions, we shall write 

r c "-r"=fl. 

In the first place, because 

Y 




we have 


while 


h:0-l{?) s, ^ ri ' p+ ' , ‘ Q+ri ‘ R) ’ 


ds\p 1 p\o p) 


+r W- 


The quantity l 3 (which belongs to the binormal of the regional geodesic tangent) 
is linear and homogeneous in y l9 y 2 , y 3 , and therefore {Ex. 1, § 244) can be made 

linear and homogeneous in y\ , — , so that we can write 


1 

P 



=[iL 


where, for the immediate purpose, a knowledge of the actual coefficients of 
dy dy 

d ^ not s P eciall y re l evan t- Thus we have 


A(^)=2(, l p + „0 + „B) + y^Q +W . 
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In the next place, when we differentiate the expression for l/y along the curve, 
we have 


-t- V- =[£]+- 4 -{ 

ds c \yj sin 2 o> [\y € y e 


\ d (dy\ f 1 cosoA d (dy\ 1 
/ ds \dn) \y e y € ) ds Xdv) J 9 


where [/v] again is used generically and not specifically. But by the result in 
§ 208, we have (for any direction of differentiation) 

A ( dy\ e n ' dy dp dq dr 1 v _ _ _ Y . 

a s-’>*i + ’ h i: + ’‘a + es (a!( '“ * ***■■ »* *> ; 

that is, we can write 


and similarly 


d (dy\ dp dq dr rri 
ds, wJ 7 ^ 1 dn^^ 2 dn + ^*dn + [ 9 


d (dy\ dp dq dr ___ 

d^\iv)~ 7]l d^ +y]i 'dv + r]3 dv + ^ 

Consequently, the coefficient of i on the right-hand side 


1 cos CO 


sm* co [\y € y e 


Ydn + { i 


cos co\ dp 
y e / dv 


and similarly for the coefficients of rj 2 and ; hence 


Finally, we have 


l (L 

ds, \ p. 


~-VtP+V*Q + r) 3 Ii+M- 


-')= 1 - (---)+ F ol(-)> 

O / Pc. V(T C pj a*c w 


where A 3 denotes the typical direction-cosine of the binormal of the curve and 
l/(T c denotes the torsion of the curve. Also 


so that 


Y c =^Y+ p - c l=^Y+[Ll 

p y p 


£(L) = A 

ds c \pj p, o 


r+y-i(r)+m- 


ds c \pj p c cr c p ds \p c J 

When these values are substituted in the arc-derivative of the equation on 
p. 186 for the direction of the prime normal, wc have 


^ = Hv l P+r,2Q + r l3 R)+Y (Ul 

Pc°C l dS \p 


P ds \p ci 


where now [L] denotes the combination of all the preceding generic terms [L\. 
But (§ 188) it was proved that 

*?i = Yvi+l h Ufr t] 2 = Yv 2 + l b v 5i 773— Yuj-f- ; 
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and therefore we have 


\-l h T +[L\ 

Pc°c 

= y s + i t T +V+D ^ + n^, 

where the coefficients S and T can be regarded as known quantities, where 
«7, I) 9 E, are the complete coefficients in the aggregate expression for [£J, 
and where cd denotes the whole of the right-hand side in the expression for A 3 . 
The values of S and T are 



T~?>(u h P -f Q+w b R), 


while the values of i/ 5 , v 5 , tr s , have been given in § 189. It remains to obtain 
relations for the determination of J, D, E. 


Ex. 1. Prove that 


where 1 /r e and 1 /t c are the respective regional tilts of the geodesic on the e-surface and 
the geodesic on the e-surfaee touching the curve. 


d /] 

)- d ( } 

A.) 

ds c ' f 

)/ ds 

)/ Rina) \y e T f y t rj 


Ex. 2. Prove* that 


i(drj Y \ 

" 2 ' ds„ is)~ u * 


Vc -v 

v" 

1 

a 2 


( lc 

-B* 


where the quantities denoted by a% 6 a , c a , are given in §§ 188, 189. 


250. Two inferences can be made at once from the geometrical property that 
the binormal of a curve is at right angles to the tangent and to the prime normal. 
Because the binormal is at right angles to the tangent, we must have 


But 


Srt-o. 

2>-y=o, o, o, £✓*= o, 


dv 


wu du 

the two last holding, because ^ and ? are typical direction-cosines of the regional 


normals to the two surfaces which intersect in the parametric curve ; hence 
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Because the binormal is at right angles to the prime normal, we must have 

ZW 3=0: 


that is, 


Now 


and therefore 


Also 


-2* a.,+ 1> 3 ^(). 
p y 

SK= 0, Vy=o, £y7= 0, 

^ l dy 1 ^ 1/ dy 1 

^ y dn y/ ^ y dv y d ' 


_l_ v Z_Z) £ 
Pc'^c — ' J y y f + y e ’ 

— — ^ A 3 Y— <S : 

Pc°c 


and therefore we have the equation 

S I) E _ 

- + — + — 0. 

Ye Ye 

But no further relations can be derived merely from the geometrical properties of 
the curve, taken without special consideration to the source of the curve as 
the intersection of the two surfaces. 

Because 

1 1 cos aA dy 1 1 cos oA 1 
\y € Ye / dv\y c y c /Jsi n 2 co’ 


Yo + 

Pc p 


it follows that 


Now 


i. V Y I V y ^L— J: 

9c ^ Xc drC y : p c Z ' Ic dv~y e - 

i (w^-vlv A 

lA 2 ^ c dn/~ e ds c \dn ) ] + ^ dn W c P J ' 


But 




and, on substituting the formal value of A 3 , 

dy 
'dn 


consequently 


-- -VAs^rrD + A’COSw: 

Pc a c ^ 


-?-( e °)-(D+Eco »*>)='£-'%-($!) 
p c ds c \yj p c d$ \dn/ 
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The value of T 
as 


, already cited, is 


d 

ds 



dp dq dr\ 1 . v _ _ _ v x 

7,1 fa + 7,2 dn + 7,3 M + QZ (a * ei ’ 621 Vi ’ ya) ’’ 


and thus the right-hand side of the preceding equation, when evaluated, will 
consist of three terms. 

The contribution from the first term 


Again, because 
we have 


_ 'V' ( ^ c ^y\ -i- 

e n ^ J \p c dn)~ e n y t ' 

S y7 7A=^ 2 ^a=0, 

^ j A — ^A > 


and therefore the contribution from the second term 


1 f dp dq dr\ 

Z\ Vl d^ +Vi fa +V3 M 


Further, writing 

_/l cosaA 1 ~ / 1 cos co\ 1 

Cf \yc yT / sin^oj ’ Le== \y e ^T/ sk^’ 

rc t n 


we have 


for t=l, 2, 3 ; and therefore the contribution from the third term 

C C 

=£k i - 2 («R> e 2 , e 3 R, e 2. * 3 )+^ («$%, e 2 , eafo, e 2) € 3 ). 


By the result in § 207, we have 


1 


e n — Q e ^ 2 ? e 2 f e s)> 


so that the contribution from the first term combines with a part of the contribu- 
tion from the third term. 

When the results are gathered together, the equation can be arranged in the 
form 

dr) 


D + E COSO) 




2 dn + V3 dn , 


)] 


€ 3 e 3 t 


COS OJ, COS CO, “ - — COS CO 

e n € v e 


)• 
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Proceeding in like manner from the relation 

V'v d J-P± 

^ c dv~y e ’ 

we obtain an equation 

2 - 2 cm “' 


These two equations suffice to determine values of D and E , independently of 
the condition 

8 D E n 
— H I — =0. 

/> y c y e 

With these values, the typical equation for the direction-cosine of the binormal 
and the torsion of the curve is 



YS+IJ+D^+E 


<ty. 

dv’ 


and the magnitude of the torsion is given by the equation 


= s 2 +T 2 +D 2 + 2DE cos w + E 2 . 

PoW 



CHAPTER XXI 


Regions : Some Special Problems 
Dimensionality of the plenary space , as affecting a region . 

251. Hitherto no specific account has been taken of the precise dimensionality 
of the plenary homaloidal space of a region. When that space is quadruple, any 
special characteristics of the region have had a partial discussion elsewhere * ; we 
shall therefore assume that the plenary homaloidal space of the region is of more 
than four dimensions. 

The most immediate issue, demanding a consideration of the dimensionality 
of the plenary space, would seem to be provided by the tale of the successive 
grades of curvature appertaining to geodesics. For a quadruple space, a regional 
geodesic possesses circular curvature, torsion, tilt ; and no curve in such a space, 
however it arises, possesses curvature of more advanced grade than these three. 
For a quintuple space, a regional geodesic possesses coil, in addition to the three 
curvatures just specified : and no curve in a quintuple homaloidal space can 
possess more than the four curvatures of these successive grades. Generally, 
if the plenary space is of N dimensions, the number of grades of curvature that 
can be possessed is N - 1. 

The dimensionality demands immediate consideration when we investigate 
such a matter as the spatial range of the centre of circular curvature of geodesics 
drawn through a point in the configuration. Thus, in a region, let y 0 be the 
typical space-coordinate of the centre of circular curvature of a regional geodesic 
in a direction p', q f , / ; because y 0 -y=Yp, the typical initial equation for the 
locus of centres is 




= PuP' 2 + 2»?12 p'q' + ri 2i q' 2 + 2 7] 13 p'r' + 2t lis qY + rj 33 r'- = VnP' 2 - 


Now for all the values i, j, k, = 1, 2, 3, in any combination, we have 

^yky tJ = 0 ; 


and therefore 


^>i(yo-y)=o, 2 y*(y*-y )= °> Sy*(yo-y)= 0 . 


so that the centre of curvature certainly lies in a homaloid of N - 3 dimensions 
orthogonal to the tangent flat of the region. The locus of the centre will lie in a 

* G.F.D., vol. ii, passim. 



251] 


PLENARY SPACE OF A REGION 


193 


more restricted plenary space, when the plenary space of the whole configuration 
is of dimensionality greater than nine. 

When the plenary space of the region is quadruple, this orthogonal homaloid 
is a line, being the unique normal to the region at the point ; and the portions of 
this line, lying between the centres of greatest curvature and the centres of smallest 
curvature, constitute the locus in question. It is, however, hardly a locus in the 
customary sense of the term ; every point on a due portion of the line being a 
centre of curvature for an infinitude of geodesies through 0. 

When the plenary space of the region is quintuple, the orthogonal homaloid is 
a plane. The locus of centres of circular curvature of regional geodesics, which 
have their initial direction at 0 contained within an assigned orientation, is a 
curve in that plane ; and the curve varies from one orientation to another. 

When the plenary space is sextuple, the orthogonal homaloid of a region is a 
flat ; the locus of the centres of circular curvature of regional geodesics through 
0 is a surface in that flat. 

When the plenary space of the region is of dimensions higher than six, the 
locus of the centre of circular curvature of regional geodesics through 0 still is a 
surface, though not necessarily (nor generally) contained in a flat.. The typical 
equation for a point on the locus of centres is 

y o-V^P^VnV 1 ' 1 

^ j K iooP 4 

thus the coordinates of any point on the locus involve the two independent 
parameters p ' : q ' : / ; consequently, the locus is two-dimensional and therefore 
is a surface. This surface lies in the homaloid orthogonal to the region. But if 
the plenary homaloidal space is of more than nine dimensions, the equations 

|| yo~~V i Vn* ^12? Vrif Viz* Viz* Vzz || —O 

are satisfied by the coordinates of the centre ; and thus, in the least restricted 
instance, the surface certainly lies in a sextuple homaloid, itself manifestly 
orthogonal to the region. 

We shall begin with the consideration of the centre-locus for regional geodesics, 
when the region exists freely in a quintuple plenary space : that is, when the region 
is not given as a sub -amplitude of a domain in such a space. 

Orthogonal plane of a region in a quintuple plenary space . 

252. The tangent flat of the region can be represented in two ways, according 
to the selection of its leading lines. When these are taken to be the tangents to the 
parametric curves, the (two) equations of the tangent flat are 

I! y-y> y» y* II =o. 
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When they are taken to be the tangent, the binormal, and the trinormal, of a 
regional geodesic in the direction p', q ', r', the (two) equations of the tangent flat 
are 

II y-y, y’> k, h ||=o. 

The remaining principal lines of the geodesic are its prime normal (with Y as its 
typical direction-cosine) and its quartinormal (with i 5 as its typical direction- 
cosine), each of them being normal to the tangent flat ; and therefore the homaloid 
orthogonal to the region in the quintuple plenary space is a plane, the (three) 
equations of which may be taken either in the form 


II y-y’ 

Y, /, 11-0. 


or in the form 



£J(y-y)/=°> S(i 

l-y)h= 0 , 

1 

II 

O 

or in the form 



'£ i (y-y)yx^\ N(5 

-y)y t = 0 , y,(i 

i-y)y a = 0 . 


The plane will be called the orthogonal plane of the region in the quintuple plenary 
space. 

The five quantities y ) l} , arising out of the five space-coordinates, determine a 
direction with direction-cosines represented by 

_ 

and as 

for k =1, 2, lb this direction lies in the orthogonal plane. The property is true for 
all the six combinations i, j, — 1, 2, 3 ; and thus there are six such directions in 
the orthogonal plane. In a plane, two lines (being guiding lines) suffice for a 
parametric expression of the direction of any line. In the orthogonal plane, we 
shall take the prime normal and the quartinormal as the guiding lines ; and 
therefore we have relations 

y,i= yi’ij+hQm 

where P u and Q n are the same for all the magnitudes in the set rj i:f belonging to the 
different coordinates. In particular, we have 

Va> Qi> = ^ hvu> 

these relations holding for all the values i,j, =1,2, 3. Thus, with the notation 
of §182, 

r) n =J A + 7 / 23 F ->rl 5 F 5 

tj 22 = YB + Z 5 /? 5 , rj :n ~YG +l 5 G 5 > . 

7733— 1 C 5, rj l2 ~ } H-\r 
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Further, we have the relations in the array 





where there are five columns, for /x- 1, 2, 3, 4, 5, corresponding to the five space- 
coordinates, and where i,j ; k, l ; m, n ; can have the values 1, 2, 3, independently 
of one another. Consequently, we have relations 


S’?/,- 

V X A o 

ZiVuVu, ZjVtr 

V V 

j VklHmm 


^ j VuVmn 
VhlVmn 




for all the n on-evanescent combinations, the summations being taken over the 
space-combinations. The constituents in each such relation are expressible in 
terms of the magnitudes K hiV and k afi of § 168 ; and therefore there exist funda- 
mental relations among those quantities. A comprehensive statement of the 
result is that every minor of three rows and columns (every third minor) in the 
determinant 


V„ 2 

VllVl* 

'SvnV-i* 

^ j ViiViZ) 

'ZjViinn* 

7 7ll 7 ?33 

S VnVi* 



13> 

ZL / 7 ?12 7 ?23» 

zL i 7 ?12 7 ?33 

Vn 7 l22- 

^ 7 /l2 7 ?22- 

'Svn* 

J 9 722 1 ?13» 

^ j 1 ?22 7 ?235 

2^22^33 



7 ?22 T ?13j 

2 

'zij 13^7 23 j 

X ^13^33 

2] 7 ?ll 7 ?23> 

7 ?12 7 ?23) 

^ J 7 ?22 7 ?23i 


V*- 2 

^/723 » 

7 723 1 ?33 

2l/ r /ll 7 ?33j 

^ j r h2 r lxi> 

^ 1 7 l22 7 l33> 


S 7 ?23 7 ?33’ 

V 1 - 2 

733 


vanishes when the plenary space is quintuple. 

Another mode of using the relations in the array arises when a set of magnitudes 
t is expressed in terms of any two other sets which can be made to become 
leading lines in the orthogonal plane. Thus there are relations of the form 


Vu=YVu + SVn, 

where y and 8 are the same throughout the set of five equations corresponding to 
the space-coordinates ; and their values are given by 

*310= '^VnVn=Y^Vn + 8 ~ Y K m + § (*220 + Vha) 

*130“ VliVii ~Y Vn r l22 I ^ ^ 1 '/ (*220 + 3 ^33) + §*040* 

And so for other instances. 


253. As one main purpose at this stage is the expression of the six magnitudes 
A& B s , C 5 , F 5 , 6r 6 , // 5 , in terms of the regional magnitudes which have 
already been defined and of the direction-variables p\ q\ /, these relations will 
be developed only so far as to serve this purpose. 
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In particular, where the relations between the magnitudes K Aflv and Jc a p are 
concerned, a few instances may suffice. The relation 

EV, 2 2 1 ?U 1 ?22 


YlVuVl2> 2 V, 2’?12’?2-i 

2 V 


= 0 , 


2 Vn r ]22’ 2 VuViit 

when the values (§ 168) of the constituents are substituted, becomes 


'310 


9 *220 d* 3^33 


K 310 ? 

*220 + 3^3 3’ 


ih. 


'■220 3 n '33? 


'130 


'130 


*040 


— o, 


an equation expressing the magnitude & 33 in terms of the magnitudes k A(IV . The 
equation can be stated in the form 

3_ 1 T h .7 
2 7 *33 3 1 3 a 33 1 3 ““ U ? 

where / 3 and J 3 are the quadrinvariant and the cubinvariant of the binary quartic 

(*400? *310? *220? *130? *040 \ u 9 V ) 4 ‘ 

Similarly we have 

111 k\ 1 ' l — 1 + = 0, 

where I 1 and J 1 are the quadrinvariant and the cubinvariant of the binary quartic 

(*040? *031? *022? *013? *004? W ? V )* ? 

and 

liV ^22 3 ~~ 3 Ih'222 d~ J 2 ~ 9? 

w r here I 2 and J 2 are the quadrinvariant and the cubinvariant of the binary quartic 
Again, the relation 


(*400? *301? 

*202? *103? 

*004 ? W ? V ) 4 - 


\' 2 

711 ? 

^VnVi2> 

^^11^13 | 

=o. 


\' 2 

^j 7 h 2 ? 

13 


S Vn r h39 


Vn 2 
Z-/V13 



when similar substitution is made for the constituents, can be expressed in the 
form 

!i ^23*400 “ (*310*301 “ *400*21 1)} 2 

~ (3^22*400 h *301 2 ~ *400*202) (3^33*400 + *310 2 — *400*220)? 

so that, as k 22 and k^ are expressible in terms of the magnitudes K Xtw , so also is 
& 23 . Similarly, there are equations 

{^13*040 “ (*130*031 ~ *121*04o)) 2 

~ ( 3^33*040 d" *130 2 ” *220*04o) ( 3^11*040 d~ *031 2 ~ *040*022)? 

{'3^12*004 ~ (*103*013 ~ *112*004)} 2 

= (^11*004 d- *013 2 ~ *022*004) ( 3^22*004 d~ *1Q3 2 “ *202*004)* 
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takes the form 


Vn 2 

23 > 



^Li 7 l23 r h& 

Vn 2 


SWl2> 

S 7 7l3 1 7l2) 

SW 

*022 — 3^11 1 

*112 + I^12> 

^122 + 5^X3 

*112 3^12’ 

*202 ~ ’ i^22» 

*211 + 3^23 

*122 3^13? 

*211 4" 4^*235 

*220 ~ 3^33 



Magnitudes connected with the quartinormal of a region in quintuple space . 

254. At this stage, and in connection with the second type of relations, we 
interpolate the construction of the magnitudes A 5 , £ 5 , 0 5 , F hy 6r 5 , // 5 , for a region 
in quintuple space. The formal expressions for the quantities A , B , 0, F , G, //, of 
a region are already known (§168). 

As the third-order minors of the six-row determinant in § 252 vanish, the 
second-order minors of that determinant are connected by relations ; and there- 
fore it is desirable to select a set which may be used to frame canonical expressions. 
We associate the integers 1, 2, 3, 4, 5, 6, with the quantities ^ n , rj 12 , rj 22} rj 12 , rj 22 , 
respectively ; and (as in § 168, footnote) we write 

S 7 ! ll 7 ?12 = 5 125 ^j 7 ?12 2 ~ 5 225 

^j' I ?11 7 ?22— 6 ‘i3> ^j r ll2 7 )22 = S 2& 7 ?22 2 “ $33> 

and so on ; and thus, inserting the values of the quantities r) tJ in terms of Y and 
/ 5 , as given in § 252, we have 

2?\A b *=* xl , C 2 +C 6 2 =.s 66 | 

F*+Frf=s 55 , £ 2 + G<*=s Uy H 2 +H 5 2 =s 22 )' 

Accordingly, let 


A—s 1 x r co&6 1 1 

£ — S 2 2 2 COS 0g | 

B - — Sjj* cos 0 3 | 

1 I ’ 

sin0 4 J 

11 $=*2,2 sin 02 J 

^5” 5 33* 0 3 j 

G—s u ‘ cos0 4 1 

r=,v 55 “cos0 6 1 

C~S 6 /COS0 6 j 

<V 5 ^s 44 ‘ sin 0 4 j 

# 5c 

e? 

II 

C'5 = S 6Q* Ski 06 J 


Tt will aj>pear at once that, for a general region, no two of the angular quantities 
0 2 , ^25 0 . 3 > ^55 are equal ; various possibilities can exist as regards their 

relative magnitudes ; as a standard of reference, we shall assume 

e x > d 2 > 0 3 > 0 4 > 0 5 > 0 6 . 

With these values of the quantities A, A 5 , and their like, we have 
,s ‘i 2 “ ^ j r hi 7 h 2 —'AH+A' i H 5 =(s 11 s 22 )* cos (0 X — d 2 ) ; 
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and similarly, for all six values of i and of j, 

= c os (Oi-6,), 

the positive sign being implicitly associated with each of the radicals (s n )*. We 
shall require quantities 

as m H is zero, and as the quantity under the radical is symmetrical in i and j, we 
shall take^’ > i for all the non- vanishing quantities m u . We also take 

*»„=-(*«.* (0t-0j), 

so that m u is a positive quantity in the standard case, a positive sign being 
associated with the definition of m h as a radical. 

Then we have 

*1 1 *23 - *12*13 = *11 (*22 - * 33 ) * {©OS (0 2 - 9 s) - COS (6 1 ~ 0 2 ) COS (6 1 - 0 3 )} 

=*n (* 22 * 33 )* sin ( 9 i ~ 0 2 ) sil1 ( 9 \ ~ 9 z) 

=™ 12 ^ 13- 

More generally, choose four integers i, j, k , l , from the set 1,2,3, 4, 5, 6, such that 

j > i J > k. i ■ : k, j < 1 , 

the first two selections being made in connection with the significance of the 
quantities ?n kll , and the last two in order to avoid repetition of instances ; then 

*«*, s n j = (*„*w*a i*n)* ( cos ( 9 1 “ 9 k) cos (6j - 6 t ) - cos ( 6 1 - 0,) cos (0, - 0,JJ 

= sin (0,-0;) sin (0*-0,) 

=%%:• 

Now each of the quantities m,/ is a diagonal minor of the second order ; hence all 
minors of the second order, framed from the six-row determinant, are expressible 
in terms of diagonal minors of that order. 

The last equation leads to a further identity, to be satisfied by the square 
roots of those diagonal minors of the second order. If the four integers i> j, k , Z, 
satisfy the more restricted inequalities 

l>k>j>i, 

then the relation 

m tJ m k i - m ik m n -f m n m 3k = 0 

is satisfied identically. There are fifteen such relations, not, however, algebraically 
independent. 

We now can verify the values of A , B, 0, F , G , H, expressed (§ 168) in terms 
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of the circular curvature and of the quantities s iv there expressed in terms of the 
magnitudes k Xiiv and k a& . The relation 

A 5 p' 2 f 2H 5 pY 4- J1 5 q' 2 + 2G 5 J)Y 4 - 2F 5 qY + C 5 r' 2 =0 

has been established (§ 182). When the immediately preceding values of the six 
coefficients of the type A 5 arc inserted, the relation becomes 

an V 2 sin 6i 1 py sin 0 2 -l- s 3: }(/ 2 sin 0 3 

A 2*44 * p f r* sin 0 4 4- 2 s 55 *q'r' sin 0 5 + s m * r' 2 sin 0 6 =0. 

For all the values i= 2, 3, 4, 5, 6, we have 

sin 6 t — sin 0 X cos (6 l - 9 J - cos 0 4 sin (0, - 9 t )> 

that is, 

Ki O* sin 6 l ^~s ll sin 0 1 - w lf cos 0i ; 

and so the relation, on multiplication throughout bv * u % can be written 

P sin 0 l -Q cos =0, 

where 

P=s n p' 2 + 2s n p'q'+ s 19 q' 2 + 2s u p'r' + 2 # 15 yV+ s,#/ 2 , 

Q = 2 m 12 p'q' + w Vi q' 2 + 2m li p'r’ + 2m xs qY + m 16 r' 2 . 

By repeated use of the formula 


s ik s /I ~~ s ?l s jk~ m ij rn h 7 J 

when we take i=l, /• - 1, we have 

P 2 + Q 2 = .<t u (* u // 4 + \s vt p' 2 q' I 2 (* 13 + 2s. ti ) p' 2 q' 2 + ‘is.^p'q’ 3 + s 99 q ' 4 

I 4#, 4 p' V + 4(.v 16 + 2 x 2i )p' 2 qY + 4 (s 34 + 2s. ib )p'q’V is 96 q'V 
+ 2 (/», 8 + 2x ii )p' 2 r' 2 + 4 (a‘ 2 6 + 2s w )p'q'r' 2 + 2 (.v 36 + 2 x 99 )q'h' 2 
+ 4*46 pV' 3 + 4*56 + s #c r' 4 } 

“p 2 ’ 

by the expression for the curvature in § 168. Hence 

cos 0j _ sin 0 2 p 

and therefore 

Ax’ 

A =*“-cos8 1 =P 
P 9 

= s„p' 2 +2s 12 p'q' + s ia q' 2 +2s u j)Y + 2 s u qY + s w r' 2 , 
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in agreement with the earlier value. Also, we have 


-- 5 — — ” sin 6 t = Q 
P P 

=2m 12 p'q' + m 2 2m u p'r' + 2m 13 q'r' |-% 6 r' 2 , 
thus giving an expression for A 5 . 

Proceeding similarly to make 9 t (for i—2, 3, 4, 5, 6, in turn) the central quantity 
instead of 6 X in the modified expression of the relation 

ZAsp'^.O, 

we verify the earlier values of B, C, F, G, H, in all, and we obtain expressions for 
B- a , Cfj, 0's, // 5 . The full tale of these expressions is 


A s 

P 

J_h 

P 

A 


p 


+ 2 m X3 p'q + m 13 q' 2 + 2 m u p'r' + 2m u q'r' + »« 1# / 2 


- m n p' 2 + rn 2:s q' 2 + 'im 2i p'r' + 2m 33 q'r' + m 26 r' 2 

- m u p’ 2 - 2 m 23 p'q + 2 m u p'r' + 2m 33 q'r' + m- M r' 2 


G 

-?= - m u p' 2 - 2m M p'q' - m 3i q' 2 + 2m i3 q'r' + m 46 r' 2 

P 

Fr 

-j=~ muV' 1 ~ - m 3b q' 2 - 2 m 43 p'r’ f -m 33 r' 2 

Cr 

~= - ^i6 p ' 2 - 2m 26 ^y ~ ™ 36 ?' 2 ~ 2w 4fl pV' - 2 m 56 qV 


it being remembered, in connection with this distribution of signs with the magni- 
tudes m tj9 that a conventional standard of reference for unequal quantities of the 
region in quintuple space has been adopted. 

These quantities m tj are useful in expressing the relations between the variables 
of the complanar directions rj i3 . It will be convenient later (p. 202) to select the 
two directions rj n and t] 22 as the directions of reference, so that, as before (§ 252), 
there are quantities y and 8 such that 




Then 


and so 

S 1 2 " ■ 7 lS *ll 4" ^‘l3> '^23 “ 7^13 4" ^ ,9 33> 


ym l3 2 = '5 12 * < ?3 3 — 5 13 5 2 3 = W^13^23» 

that is, 

8mi 3 2 = 5 n 5 2 3 — S 12 S 13 = ^12^13 • 


m i3 7 ?12~ <m 23 7 7ll + m !2 <) ?22‘ 
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Similarly, we find 

^13^13= - w 3 4*hi + mi 4 ij 2 a, 
m '13 r ]2^~ ~ ^hbVll + m l5 T ?22> 

^13^33= -^36^11 + ^16^22* 

There are cognate relations for every pair of directions chosen in the orthogonal 
plane of the region in quintuple space. 

The six secondary magnitudes A, B, C, F, G , H , are the values of 

£ Yr)„, 

for the various combinations i, j ; and therefore, multiplying these various 
relations by Y and, for each of them, adding the products through the range of 
the quintuple space, we have 

m l3 H= m 23 A-\ m l2 B 
m l3 G= -m M A‘rm u B 
wt l 9 F= -m^A-vm^B 
m l3 C~-w 36 A + m u B 

which are relations connecting these secondary magnitudes with the quantities 
k Aiiv and k afi . Each such relation contains three radicals, with signs that are 
definite under the explicitly postulated convention on p. 197 ; but by means of 
the formula 

Si^oi- s u s ik=^io^kb (i <j, k < I i < k j < l), 

each of them can be made rational after multiplication by m 13 . Thus the first of 
the four relations becomes 

(' S 'll 5 33 — * V 13 2 ) H— ( ,S 33 ,S ‘l2 - 5 13 ,V 23) ^ + ( 5 11 ,<? 23 ~ ,S *13 6 *12 )B% 

and the last of them becomes 

(^ll ,<? 33 — S \f) V “ ( ,5 33 5 16 “* ,S ‘l3 ,<? 3e) ^ + ( 5 11 ,S *36 ~ 5 13 5 16) -®* 

Ex. Let i,j , k , such that i <j < k, be any three integers from the set 1 , 2, 3, 4, 5, 6, 
with which 7) n , r) l2 , rj 22 , rj 13j tj 23 , r) 33 , are respectively associated ; and let rj t , rj J9 jj k9 
denote the quantities rj thus selected. Shew that 

^jkVi + w tkVj -n'uVk^U- 


Locus of centre of circular curvature of concurrent geode files of a region. 

255. Now consider in detail the locus of the centre of circular curvature of 
concurrent geodesics belonging to a region in a quintuple plenary homaloidal 
space. 

We have seen that the centre of curvature of any such geodesic lies in the 
orthogonal plane of the region. Let the spatial coordinates of any point be referred 
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to five new axes, the origin being at the point through which the geodesics are 
drawn ; let three of these axes be the directions of the parametric curves in the 
region, and let the other two be selected directions in the orthogonal plane. For 
the former set of three axes, we take new quantities ? 7 , F, W, such that 

y^yAy-y)=^ 1 ^, '^yAy-y)=&v, v y 3 (y-y )=c*W-, 

and we denote by o> 23 , <o 12 , the angles between the parametric curves, so that 

(BCy cosctj 23 =F, (CA)* coso> 31 ~ G, {ABy cosa> 12 — H. 


For the latter set of two axes, we take two new quantities X , Y, such that 

^j r hi(y - y)— , s ‘ h 2 ^j '^j r }22(y ~ y)~ s 33 2 5 ; 

and we denote by o> the angle between these axes, which are orthogonal to the 
first three, so that 

(^11^33) 18 COSoj = 5 13 . 


Of the five coordinates u 0 , v 0 , w 0 , x 0 , y 0y of the centre of circular curvature referred 
to these new axes, the first three are zero because the centre of curvature of any 
geodesic lies in the orthogonal plane ; and the other two are given by 


Manifestly 


A' 0 = r 0 + fa cos a> - ■— ^ rj n (y 0 - y), 

•V 

Y 0 =x 0 COS w i- ,70 = -^ V Vn (y {) - y)_ 

s 33 ‘ 


x 0 2 + '2x 0 y 0 cos <0 + y o *-p*, 


where p is the length of the radius of curvature. 

But, owing to the values of X 0 , Y 0 , we have 

(•*<• + y 0 cos (L) = v y u y ° n2 - 

P“ P 

= ^ — Sup’ 2 + 2«i 2 p Y + s 13 </ 2 + 2s u pY + 2s 16 q’r' + s 16 r' 2 , 

P 

and 


*33 /- 


(x 0 cos <I> + y 0 ) — V)ii 


22 = *13 p' 2 + 2*23 vY + S33?' 2 + 2 s M f'r' + 2s 3S q'r' + s ie r' s . 

P 
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Moreover, there is the permanent relation 

Ap'*+ 2 Hp'q' + Bq'* + 2 Gp'r' + 2 FqY + Cr' 2 = 1. 

Manifestly these three equations do not determine a locus (in the form of a 
curve) for x 0 , y 0 , in the orthogonal plane ; they assign definite unique values to 
those coordinates for each set of values of p', q', r\ satisfying the permanent 
relation. In fact, the full aggregate of values for x 0 , y 0i is two-fold in range, 
instead of the one-fold range proper to a curve. 

Let a single additional limitation be imposed upon p\ q ', r' ; and then, instead 
of the two-fold range, there results the one-fold range proper to a curve. In par- 
ticular, let the initial direction p\ q ', /, of the geodesic be contained in a regional 
orientation £,77, £, so that 

£p' + W'+£r'=(>. 

When this is associated with the preceding three relations, there are four equations 
in all : the three variables 7/, q\ r', can be eliminated. The climinant involves 
x 0 and y 0) as well as the magnitudes of the equation ; and therefore it represents a 
curve in the orthogonal plane, which in fact is the locus of the centres of circular 
curvature of regional geodesics originating in the orientation £, 77, f. To frame 
the climinant, let 

s \ _ gi 

ti--^r(x 0 +y 0 omu}), l 2 - j (^o cos « + fjo)> 

p P 

(«„ 6 lf e u f- i, g v (/, r'f 

(s n - f x A, x 13 - l x B, x u - t-fi, « 15 - t x F, s 14 - l x G, s J2 ~ q', r ')*, 

G 2 ■ (®2> Hi’ M? > 9 > t ) 

- («13 - *33 - <2®> *86 - f 2 ( - ; y *35 - *34 “ *23 ~ <2#$/, O* ! 

then wc have to eliminate p’, q‘, r\ between the three homogeneous equations 

* 7 ,- 0 , V t = 0, &>' + W ' +£/-(). 

Let ©„ ©2, © 3 , denote the three contravariants 

©^SUVi-Zi 2 )! 2 }. 

0 2 =X{(V2-/2 2 )n, 

©12“ X {(Va- 2 /i/a hc,h 2 )H. 

in the system of ternariants ; the required eliminant is 

0 12 2 = 4 © 1 © 2 , 

and it is necessary to develop this equation, so far as to shew its character in the 
variables x 0 , y 0 - 
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Let 

01 ( 5 13 5 16 ” 6 ‘l5 2 ) £ 2 } > { ( 5 33* S *36 “ 5 35 2 ) £*} > 

2^=S{(^-2 Sl5J F+ Sl6 B)^ 

2^ 2 = S{( s 3 3 C-2.9 35 1 1 + % B)^} ) 

2^12“ ((*13*36 ~ 2s 15 tf 35 + ^ie^3a) ^ 2 }> 

these quantities being contravariants in the system of the three simultaneous 
ternary forms 

S*n T 7 ' 2 ’ £*i3P' 2 > S^' 2 - 

Moreover, we have 

also a eontravariant of the system. By actual substitution, 

e 1 =0 1 -2/ 1 !P f 1 +v, 

© 2 -0 2 -2^ 2 -f« 2 2 , 

2 ®12 = ^12 ” ^1^ 2 ~ ^2^1 4* ^1^2 ' 

and the developed eliminant-equation is found to be 

hH * 2 “ »V) - 2fA(0 lt - TO + ^ - VV) 

+ 2^ (0 J2 ^ 2 - TO + 2^ 2 (TO - TO + 0 X 0 2 - 0 12 2 - 0. 

Various forms can be given to this equation. For the present purpose, it is suffi- 
cient to notice that, because 

i A 

S 8 S- 2 

h= ll „ (*o + ?7o oosw), t 2 = 3 \-{x 0 cos a> + y 0 ), 

p p 

the equation is of the form 

p 4 -f-p 2 %+w 2 =0, 

where p 2 = x 0 2 I- 2x 0 y 0 cos aj -I- ?y 0 2 , the inclination of the axes in the orthogonal 
plane being oi, while u x is homogeneous of the first degree in x 0 and ij Q , and u 2 is 
homogeneous of the second degree in x 0 and y 0 . 

It thus appears that, for regional geodesics through a point in the region 
which originate in an assigned orientation at the point, the locus of the centres of 
circular curvature is a lemniscate curve in the orthogonal plane of the region at 
the point, the parameters in the equation of the curve depending on the variables 
of the assigned orientation. Further, for all regional geodesics through a point, 
the aggregate configuration formed by their centres of circular curvature is 
the area in the orthogonal plane bounded by the complete envelope of all the 
lemniscate curves. 
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We note that the foregoing equation in t x and t 2 can be expressed in the form 

= 0 ; 

«*1, V* 1, -1 

'i, ^ -1, 0| 

and it thus suggests the known property that the pedal of a conic with respect to 
any point in its plane is a lemniscate curve *. 

It may be pointed out that, by taking the orientation £, 77 , £, to be that of a 
parametric surface through 0 , we effectively have the locus of the centre of circular 
curvature of regional geodesics touching this surface. The foregoing analysis is 
applicable throughout, by use of the relations 

f 

e i e t 0 , ’ 

and transforming the equation in t x and t 2 which is homogeneous in 77 , £. The 
locus in question is a lemniscate curve in the orthogonal plane of the region. 

256. It is natural to enquire whether there is any locus in the orthogonal plane 
of a region in quintuple space, corresponding to Kommereirs conic in the ortho- 
gonal plane of a surface existing freely in quadruple space. For the purpose, we 
use both forms of the (three) equations of the orthogonal plane, 

^Vi(y-y)= o, ^y»iS-y )= °> 

where no special account of the dimensionality of the space appears, and 

II y-y, y, y=o, 

where there is implicitly an assumption that the plenary space is quintuple. 

To obtain the equations for the intersection (if any) of this plane with the 
orthogonal plane of the region at a consecutive point along the geodesic, we 
associate, with the three equations, the three additional equations of the type 

^£?/i'(y-y)- Syi.y'=°- 

But y x y' = Wj ; and 

y\~yi\v' Hhtf'+yvS 
=T h+ Vi a i + y&\ + 2 / 3^1 
= YVy + / 5 M 5 + l/yCty + 1 + 

When this value is substituted, and when the equations of the initial orthogonal 

* The result is similar to the result for the centro-locus of concurrent superficial 
geodesics, when the surface exists in a quadruple plenary honialoidal space : see 
G.F.D., vol. i, § 242. 
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plane are used in connection with the possible intersection, the cited additional 
equation becomes 

{ Y (y - y)} + M S {h (y ~ y )} - « 1 = 0. 

Similarly, the other two additional equations, to be associated with the initial 
equation, are 

v i^ y {y-y)+ v ^£jk{y-y)-^-o, 

r a D y (y - y) + w 5 'Sh(y-y)~ u s= 

Thus there are six linear equations in all, not all of them homogeneous, to be 
satisfied by the five magnitudes y - y ; hence they cannot be satisfied uncon- 
ditionally. 

To obtain values (if any) of the magnitudes, we use the second form of the 
equations of the original orthogonal plane. Any point in it can be represented by 

y-y=\Y-{ ii1 5 , 

where A and p are parameters ; and, for all such points, 

'ljh{y-y)=y~ 

Thus the possible intersections are given by 

A%+/aw 6 - u x — 0, 

Xv 2 + fJLV & -U 2 = 0, 

A?’3 + fMf 5 -V 3 ^0, 

three equations with two unknowns. 

We first multiply by j/ 9 q', /, and add : then we find 


A =/>, 

a result to be expected in connection with the orthogonal plane. Next, the 
elimination of A and /x leads to the relation 


and therefore (§ 182) 


U 5 , 

u lf 




■>’2 

w 6 , 


V 3 



( TK 


If 1 /o’— 0, the direction is that of a curve of circular curvature in the region. If 
1/k, the direction is that of a curve of globular curvature in the region. In either 
case, the direction of the regional geodesic must be special, if consecutive ortho- 
gonal planes of the region in quintuple space are to intersect. 

The result can be established also as follows. Because the tangent, the 
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binormal, and the trinormal, of a geodesic lie in the tangent flat of the region, the 
orthogonal plane of the region can be represented by the equations 

' 'Ei(y-y)y'=o , X )(y-y)h= o, S(y-y)* «=o. 

The three additional equations, which must be associated with these three, for the 
determination of an orthogonal centre (if any) when the plenary space is quintuple, 
are 

^(y-y)y"~ ^ y ,2 =°> 

S«-»>£-SsrT=°- 

The first of these is 

~^(y-y) y =p- 

The second of them is 

l^(y-y)Y=\'£(y-y ) 1 

that is, when all the equations are combined, 

p = 0. 

O’ 

The third of them is 

l ){S-y)h=\'£(S-y)U’- 

that is, when all the equations are combined 

\ ^(y-y)k=o. 

Now p does not vanish ; and therefore 



O’ 


Assuming that we have not to deal with an isolated point on a geodesic where the 
torsion may be zero, this relation requires the geodesic to be a curve of curvature 
of the region (§ 190). 

The fifth equation can be satisfied by 



a result necessarily holding when the plenary space is quadruple ; but the ortho- 
gonal homaloid of the region is then merely the prime normal of any geodesic. 
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If the coil be not zero (we may assume that we are not dealing with an isolated 
point where the coil of a geodesic happens to vanish), then the fifth equation 
becomes 


^(y-y)i s =o. 


As the original three equations of the orthogonal homaloid can be taken in 
the form 


that is, 


|| y-y , Y, l 5 ||=0, 
y-y=XY+fil 5 , 


when the plenary space is quintuple, we see at once that the intersection is given 
by 

y-y-Yp : 


that is, even in the exceptional instance when there is a geodesic line of curvature 
of a region in a plenary quintuple space, the intersection of the consecutive 
orthogonal planes is the centre of circular curvature of the geodesic. 


257. Next, consider the locus of the centre of circular curvature of regional 
geodesics when the plenary homaloidal space of the region is sextuple. The 
orthogonal homaloid of such a region is a flat. 

As before (§ 255), we change the spatial axes of coordinates, so that three of 
them coincide with the directions of the parametric curves at 0 , by taking 

'2,yii$-v)=A*Q* 'EyAy-y)=B l v, ^y 3 (y-y)=c l w. 

Three of the coordinates for the centro-locus then become 

0 = 0, f=o, TF=(). 

The six directions indicated by the set of six quantities rj lJ) from the six combina- 
tions i, j, lie in the orthogonal homaloid of the region. They therefore lie in the flat 
when the plenary space is sextuple, so that three of them can be taken as directions 
of axial reference provided the chosen three be non-complanar. We shall take the 
directions indicated by the three quantities r) n , rj 22 , 7733 , for these new axes ; and 
we write 

Xs n l = L Vu (y-y)> Ys 33 1 = ^ tj 22 (y - y), Zs m l - V (y _ y). 

We denote by k l9 k 2 , k 3 , the cosines of the respective angles between these axes in 
pairs, so that 

( 5 33 5 36) 2 “ ^!j 9 722 1 ?33~ 5 36? 

^2 ( 5 66^1l) 2 — 11 — 

^3 (^11^33) * “ r )ll r )22 =zS 13 > 
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and now, if x 0 , y 0 , z 0 , are the coordinates of the centre of circular curvature, referred 
to the axes in the flat, we have 

x 0 = x 0 +k 3 g 0 +k 2 z 0 =-~ ^yniyo-y) 

*n* 

y 0 =k 3 x 0 + f/ 0 + k 1 z n ~ ~ V) (y 0 - y) . , 

^33* 

Z 0 — k 2 X Q -\- ^1^0+ Z 0 = f 2 V33 (Vo ~ y) 

while 

P 2 = f Q 2 4. y o 2 + ^2 + 2 Jc^Zq 4 - 2 k 2 z 0 x Q + 2 Jc 3 x 0 ij 0 . 


We shall write 


k= 


2 3 


j 

f o — 


33 F 0 
2 5 


*3 = 


^66 * ^0 


so that t l9 t 2 , t. A , are explicit algebraic functions of x 0 , y 0 , z 0 . From the relation 
yo~~y~~ Fp, for the typical space-coordinate of the centre of circular curvature 
referred to the earlier spatial axes, we have 


h =■= s uP' 2 + 2 s l2 p'q' + s w q’* + 2.s* w p V 4 2 s Vo qY + * 16 r' 2 , 
h^SizP' 2 + 4 s 33 ?' 2 + 2* 34 pV' -f 2s 35 $fV + s 36 / 2 , 
^8=*i«p' 2 + 2«ae^y + s 36 7' 2 + 2s 46 pV' 4- 2s 56 ?V 4- w'* ; 

and there is the permanent relation 


4p' 2 + 2Hp'q' -f- £</' 2 4- 2 GpY + 2JtyV + Or' 2 - 1. 


The elimination of the three quantities p', <?', r', among these four equations leads 
to the equation of the locus of the centre of circular curvature, the locus being 
referred to the selected axes in the orthogonal flat. 

To construct the eliminant, we form the homogeneous ternary quantics of the 
second order 


Vi= v; (s n p’ 2 ) -kX = S {( 5 11 - 0, 

#*= ^(*i3 / 2 )-^SMp' 2 )= = 

tf 3 = s (««?'•) ^{(*i«-^)p' 2 }-<) ; 

and, to frame the eliminant of these three ternary homogeneous quadratic 
equations, we use the dialytic process due to Sylvester*. Let J denote the 

* Coll . Math . Papers , vol. i, pp. 61-65, 298-302 ; see also Salmon’s Higher Algebra , 
(2nd. edn., 1866), §§85, 86. 


F.I.G.II. 


O 
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Jacobian of TJ lt U 2 , l/ 3 , so that 

j-xW» U*lIL s )—( e x v ' r') 3 
J ~ 8 d(j/,q',r') -MP’V’ r >’ 


where these coefficients c ijk are linear in the coefficients of each of the quantities. 
Then, for values of p\ q\ r\ that make U l5 U& U n , vanish simultaneously, not 
merely does J vanish, but also (l.c.) we have 


d l=0 ™=o dJ -o- 

dp' ’ dq ' ’ dr' U - 


and as 


QT ,dJ ,dJ ,d,J 
3J- ? - d -, + q a -, + r - gp , 

the last three of these four relations secure also the relation J~ 0. Thus 
<Tu p’ 2 + ‘>11 2 p'q’ + c m ?' 2 + 2 e ua p'r ’ +2 e m q’r' + e, 33 r' 2 = 0, 

‘‘mV'* + >iuPV + <W 2 + >123 A' + >223 <l'r' + 

<W' 2 + 2ei23 V ,( l' + (, 223 V' 2 + 2 e X33 p'r' + 2 e 2M q'r' + r 333 r' 2 ^ 0. 


Also we write 


U t ~ci l p /2 ^ 2h t p'q'-\ b t q' 2 \ k lg t pr f A 2f t qV + c t r'*-= 0, 


for i~ J, 2, 3. There now are six equations, each linear and homogeneous in the 
six quantities // 2 , p'q\ q' 2 , p'r\ q'r\ r' 2 ; consequently their eliminant is 


! 11H 

e 112> 

^12‘«’ 

^lU! 

^123’ 

e i33 

*112’ 

^122’ 

^222’ 

p 123! 

r 223’ 

C 233 

113’ 

(, 123’ 

^'223 ’ 

C 133' 

*233’ 

C 333 


K 

K 

9v 

/l’ 

*1 

a 2 , 

^2’ 


9 *. 


c 2 

»3> 

^3» 

K 

/ 7s. 

/3’ 



Accordingly this equation represents the locus of the centre of circular curvature 
of regional geodesics when the plenary space is sextuple. It is a single equation 
involving the three coordinates x 0 , y 0 , z 0 , referred to the orthogonal flat of the 
region ; and therefore the locus is a surface. 

The degree of the surface can be inferred by considering representative groups 
of terms in the expansion of this determinant : such a group is the aggregate 
contained in the quantity 

a i> g x c 122 , c 123 , c 133 . 

K #2 ^222> ^223> ^233 

ft 3> ^3» C 223» ^233’ C 333 I 
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By actual expansion after the respective values have been substituted, we find, 
for the first factor, 


a li 

K 

9i 

~ 

S ll> 

S 12 1 

S U 

^2 9 

fhi 

9 a 


S 13 1 

S 23i 

S 3i 

a 3> 

^3) 

9i 



,S *26 5 

5 46 


= - k 

A, 

II, 

a 

~k 

A, 

H, 

G 

~k 

A, 

H, 

G 


,V 13 j 

S 23i 

*34 



S 2 6> 

s w 


■hi, 

*12> 

h 4 



,<? 26 j 

S 4B 


s l\1 

S 12i 

*14 


*13 1 

*23 1 

s 34 


To obtain the character of the second factor, it is necessary to revert to the form 
of J, in which the quantities e are coefficients. We write 

Sap' -M^' + W'^An, A 2 , V 

SaP' + tt&q' + Sitr'^Vu *'3. 


respectively, when i~\, 3, 6 ; and now, with the usual significance for u u 
we have 


X 1 — h u ii 

Pi “ h u 2i 


Ao — / 2 ^ 1 > 

p2 *“ f 2 U 2 1 

V 2 - k u 

A 3 ~ h u n 

Pz “ h U 2i 

V 3 tgM 


U 2 , U 3 y 


and therefore 


J = 

Ad 

Pm 

Vl 

- h 

U X y 

Pm 

V 1 

- h 

K 

U ± y 

*1 

~ h 

Ai» 

Pu 

u x 


K 

Pm 

*2 


U 21 

P 21 

^2 

1 

A 2 ) 


v 2 


^2» 

P21 

u 2 


A 3, 

Pm 



'Hi 

P 31 

^3 


A3, 

U 3 1 

*3 


K 

P21 

u 3 


Thus J is a linear non-homogeneous function of t v t 2 , t 3 . Hence each of the 
coefficients e in the expanded form of J is a linear non-homogeneous function of 
hi hi i fhe P ar ^ eac ^ inefficient c, which is independent of t lf t 2 , t 3l is of the 
third degree in the quantities s tm , while the parts involving t l9 t 2 , t 3 , linearly are 
of the second degree in those quantities s lm . It follows that a factor of the type 


C 122 i C 123 1 ^33 

C 222 i e 223 1 e 233 

*'223 > (? 233 1 ^333 

is an expression which is of degree three in the variables l l9 t 2 , / 3 , but is not homo- 
geneous in those variables. 

Consequently the eliminant S , the sum of the products of factors of these two 
types, is of degree four in the variables t l9 t 2 , t 3 , but is not homogeneous in those 
variables. Having regard to the values of hi hi hi i* 1 terms of the coordinates 
x 0 , y Q} z 0 , referred to the orthogonal flat, we see that the equation of the surface 
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S~0, which is the locus of the centre of circular curvature of concurrent regional 
geodesics when the plenary space of the region is sextuple, has the form 


where 


„ 2?i E 2 E 3 Et 

B,+~l+ J=o, 


P 2 = Xo 2 + yo 2 + *o 2 + 2*^0 + 2k 2 z Q x 0 + 2 k 3 x 0 y 0 , 


and where E { is homogeneous of degree i in x 0 , y 0 , z 0 , for i=0, 1, 2, 3, 4. Thus the 
centro-surface is of degree eight, and it has a conical point (real or imaginary) of 
the fourth order at the origin 0 in the region. 


Magnitudes of a region in sextuple space . 

258 . There are questions, corresponding to those in § 251, to be answered 
when the plenary homaloidal space of a region is sextuple. In particular, the 
orthogonal homaloid of the region then is a flat ; and thus there can be only three 
independent directions in that homaloid. All the directions indicated by the set 
of six magnitudes 77^ (for the six combinations ij) lie in the homaloid ; and there- 
fore all these six magnitudes are expressible in terms of any three of them, so that 
all the determinants 

v ( if 

yj( a ) 

hnn 

77 (a) 

»A/x 

(where there arc six columns in the array, for a- 1, 2, 3, 4, 5, 6, corresponding to 
the six space-coordinates) vanish. Therefore also the quantities 


£ 

hj > 

n<y 

lij ’ 

*,(?> 
Vtj 9 

vir 


vl'i ’ 

T}< 2) 

Vkl 9 

*,(3) 

Vkl 9 

vW 


Vmn> 

rj (2) 

'///in’ 

^(3) 
Imn * 

V ( ml 


viji > 

v (2) 

VA/X » 

r? (3) 

'lA(i 9 

C 


vanish : that is, every minor of order four in the six-row determinant in § 2 52 
vanishes. 

The same result can be obtained thus. As the plenary space is sextuple, the 
orthogonal flat contains three principal lines of any regional geodesic, the prime 
normal, the fourth normal, and the fifth normal, with typical direction-cosines 
Y, i 6 , Z 6 , respectively. The differential equations of the second order satisfied by 
the point-coordinates thus (§ J 84) assume the typical form 

Vn- YA + l 5 A 5 + l 6 A 6f t?22 = YE + -f l$B 6 , YC+ + 

Vw ~ YE l b F 5 -f- 6 , ^31 — YG + 4 IqG$, 77 12 — YH + / 6 // 5 -j- l$H fi . 

The constituents of the six-row determinant thus have values 
Sn~ A 2 + A& 2 + A 3 2 9 $i2 = AH 4- A 6 H 5 + AqHq, 
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and so on. Now any determinant such as 

P 2 + Pt?+P« 2 , PQ+P,Qs + P*Qe, PR+P 5 R 5 + P 6 R 6 , PS + P b S s + P«S b 
PQ + P s Q 5 + P qQq, Q 2 + Q 6 2 -f Qq 2 , QR + Q&Rs + Q%R& QS 4- Q$S 5 4- QqS 6 
PR+P 5JS5 + P $Rq, QR 4- Q5R5 + Q%R& R 2 + R$ 2jr Re 2 » RS+R 5 S$+R q Sq 
PS+ P 5 S 5 + P 6 S 6 , QS + Q 5 S 5 + QqSq, RS + iJ 5 $5 *f RqSq, R 2 -\- R 2 +R^ 

vanishes identically : that is, in connection with the six-row determinant in 
§ 252, every fourth-order minor vanishes. 

Thus there must exist relations among the third-order minors of the deter- 
minant. For example, we have, always, 


^115 

^'12> 

t » 


fils 

^12> 

t U 

- 

hli 

^12> 

^14 

2 - 

^11> 

t\2 

hi* 

^12» 

^13> 

^14 

^125 

^22> 

^23 


^12> 

^22> 

^24 


hi* 

^22> 

^24 


^12> 

t'22 

^12» 

^22> 

^23? 

^24 


^23> 

^33 


^14? 

^24 > 

£44 


^13» 

^23 j 

^34 




^135 

^23* 

^33 > 

^34 














^14> 

^24 > 

^34 » 

^44 


identically ; hence, when the four-row determinant on the right-hand side vanishes, 
the vanishing left-hand side provides a relation between the three-row deter- 
minants. For a more concise expression of these third-order minors (as indeed 
of minors of other orders), the following notation is adopted. With the columns 
in succession from left to right, we associate the integers 1, 2, 3, 4, 5, 6 : and with 
the rows in succession from top to bottom, we associate the same integers : 
then minors are represented, to take types, 


^ib Sj rn 

by 

* 3 

Sjl> Jrn 


l m 


$ll> 


s in 

by 

i j k 

S jb 


s jn 


Imn 

s kb 

s km> 

$kn 




and so on, the upper line and the lower line in the symbol being interchangeable. 
Thus, when we take t af3 =s afJ in the preceding identity, we obtain a relation 


1 2 3 

12 4 

= 

123 2 

1 2 3 

1 2 4 


1 2 4 


More generally, we have relations of the forms 


ij 

i k 

~ 

* 3 

i 3 

= *.f 

ij k 

ij 

il 


i k 

il 


ij l 


ij k 

ij l 

= 

ij k 

ij l 

i j m 

ij n 


ij n 

ijm 
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whatever be the integers i, j, Jc , /, m, n , chosen from 1, 2, 3, 4, 5, 6, the first of 
which is valid universally, and the second of which is valid because the fourth- 
order minors vanish. 

By means of these relations, used in connection with the equations of the 
type expressing % in terms of the non-gremial magnitudes A , A 5 , // 5 , and so on, 
and having regard to the relations 

^A 5 p' 1 2 = 0, 

A 9 p' + A«q' + G 6 r'= 0, U,p’ + Brf + FS~ 0, G e p’ + F e q' + C e r’ = 0, 

we can obtain the values of the quantities such as A 5 , A e , in terms of the 
magnitudes the values of the secondary magnitudes A, B, C, F , G, U , being 
known (§ 168). We have 


and 


L~ s nP'* + 4*iaP'Y + 

+ (2s 13 + 4s M )p’ 2 q’ 2 + (4s 16 + 8 s u )p' 2 qY + (2s 18 + is u )p'V 2 
+ wP'v' 3 + ( 8a- 25 + / ls 3i )p'q'V + (4s 28 + 8.v 45 ) p’qY 2 + 4s w pY a 
+ w + 4%y'V -I- (2 s 38 + Ati bh )q' 2 r' 2 + 4s 58 r/V' 3 + .s 88 r' 4 , 


=*n7>' 2 + 2s n p'q' + s ia q' 2 + 2 s u pY + 2s 15 qY + s 16 r’ 2 . 


Then, as 


we have 
1 

r»2 


,5 i i — + A 5 2 -hA 6 2 , 




4p’ 2 q' 2 

1 2 

+8 ? /y/ 

1 2 

+ 4/; 

'2 f '2 

1 4 


I 2 


1 4 



1 4 

1-4 p'q' 3 

1 2 

+p'q'Vj 4 

1 3 

+ 8 

1 2 

l 


1 3 

l 

1 4 


15 

J 


+p'q’r’ 2 ^ ‘ 


1 2 

+ 8 

1 4 

1 +4pV 3 

1 6 


15 

J 


+ 7' 4 

1 3 

+ 4y'V 

1 3 

j 

1 3 



1 5 

+ 4q'r 

.'3 

1 5 

+/ 4 

1 6 . 



1 0 


1 6 


+ q’ 2 r’ 2 ( 2 


1 4 

1 C 

1 3 

1 6 


+ 4 


1 5 
1 5 
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(It may be remarked, in passing, that the right-hand side can be expressed in the 
form 





Pa* 


Qa 2 





1 2 

+ 12 

12 3’ 





1 2 

1 2 

123 


where 







Pa~ 

2 1 2 

V<\ + 

1 3 q 

' 2 + 2 1 4 

p'r' + 2 1 5 

(//+ 1 fi r' 2 , 


1 2 


1 2 

1 2 

1 2 

12 

Qa = 

1 2 3 

y' a 1 2 

1 2 4 

pY + 2 

1 2 5 q'r' + 

12 6 / 2 ; 


12 3 


L 2 3 


1 2 3 

123 


and there are similar expressions admissible for the other magnitudes of the same 
type. But we cannot infer relations 

^5 Pa '^6 ,s 3i 2 Qa 


P 

12 5 P 

1 2 * 

1 2 3 


1 2 

1 2 

1 2 3 


these would satisfy some, but not all, of the equations.) 
Similarly, we find 



+ 7V 8 


9 


15 -f- 2 16 
2 0 2 5 




216 


REGIONAL MAGNITUDES 


[CH. XXI. 


>* ,+ “•■)=>-(?)’ 


p'* 

1 2 

+ 4 p'V 

2 1 


1 2 


2 4 


+ 2/Y 2 

+ 4 p'q' 2 r' 
+ q' 4 


2 1 
23 
2 3 
2 4 


+ 4p' 2 q'r' 

2 1 

+/v 2 r 2 

2 1 

+ 4 

24 ) 


2 5 

l 

2 6 


24 J 

l + Sp'qY 2 

2 4 

1 + 4 pV 3 j 2 4 




2 5 


2 6 


2 3 

+ 4 q'V 

2 3 

+ „'V 2 

f2 

2 3 

+ 4 

25 ] 

2 3 


2 5 


l 

2 6 


25 J 


+ 4q'r' 3 

2 5 

+ r' 4 

2 6 


2 6 


2 6 


and 


-AA^+A^J^- 


s n AF 


=2/y 

1 2 

+ 2p'V 


1 5 



-tp' 2 ?' 2 /4 


+//?'* r 2 


2 1 
2 5 


2 1 
3 5 

/«V2 


+ 2 


1 3 
1 5 


2 5 

3 1 


1 4 
1 5 

+p'-q'r' f-2 


+ /)'V 2 |4 

j+pyv/4 


1 5 
1 5 
4 1 
4 5 
1 2 
5 5 


+ 4 

1 5 
1 (i 
+ 2 


1 2 
5 4 


4 4 


3 1 

4 5 


+ 2 


1 4 
52 


3 5 

4 1 


f-4 

1 4 

+ 2 

2 1 

-f" 2 

2 5 

l 

5 5 


65 


6 1 


+pV 3 f2 


1 4 | + 2 
5 6 


] 6 
54 


+ </' 4 

1 3 

-2 y'V 

1 5 

+ ? 'V 2 f 

3 1 

+ 

35 

1 


5 3 


3 5 

l 

6 5 


6 1 

J 





- 27 V ' 3 

1 5 

+ r 

'4 

1 6 






65 



5 6 


The values of all the remaining expressions of the same type can be derived from 
one or other of the three which are thus stated, by due interchanges of the para- 
meters p, q, r, with the appropriate interchange of the row-and-column numbers 
in the six-row determinant of § 252. Thus, an interchange of q and r while p is 
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left unaltered, requires 2 and 4, 3 and 6, in these row-and-column numbers to be 
interchanged, while 1 and 5 are unchanged ; the expression given for 

(A 5 H 5 +A 6 H 6 )Ip* 

is unaltered. An interchange of p and q, while r is left unaltered, requires 1 and 3, 
4 and 5, to be interchanged, while 2 and 6 are unchanged ; the expression given 
for (// 5 2 4- Hq 2 )/p 2 is unaltered ; while, from the expression for (A 5 2 -rA e 2 )p 2 , we have 


2 (S 5 2 4-iV) = - f- 


S 33 A®\ 2 

P 2 W 


1 3 

t -ij)' 3 q' 3 1 +4 y/V 

3 1 

1 3 

32 

34 


+ 4p' 2 q' 2 2 3 +p' 2 q'r' f 4 3 1 +8 3 2 1 
23 l 35 34 J 

4-p'V 2 f 2 3 1 4-4 3 4 
l 3 6 3 4 

4-8 p'q' 2 / 3 2 +p'q'r' 2 f 4 3 2 4-8 3 4 j + 4pV 3 3 4 

3 5 1 3(i 3 5 J 3 6 

4-4?'V 2 | 3 5 |4-4r/r' 3 | 3 5 1 4- r' 4 I 3 6 | 


Similarly for the remaining expressions of this type. 


259. To resolve these relations for the twelve quantities such as A 5 and A 6 , 
we can proceed as follows. 

(i) First of all, let 

"u= \(A S *+A a *), °44 = 1 (<V+fl>,*) 

P P 

P P 

+ o M = \{CS + CS) 

P P J 


°12 — 2 (^5^5 + ^6^6)? 

P 

<* 13 — 2 (^5'®5 + 

P 

a 23— 2(B&+H.B % ) 
P 

Ol4~ ~o(^5^5 "t" ^6^e)j 

p 

a ib— b -\ A s Fq), 

P 

a 16— 2 (^5^5 ^ '4 6 C 6 ) 
P 

*24 “"2 (#5 G S + HqGq ), 

P 

P 

°26 — "2 (^5^5 + 

p 

°34~ 2^5® 5 + 

P 

ff 35 = 2 {F$F b + B s F 6 ), 

p 

cr 36 = _ 2(-®5^ 5 + ^('e) 

P 

P 

^=\(G 6 C s + G 6 C t ), 

P 

+ TOO 

P 
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Now (§ 182) we have, as regards the quantities of the type A b , 

u 5 = A b p' + H b q 4 G b r\ r 5 - H b p' 4 B b q f 4 F b r', w b = G b p f 4 F b q' 4 C b r\ 

Ur o p' + v b q' + w b r' = 0. 

It is easy to verify the equations 

2 ^ 

<r n p' 2 + 2a 12 p'q’ 4- a 22 q' 2 + 2a u p'r' + 'la 2i q'r' 4 tf 44 r' 2 = ® 

CT 22 p' 2 + 2<r i3 p'q' + ci M q' 2 + 2a 2i pY + 2a 36 q'r' + o^r' 2 = ? ■; 

ij/; 2 

a 44 y' 2 4 2a Ab p'q' 4 o bb q' 2 4 2a ^pY 4 2<7 3fl jV 4 *««/* = ■ -~ 

and these values for w 5 , ?: 5 , ?v/ 5 , may be compared with the apparently more succinct 
expressions in § 189. 

Also we have 


An tlr / / / 

~ a ll'P 1 a 12 ( l +° r 14 r 

P P 

e Wk III 

^15^2 +<*25? + <W 

P P 

— - = °u‘P' + °V/' + a n r ' 

P P 

Fb tv, , , , 

r , ‘ - z °2bV <1 +ct 55^ f 

p p 

An U\ . , , 

- --^c r u p +a n q +<r lg r 

P P J 

F b Wr , , , 1 

— ° , 45P + °557 "1 ° r 56 r 

P P J 

B b Ws f / r 

1 = 013 P 4 a 2 tf 4 a 34 r 

P P 

1 6>. ?/r. . , , 

I 5 -°=<7i47/4o 24 ? 4<W 

P P 

Bn Vk lit 

=~a 2 zP 4 a^q 4cr 35 r 

P P 

Gr. Vk ill 

:> — --- — o r 2 4 jp -Ho* 34 (/ 4a 45 r 

j P p 

Bk Wk , , , 

=034 V + °J15? + <W 

P P 

6r s ?r s , , , 

I - = <*44^ +^457 +°46>* 

1 p p J 

G r. 11 k til 

— =0*16^ + <*26 7 +0‘46^ 

P P 

JTc ^5 t t t 

= ct 12 j> 4cr 22 r/ 4 cr 24 r 

P P 

C v 

~ a 2&V “b°56f 

P P 

//k , , , 

f , =CT 2 2P +° r 23(Z +^25 r 

P P 

Cr Wk , , , 

-=^46 P +0 , 56 9 +0 66 r 

P P 

7 /,= u\ . , , 

— ®2\P ^ 0^25^ “l“0 , 26^ 

P P 


relations which give expressions for A b , B b , C 5 , F b , (? 6 , H bi when the cited values 
of u 5 , v 5 , w 6 , are inserted. These values may be compared with the values for 
AJk and the rest, obtained in § ] 87. 

(ii) In the next place, it is to be noted that, in the six-row determinant 

K||, (M,=l,2,3 f 4,B,6), 
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every third-order minor vanishes, a result that is verified at once by substituting 
the values of the quantities in terms of magnitudes such as A b and A e . As 
every third-order minor vanishes, there are relations among the second-order 
minors ; and these relations facilitate the expressions to be obtained for the 
quantities A e , B 0 , C 6 , F e , G e , H e . We write 


P 

P 

P 


=a n ‘ cos <f> l 

= <7 55 ‘cos^ s 

~arj sin fa 


1 h 


P 

G\ 


-O3 3 a COS <^ 3 
= or 3 3 i Sill <j>.j 


— (I 44 1 COS 


1 . . 

— = °» * m <f> 4 

P 


C 6 

P 

c tt 


=<r fl /cos<£ 6 


— ^66* 8U1 (f>Q 


h 6 1 , 

- — <r 22 * cos 02 
P 

Uq . . . 

=cr 2 ./ sin <p 2 


Then we have 


A = 008(0!-^), — ai4 4 ~ cos (<£ 4 — ^ 4 ), — ^-^cos 

( cr ll or 22) 2 ( cr ll cr 44) ** ( Gr 22 <T 24) 8 

as (<^ 1 -^ 2 )~(0 + the equivalent relation 



C7 125 

^14 

°"l2J 

Cr 22> 

0r 24 

°'l4’ 

°24> 

^44 



is satisfied. Let 

and let a positive sign be affixed to the square root, when for the left-hand side 
we take i cj m , then we take 

Pu — ionOss)* sin {(f>i - <£,), 

so that the convention adopted implies a relation Thus we assume, as 

a standard of reference, 

^1 > ^2 > > ^4 > 05 ^ 06* 

Then for the minors of the foregoing determinant other than /z 12 , /z 14 , /z 24 , we have 

0^24 “ ^12^14 - CT 11 (o*22°'44) * { C0 « (^2 “ “ C0S (<£l “ C °S (& “ <£4)} 

= orn (ct 22 ct 24 ) t sin {<f> x - (f> 2 ) sin (0 L - <f> A ) 

— j 

and similarly 


~ <T 12° P 24— ^12^24 > 

° r 44 Cr 12 “ °'l4 Cr 24— / X 14/ Z 24- 
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Likewise for any second-order minor : thus, for example, 

cr 14 <T 26'~ a lB 0 ^ — 

° , 34° r 16 ~~ or 14° r 36 == ~ / X 13^46 > 

every second-order minor is expressible in terms of the square roots of diagonal 
second-order minors. 


(iii) Further, we have three relations 

Asp' + H«q' + 0 B r’ = 0, II G p' + B e q' + I\r' = 0, G e p f + I\q' + C 6 / = 0. 

When the postulated values of A e , Z/ 6 , 6? 6 , are substituted in the first of those 
relations, then 

p'vxi sin fa + q'cr 2 / sin fa + f sin fa~ 0, 

and therefore 

{p /<J n T + 22* cos (0i ~ 02) + r'<r 44 * cos (0i ~ 04)} sin 

- sin {fa - 0 2 ) + r'cr 44 ® sin (fa - ^ 4 )} cos fa = 0. 

When this equation is written in the form 


we have 


also 


Pj sin fa - cos fa = 0, 

iVu*=ff u 2>' + o 12 q' + a M / =— M? , 

Pi 

Qi a n = ( CT n CT 22 - ct 12 2 ) ! '/' + K 1 CT 44 - ct 14 2 ) * r'=n 12 q' + n u r ' ; 


<7ll(^i a +^l i! )=(o'uP'-t "l27'+ Cr 14^) 2 +(Ml2'/'+Ml4 ? '') 2 

- <*11 KiP' 2 + "±0\iV' ( l + ct 227' 2 + - CT 44 ?''»■' + 2a 24 ? V 4- <r 44 r' 2 ) = a u ^ , 

P 

on inserting the values of /x 12 2 and /x 14 2 , and using the relation p l2 p 14 = cr 11 a 24 - o- 12 cr 14 . 
Thus 

sin^ 1 _cos^ 1 __ 1 _p 


Accordingly 


Qi p i (P^ + Qf) 1 

= <*11* C0S 01 = ^11^' + ^12?' + Or 14 /, 

= ^ 1I i sin^ 1 =/x 12 y / +)u 14 r / . 


^5 ^5 t 


P P 
-^6 % 
P P 


If, in the same relation, the angle fa be retained instead of the angle fa 9 then 
similar analysis leads to the results ' 


Hr Zlr III 

~ ~-°VlV + CT 22? 

P P 


#6% 


P P 


”= -pup'+zw'; 
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and there are corresponding results for G h and 6? e when the angle <j> z is retained 
in that relation. 

Similarly for the other two relations : the full tale of results is 


p 2 A 5 U 5 = <*1\V H- 012 ?' + °U r ' 
~ // 6 % ^a 12 p' + a 22 q' + cr 24 / 

"* r; 5% ^ CT 14P' + 024?' + <744/ 

~ II 5 v 5 = a 22 p' + a 23 q' + a 25 r' 

^ #6*5 ' = 0*23?' + 033?' + 

P 

\ *>5 = 026?' + 0.35?' + 055^' 

P 

\ G > 5 = 044 / 4 045 ( 7 ' + cr 40 r' 
P 

\ ^>5 ~ 045 ?' + 055(/' + 056^' 

P 

~ 2 C$W b ~ 046 P +056? +066 r 

P 


^4 6 % — /*12?' + P-14 r 

P 

- 2 #8^*5 = - M12P + 7*24 y ' • 

" 2 ^6^5 — ” 7*14P ~ 7*24? 

^#•*5 = 7*23?' + 7*25^ 

#6»5 = “ 7*23 P' + 7*35^"' f > 
P 

FqV 5 ~ - ^25p ~ 7*35? 

P2 J 

- 2 ^>’5^ 7*45?' +7*46^' 

P 

~ 2 ^6 W; 5 = ” 7*45 P' + 7*56 r * • 

— O e fr 5 = ~ /*4$P - 7*56?' 


The relations involving the quantities /1 5 , i? 5 , C 5 , i^ 5 , 6r 5 , // 5 , are in agreement 
with the former relations between these quantities. The remaining relations 
involving yl 6 , 2? e , 0 6 , jF 6 , fig, // 6 , can be regarded as providing explicit expressions 
for this set of non-gremial quantities. 


Orthogonal centre of a region in sextuple space . 

260. In connection with the locus of the centre of circular curvature of regional 
geodesics in a sextuple plenary space, we consider the possibility of an orthogonal 
centre of the region, defining it (on the analogy of the like property for surfaces in 
a quadruple space *) as the limiting position of the intersection of the orthogonal 
flats of the region at consecutive points along a regional geodesic. 

The equations of the orthogonal flat of the geodesic are 

S(y-.y)yx=°> '!£i{y-y)y*=®, S(y-y)ya=o; 

and therefore, for such intersection with the orthogonal flat at a consecutive 
point of the geodesic, we associate with them the three additional equations of the 
type 

S(y-y)y/- ^»i=°- 

*G.F.D., vol. i, §247. 
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But 


yi-vi+ 2/i a i +y^i+ y-4>i » 


and so, at the intersection in question, given by the six equations, 


'Ejiy-y) Vi = S {y-y){vi+ y^i + y 2 £i + y^i) 

= '£(y-y)vi’> 

also ; so that the equation, and the like equations, are 

^(y-y)v i=«i' 

S( y-y)i2= u i k 

'E(y-y)va^u 3 

which, with the three earlier equations, should give the required locus. 

Now, using the notation (§ 188), 

b ~^ 1 ?2 2 . C =^)V> f =]2w?3> S-^LiVaVv ^'Ei r h r la> 
the symmetrical determinant of which vanishes, there is a relation 

rj 1 a 8 - 7y 2 6 a 4- T7 3 c a — 0 : 

or, what is the equivalent, the determinant 

I Vl* y 2> 2/3, Vn ^2, ^3 I, 

of the coefficients of the six quantities y-y in the six equations, vanishes. Accord- 
ingly, the equations cannot be satisfied simultaneously by finite values of the six 
quantities, except under one condition. 

The exception arises, when the curve is such that a relation 

?/ 1 a 2 - u 2 h* f ?4 3 c*-=() 

is satisfied ; but as relations 

i> 1 a T -‘W 2 6^ r + v 3 c*=0, 
u & a* - w 5 c a =0, 


always are satisfied ( l.c .), we then should have 


t^i, u 2 , u 3 

v 2 , v 3 
U 5 > V o> W 5 


The coil would vanish (i.c.), and the geodesic would be a tangent to a curve of 
globular curvature (§ 192). 

Assuming this inference not to be fact, we conclude that the equations are not 
satisfied by finite values of the six quantities y - y ; and we resume the investiga- 
tion of the intersection, but we change one of the implicit assumptions. We take 
the orthogonal flat to be represented by the equations 


II y ~~y> ^ > hi h |i— o. 
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y-y—PY+Qlz+Rlfr 

P, Q, P, being parametric. We take the orthogonal flat at a point S on the geodesic 
at a small arc-distance 8 from 0 , this quantity 8 being exact ; and now, instead 
of assuming that only small quantities of the first order need be retained in the 
values of y 9 Y , Z 5 , for the consecutive flat at this point S , we retain second powers 
of 8 in their expression. Thus, at S 9 we take the new value of y to be 

=.y+y'8 + iy"8 2 =y+y'8-\-^-8 2 \ 
the new value of Y to be 


=.r+r8+!r"8» 



the new value of Z 5 to be 



(using l/p 5 for the curvature next after the coil, in the grade of succession) ; and, 
finally, the new value of l 6 to be 

= k + V S+H"S 2 

==^8 + *{-7 6 \-h ?-(-) + / 4 --}s 2 , 

P5 l Po 2 ds \p 5 J K Pb J 

all up to S 2 inclusive. Thus the typical space-coordinate of a point in the con- 
secutive orthogonal flat is given by 

ij-(y+y'*+l p v) 

- PY+Qk+m 6 

1 4 

[or 


+ P 


(hA 

Act p ) 


8 + i 


*+I ~ 

i ‘a i 


d 

3 ds 


(OAAOO(i;)H 


+ 


«[(K 4 ) s+ H'-s C’)-'* Os) -'4 C) + AH 


where the quantities P, Q , R , are parametric, and are equal to P, Q , P, respectively 
when 8 vanishes. 
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To obtain the point of intersection, we take y to be its typical coordinate : 
the two preceding values of y are equal to one another : and thus there are, in all, 
six equations for the determination of the six parameters P, Q , /?, P t Q , R , the 
equations being linear and homogeneous in the six sets of direction-cosines 
typically represented by y', Z 3 , / 4 , Y, l 5 , l 6 . 

The terms in y\ alone, give 

s -^ 8 - iP sO) 8 ’= 0 ' 

so that, accurately up to the first order, 

P=P+i P ' 8 . 

The terms in 7, alone, give 

s*, 

p \p 1 ( 7 “/ 

and therefore, accurately up to the first order, 

P-p + ip'S. 

The terms in Z 3 , alone, give 

+ 1 8 2 = 0 , 

a as \oy kt 

accurately up to second-order terms inclusive ; and we infer that the first two 
terms in the expression for Q are 


ao a \(T pj 


The terms in Z 4 , alone, give 


fi 1 S! 1/1 d ( l 


IP ‘ S 2 -$-8-l0^ - 8 2 +p--- S 2 =0, 

err k (is \k/ Kp b 

accurately up to second-order terms inclusive ; and we infer that the first two 
terms in the expression for R are 


- 4 raL* ‘+2 (l 4 i' - ?') ' . 

cr o* a \k a pi o 


The terms in Z 6 , alone, give 


<M=-w(± +i y »■-*£*+*£$«■}=«. 

accurately up to second-order terms inclusive ; and we infer that the first two 
terms in the expression for Q are 


_C,P TK 1 P TK (. 


p & k a pJ 
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Finally, the terras in alone, give 

R-R=q\ ~ S + i d ( l )s4-|K-,8 2 . 

l/>5 ds \ Pb J J ps 

accurately up to tlie terms retained ; and we infer that the first two terms in R 
are the same as those in R, so that 


K=- 

a o* a \k a pi o 


We thus have the values of the parameters P, Q , R, in the expression 

y-y=PY+Ql 5 + Rl 6 

of the typical coordinate of the orthogonal centre of the region for the direction 
p\ q\ r'. It follows that, when the most important terms alone are retained, we 


have 




RKTPs 



so that the orthogonal centre of the region, belonging to the direction p\ q\ r', 
lies at an infinite distance along the sixth (and last) principal line of the geodesic, 
the plenary space of the region being sextuple. 

It was proved that the perpendicular 77 (from the selected neighbouring point), 
drawn upon the tangent flat of the region, is given by 



as to its most important term. If p 0 denote the length of the line from 0 to the 
penultimate (infinitely distant) position of the orthogonal centre, we have 


Po n=2 K1 p. 


F.I.O. II. 



CHAPTER XXII 


Orthogonal Surfaces, Minimal Surfaces, in a Region 
Triply orthogonal surfaces in a region : curves of flexure as intersections . 

261. The developed theory of systems of triply orthogonal surfaces in a flat is 
well known *. There is a similar theory of systems of triply orthogonal surfaces 
in a region, as also of systems of completely orthogonal amplitudes of n - 1 
dimensions in any amplitude of n dimensions. 

In the theory of orthogonal surfaces in a region, the main concern relates to 
the regional properties of the surfaces and not to their spatial properties. When 
the theory is compared with that of orthogonal surfaces in a flat, the regional 
normal to a regional surface takes the place of the superficial normal in the flat, 
and the regional flexure of a geodesic on a regional surface takes the place of the 
circular curvature of a geodesic on a surface in the flat. Here we shall deal with 
two results only f, an extension of Dupin’s theorem on the intersections of three 
families of orthogonal surfaces in a flat $, and an extension of Bonnet’s theorem 
that the parameter of a family of surfaces constituting their part in a triply 
orthogonal system in a flat must satisfy a partial differential equation of the third 
order **. 

For the establishment of the extended form of Du pin’s theorem, the method 
used by Puiseux ff will be adopted (with the necessary modifications). The whole 
configuration is referred to any point 0 in the region ; and it is considered for a 
small regional range in the vicinity of 0, The three families of surfaces are 
represented by the equations 

<*(p, g, r)= a, e(p, q, r)=e , i(p, q , r) = t, 

* Reference may be made to the exposition in Darboux’s treatise Lemons sur les 
systemes orthogonaux et les coordonnces curvilignes (1910). 

f For a discussion of the main properties of orthogonal configurations in an ampli- 
tude of n dimensions, see Bi an chi’s Lezioni di geometria differ enziale, (3rd od.), vol. ii, 
part ii (1923), chap, xxviii, pp. 621-686. 

J Dupin, Developpements de geometric (1813), pp. 239-242. 

** The theorem was first stated by Bonnet in 1862, in his memoir in the Comptes 
Rendus, t. liv (1862), pp. 556, 557. An explicit form of the partial differential equation 
was obtained by Cayley in 1872 ; see his Collected Mathematical Papers , vol. viii, 
no. 518, no. 519. For further references see my Lectures on Differential Geometry , 
ch. xi. 

ft Liouville, 2 me s6r., t. viii (1863), p. 336. 
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where a, e, i, on the right-hand sides are the parametric constants, the variations 
of which give rise to the surfaces in the respective families. As the surfaces are 
orthogonal to one another, we have 


2 at iai=0, 2 aa i e i~ °- 

From the second and third of those relations, taken in the forms 


‘l '£ (la l + ‘2^) ^ a l + »3SS ,a l = 0 ' 

e l S act l + € 2 S + € 3 '£<J a 1 = °) 

we have 


1 _ 

€ 2 C 3 ~ 6 3 t 2 6 3 6 1 “ € l l 3 e l l 2 £ 2 l l 


We denote the elements, at 0, of regional normals at right angles to the families 
a, e, 1 , by <ZZ, dm , (Zn, respectively ; the dilatation of the a-family is denoted by 
; and thus 


v (U 


Again, let p x \ q x \ r/, denote the direction-variables at 0 of the curve of inter- 
section of the surfaces e and 1 , so that 


and therefore 


€ iPi 'J € a9 r i , + € 3 f i / —^> l iPi+htli +- fc 3 r i ,: =0, 


Pi 


7i 


€ 2 L 3 e 3 l 2 e 3 t l — e l l 3 € l t 2'“ € 2 t l 

The regional arc-relations at 0 are 
and therefore the preceding relations give 


Pi 


,_^dp , dq , dr 


dv ?1 di ’ 71 _ dr 


r, = 


Hence, at 0, the directions of the three curves of intersection of the surfaces, 
which are at right angles to one another in pairs, are the regional normals to the 
respective surfaces. 

This property is descriptive at 0 ; and it belongs to any three surfaces at 0 
merely at right angles to one another. For the extension of Dupin’s theorem, we 
must take account of the ranges in the region in the near vicinity of 0 ; and, in 
the discussion, the organic succession in each family of the surfaces is used. As 
the three curves of intersection at 0 are orthogonal, we use them as parametric 
curves to which the region is referred ; and therefore the regional arc-relation 
becomes 


Ap' 2 +Bq'* + Cr' 2 =: 1, 
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while the values of A, B, C , at 0 will be denoted by A 0f B 0 , C 0 . The parametric 
equations of the surfaces in the regional range near 0 can accordingly be taken in 
the forms 

a(p, q , r)~a~p + ia 22 q 2 + a 23 qr + fa 33 r 2 + ... , 

« ( P> 7 , r ) ^ q + + e 23 rp + hnP 2 + ■ ■ • , 

i.(p,q,r)= t =r + |-i lt p*+ i 12 pq + + ... , 

the unexpressed terms being of the third and higher orders in the small magnitudes 
P> 9> r > 

To utilise the equations of § 190, which give the directions of the curves of 
regional flexure on a surface, we require (i) certain magnitudes of the region at 0, 
(ii) certain relations expressing the orthogonality of the surfaces at 0, and (iii) 
the general equations satisfied by directions at 0 on the respective surfaces. We 
take these in turn. 

(i) Because the primary magnitudes F, G, H , of the region vanish, we have 

(§ m 

0 ^BA 3i + C@ 2i , 0 =C 0 u +Ar 3i , Q=Ar 2 i +BA Ui 

for i=], 2, 3, independently of one another, for the three equations separately. 
Hence, taking 1 for the first, i= 2 for the second, and i = 3 for the third, we 
have 

ba 13 +c@ 12 = o, ce 1 % +Ar„= o, at*+bAu=q, 

and therefore 

r 23=0, Ji 3 =o, © 12 =o. 

(ii) As regards the orthogonality of the surfaces, continued beyond O, we have 
in the vicinity of O, 


a x = l + ... 

€ i— e n V + e i3 r + 

L i—hiP + l i2<7+ ••• 

a 2 =a 22 q + a 23 r+ ... 

■> + 

l nP + hiV + ••• 

a 3 =a 23 q+a 33 r+... 

e 3 = e isP+e33 r + — . 

*3~ ! + ••• 


the unexpressed terms in each value being small compared with the retained 
terms in that value. 

The condition of orthogonality of the surfaces a and e, which is 

da 1 e l + ba 2 e 2 4- ca 3 e 3 = 0 

in general, becomes 

a (c n p + € 13 r) + b (a 22 q + a 23 r) + . . . =0 

on retaining the formally important terms in a x and But along the curve of 
intersection of these two surfaces, p and q are small quantities of the second order, 
while r remains of the first order ; hence the condition of orthogonality becomes 

(a€ 13 + ba 2S )r+ =0. 
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Thus, as a first-order condition of orthogonality in the immediate vicinity of 0, 
and taking 


we have 


d — BG — B 0 C 0 +... , b — CA — OqAq +... , 

-®0 e 13"^ ^0^23 = ®* 


Similarly, the first-order condition of orthogonality of the surfaces e and t in the 
immediate vicinity of 0 is found to be 


C 0 L i 2~ i r Bq€ X3 — 0 J 

and the like condition from the orthogonality of the surfaces i and a is found 
to be 

A Q a 22 ±C 0 i 12 =0. 

Hence, when the conditions are combined, the complete orthogonality of the 
surfaces imposes at 0 the results 


<*23 — 0, €%i — 0, t 12 — 0. 


(iii) Any direction on the a-surface satisfies the relation 

a x p' + a 2 q' -Y a 3 r' = 0, 
as well as the permanent arc-relation 

Ap' 2 + Bq' 2 + Or' 2 = 1 . 

Hence all directions at 0 oil the a-surface are given by 

/=(>, B 0 q' 2 +C 0 r' 2 = 1. 

Similarly the directions at 0 on the e-surface are given by 

?'=0. A 0 p'* + C 0 r'*~ 1, 
and those at 0 on the i-surface by 

r'= 0, A 0 p' 2 -hB 0 q' 2 = 1. 

Now (§ 196) the equation, which gives the directions of the curves of regional 
flexure on a regional surface 6(p,q, r)~ 0, is 


'Dll?/ + aha?' + 'D' i3^* / > 
D'laP' + ^22?^ + &23 r 'i 

Di3?/ + '9 , 23? / + & 33 r '> 


Ap' + Hq' + Gr', 
Hp’+Bq' + Fr', 
Gp'+Fq' + Cr\ 


0i 

e 2 

03 



always in conjunction with 9^' + 0 2 q' + 0 z r'—O and the permanent arc-relation of 
the region, the symbols having the values 


'D'*; 0ij 01^1] ~ 0%A ij 03®iji 
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for all values of i, j, =1,2, 3. For the preceding a-surface, in the region as referred 
to the selected parametric curves, this equation becomes 


d 12 q' + a 13 r', 

&22? a 23 r > 
^23 q "t" a 33^ > 


0, 1 
Bq', 0 
Cr', 0 



all values being taken at 0. But, as 

*i} = a il ~ a i r i3 ~ <hAti - a 3 

in general for any surface a, we have (for the surface under consideration) 

&23~ a 23"~ r 23 


at the point 0 ; and therefore the equation for the curves of regional flexure on 
the a-surface is 

((7 0 d 2 2 “ B 0 d 33 )q r “0. 

We have 

r __ Bi 

a 22 — a 22 1 22 — a 2 Z ~" % A ’ 

r _ Cl 

a 33 — a 33 “ 1 33 ’ “ a 33 9^ > 


the values of BJ2A, CJ2A , being taken at the origin, so that the coefficient of 
q'r' does not vanish in general. Thus the equation for the directions of regional 
flexure on the a-surface at 0 is 

qY=Q, 

taken with B 0 q 2 -f C 0 r' 2 = 1 . 

The two required directions at 0 therefore are 

I . 

r'^Ci-y r'—0 J ' 

that is. they are given by the intersections of the a-surface by the orthogonal 
e-surface and the orthogonal t-surface. Similarly for the curves of regional 
flexure on the €-surface and on the i-surfacc. 

We therefore infer an extension of Dupin’s theorem in the form that, when 
three families of surfaces in the region are a completely orthogonal system, the 
curves of intersections of the surfaces are the curves of regional flexure for the 
surfaces. 

Ex . Establish the corresponding extension of Joachimstahrs theorem that, when 
two regional surfaces intersect everywhere at a constant angle, and when the inter- 
section is a curve of regional flexure for one of the surfaces, the intersection is a curve 
of regional flexure also for the other surface. 
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Triply orthogonal surfaces and a partial differential equation of the third order . 

262. The establishment of the theorem : that, when a family of regional 
surfaces constitutes a part of a triply orthogonal system in the region, its para- 
meter must satisfy a partial differential equation of the third order : can be 
effected by a process analogous to the process devised by Darboux * for such 
surfaces in a flat. 

As before, the triple system is represented by the equations 

a (P> <L ')=«> € (P> <L *(P> ?> r )= L ; 

and, no longer specialising the parametric curves as in § 261, we shall write 


aa x + ha 2 4 ga 3 — A x 1 

a€y 4 hc 2 ge 3 — E-y 

aiy 4 ht 2 *4 gt> 3 — J \ 

hay 4 ba 2 4/a 3 = A 2 

>9 h*i + b€ 2 +f€ 3 —E 2 

” , hiy 4 bi 2 4 fi 3 ~l 2 - 

9 a i + / a 2 + ca 3 — A 3 J 

9 € i+f € 2+ C€ ^ := E 3 



The conditions of orthogonality of the families of surfaces are 

2>i‘i - 

2«a 1*1*= SAai-0, 

to be satisfied throughout the whole range. 

These conditions are of the first order, in derivatives of the parametric magni- 
tudes a, e, i. It is necessary to frame similar conditions of the second order and 
some similar conditions of the third order, to prove the theorem in question. 

When the relation ^oa 1 € 1 =0 is differentiated with regard to p, we take it in 
the form 

V'' a /V 

i*i= 0 ’ 

and then 

( a i € n -1 € i a n) ~ ^ j q~ n 2kr i2 + 2gr i3 )=Q, 

both summations extending over the six terms corresponding to the occurrences 
of a, b, c,/, g , h. When this equation is re-arranged, it can be made to assume the 
form 

A X € U 4 A 2 € 12 4- A 3 € 13 4 E x d u 4 E 2 d 12 4 E 3 d 13 = 0. 

Differentiations of the same relation with respect to q and to r, with similar 
transformations, lead to the equations 

-<4 1^12 4 A 2 € 22 4 A 3 € 23 4 Eydy 2 4 A 2^22 E 3 d 23 — 0, 

^4 1^13 4 A 2 i 23 4 A 3 € 33 4* Efii 3 + E 2 d 2 3 4 E 3 d 33 — 0 , 

*Syste?nes orthogonaujr , §§9-12; cited above in §261. 
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respectively. Let these three equations be multiplied by 7 2 , 7 3 , respectively, 
and the products be added ; then the resulting equation is 

id 11 ==0. 

Proceeding similarly from the first-order conditions ]>} ae^^O and ^ ^i a i = 
we find similar resulting equations 

When these three equations are combined, we have 

^7?i7id u =0, ^j7 1 ^4 1 e 11 =0, i^i^u ^O, 

which are the symmetrical second-order conditions *. 

The third-order conditions, affecting a, €, t, are similarly derivable from these 
second-order conditions ; and they will be developed in connection with a, so as 
to lead to the special equation of the third order affecting a alone. (There are, of 
course, the like equations of the same form affecting e alone and i alone.) We 
proceed from the relevant second-order condition 

K H 

and introducing an operator & a under the definition 

a t ^ -j d T d 

^- Al dp +Ai d q +Aa dr' 

we shall evaluate the relation 

MSSw4=o. 

^ K H J 

From the relations in § 160, and using (for the region) the double-suffix notation 
of § 10, we have an equation 

3 ^ 

(fp J l P'tm b') d* (Ifni l^j ^}]j 

with like expressions for the derivatives with respect to q and to r. Hence 

3^3/ \ 

d P dp\^ emam y 

- y, («mM«mi) +E» V, 1 - ^ e m [a lm {U, p} + a tll {U, m}} 
m ^ t m 

= ^ j {Q'mn^rnl) + ^ j A > ^}] d" q 

mm A ** 

- ^ Se m [a (m {]«, ju} + a <(1 {l«, m}J ; 

t m 

* The equations 

a 23 “ a 23 ~ ^23 “ 0 , ~ e 31 ~ ^31 ~ <12 ” *32 ” ®12 ~ 

as obtained in § 261 (pp. 228, 229), are the forms of these general conditions with the 
specialised reference of the region there adopted. 
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or, because 

E E l»«l, A}= E X a ^ e m »Al, m}, 

ro A Aw 2 w 

we have 

°P m m t 

= S + ^ § - >3 /*}■ 

There are similar expressions for the derivatives of 2?^ with respect to </ and to r ; 
and therefore 

(^v) = 2[ a w/x(^l^/w1 -b^Mm2 + ^3^/23)] + ^0*0 (log &) ~ ^ /41 

m r $ 

— _ + + E E /*}] + ^,<&a(l°g ^)> 

w r t 

by the second-order results on p. 232. 

Similarly we find 

&a(I K )=- - 'Ei[a„K{li<\ + ho-vi+h<i)] - S + 

n s u 

When these values are substituted in the relation 
0 = &U (I K E Ml*) 

fl K 

• = E E [W>.&J]+ E E [UAW] + E E [E lt dMDl 

H K U> K fl K 

the total coefficient of $ a (log.Q) on the right-hand side 

=2E S Wa«=o. 

A* « 

The total coefficient of - 7*2^, out of the second and the third terms, 

~ ^ 1 J m mu®* hk) I" ^ J ^ i •**}] 

m 11 r 8 

^ J ^ J (®inn ci "mii a ' nt<) b ^ 1 \^r a iis ^}] 
m n r 8 

y v y 1 (P mn^mn^tiK ) + E E S } + < V{ , *'> *}] : 

m n r 8 

this quantity we shall denote by P^ K , temporarily. Thus the relation becomes 

E E f«^[.fra(<v) - ■ P M«J = 0 - 

A* K 

Next, for the development of the quantity we have 

— d — d — d 

$a (d^i*) ^1 A . 2 ^ {Q>hk) "b ^3 ^ (d-ju/c)* 
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By the results * iu § 209, we have 


fcuK 

dx t 


a^ Kt +%(x 0 + “*(m0 

+ '3 a i xt) + (l«r, pi)} 


+ ~> l {(2n,Kt) + (2K,nt)} 


dt 

+ jj {(fy,Xt) + (3K, pl)}j , 


with the convention x lt x 2 , x 3 , =p, q, r, respectively, while dl is an element of 

arc in the domainal normal to the a- surface, and — , ^y , ~ , are the domainal 
direction-variables of that normal, so that 

i -Jj =aa x ~\ ha 2 4 - ga z ~ A lf 
Qai ^==ha 1 + ba 2 +fa :i —A 2y 
Oat ^ =9 a i +/<* 2 + ca 3 = 4 3 , 

while, for all values, 


*k(ij)= : r t} a lk + A ij d 2k + ® i; a 3fc = V [d mk {ij, m}± 

in 

Thus there are three aggregates of terms : 

(i) , those involving symbols d ^ v ; 

(ii) , those free from the symbols d and the four-index symbols ; 

(iii) , those involving the four-index symbols of sphericity. 

We take these in turn. 


(i) This aggregate 

Aidi^K + A 2 d 2 i iK + A :i d 

3m* 

== ^ j (^mn a n^mfxK)j 

m n 

the summation being for values of m, n, =1, 2, 3, independent of one another. 

(ii) This aggregate 

- [a M (k 1 ) + a K (/xl ) J + A t 1 a M (k2 ) + a K (p2)] + A 3 f (/c3) + a K (pi) J 

' ^ j ^ j ^j^rnP’n[d-ns{x'f ) d KS {p-r, $}] 

r n 8 

^ j ^ j -A r I Q’u.s »S‘} + <X K <}{/ir , s}J. 

r 8 

* The cited results relate to a surface 6(jt, q y r) = 0 ; the symbols a, in § 209, are 
quite different from the symbols a in the present discussion. 
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It is the same as the second double-summation in the magnitude ; and thus, 
when we frame the complete coefficient of in the condition under develop- 
ment, it will cancel this portion of 


(iii) On the substitution of the stated values of 
found to be 


dp dq dr 
dl ’ dl'Jl ’ 


this aggregate is 


2 — — — 

= ZQ r^i 2 Cu (/"<■) + A 2 2 c 22 (fXK) + A*c 33 (hk) 

+ 2A 2 A 3 c 33 (hk) + 2A 3 JjCg, (i uk) + J,Z 2 c 12 (^k)] 

= 3 Q K ^ 

where 

On (p*) = (ip, ki), 2 c tJ ( fiK ) = (ip, Kj) + (tK, pj). 


Now let the total coefficient of I K E 4 in the equation be collected. We write 

-d Kjx — ^ i ( ^mn^n^mixK ) — v ~b «Tn 7l a (^l/c), 

m n mu 

as the resulting value of the coefficient ; the equation becomes 


and it is linear and homogeneous in the six quantities 

7 1 Z ? 1 = 0 n , / 2 -B 3 + / 3 A 2 — 20 2 3> 
7 2 A'2 = ^22> 7 3 2 ?i ~l 7 1 Z/ 3 — 20 31 , 
7 3-® 3 — ^33> 7 b /,A X = ^ 12 * 


Another equation, already obtained in the form 

^ v ^ v I t<E U & KU 0, 

K /i 

is likewise linear and homogeneous in the same six quantities. Further, again 
using the double-suffix notation for the primary magnitudes, we have 

X'£Aj K E„=Q'£Es li =Q, 

K H H 

thus providing a third similar equation, out of the conditions of orthogonality. 
The remaining two conditions of orthogonality are 

a l E 1 + a 2 i?2 + <x 3 £ 3 = 0, 

a i?i-f a 2 ? 2 + a s73 =0. 

Let these be multiplied by I x and E 1 respectively, and the products be added : 
also by 7 2 and E 2 respectively, and the products be added : also by 7 3 and E 3 , 
respectively, and the products be added . Then, in succession, we obtain relations 

+ <3-2^12 "b a 3@13 — 0 > 

0-1^12 “b U-2^22 ”b ^3^23 = 
a 1^13 *b 0-2^23 "b <3- 3 033 = 0, 
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which, though linear in a v a 2 , a 3 , are linearly independent of one another, qua 
equations in those magnitudes ; and these three equations are linear and homo- 
geneous in the same six quantities 0 tj . 

Thus, in all, there are six equations, linear and homogeneous, in the six 
quantities 0 ir When these are eliminated, the result can be expressed by the 
d eterminantal eq uation 

An, A 22 , A 33 , A 23 , A si, A 12 — 0 . 

a ll> a 22’ a 33> a 23> a 31> a 12 

A 11, A 22, A 33, A 23 , A 3V A 12 

2a v 0, 0, 0 a 3 , a 2 

0, 2a 2 , 0, a 3 , 0, cq 

0, 0, 2a 3 , a 2 , a x , 0 

This equation involves derivatives of a only, none of e, none of t ; and it involves 
the magnitudes of the region. It is a partial differential equation of the third 
order, which must be satisfied by the parametric magnitude a(p,q, r) in order that 
the surfaces 

a(p, q, r) — constant 

may constitute one set of a system of triply orthogonal surfaces in the region. 

The equation is typical, for each of the three families of surfaces in the triply 
orthogonal system ; the respective forms, for the e-surfaces and the i-surfaces, are 
obvious. 

When the region is a flat, so that the orthogonal systems exist in a triple space 
that is homaloidal, the resulting equation becomes the equation obtained by 
Darboux. For, in those circumstances, A u = 1, A i0 — 0 , for i, j , =1, 2, 3; all 
the quantities JT, A, ©, vanish, as do all the four-index symbols, so that 

a ij~ a iv ™ 

and thus 

A u — 4 a 2 d 2 {j 4- ct 3 a 3 j’y — 2 (n l4 a 2j * 4* a 2t <x 2 j 4~ , 

and these sets of values serve to constitute the Darboux equation. 

When, in the critical equation, the determinant is expanded and a numerical 
factor 2 is omitted, it has the form 

V) A n [ a x a 2 a3 (Cd 22 - Z?d 33 ) 

4 {Ba 2 — C f a 2 2 ) a 1 a 23 4 - (Ba> 2 - 2Fa 2 a 3 4 Oa 2 2 ) ( a 2 »i 3 “ a adi 2 )] 

4 ^ Z 23 [ - a u (Ba z 2 a 1 - Ca 2 2 a x 4 * 26 ? a 2 2 a 3 - 2Ha 2 a 3 2 ) 

4 - (a 1 a 22 - 2a 2 a 12 ) (Aa 3 2 - 26ra l a 3 4 - Caf) 

- (a x d 33 - 2a 3 a 13 ) (^4a 2 2 - 2//a 1 a 2 4 - Baf)'\ = 0 , 

where the first summation is cyclical for 11, 22, 33, in the magnitudes A u , and 
the second summation is cyclical for 23, 31, 12, in the magnitudes A h . 
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Ex . 1. Shew that, if T be used to denote the magnitude 


so that Tai = 1 , and if 





d 2 T_ 

dx t d Tj ’ 


with the customary convention x v x 2 , x 3f -p, q, r, the equation obtained from the 
critical third-order equation by substituting T {j for A ti is satisfied. 

Hence shew that a set of parallel surfaces, associated with the representation of 
the region with polar geodesics (§ 164) of the region, can be a family of surfaces for a 
triply orthogonal system*. 


Ex. 2. When the a-family of surfaces in a triply orthogonal system is given by 
an implicit parametric equation 

ft (P, q, r, <0=0, 

verify that the function ft satisfies the similar equation 


*11. 

^22’ 

^33 > 

^23 ’ 

^31 » 

01. 

i>n> 

022’ 

033 ’ 

023’ 

031’ 

0J2 

■^n> 

a 22 , 

^ 33 ’ 

A 23 , 

^31’ 

A 12 


0, 

0, 

0 , 

03’ 

02 

0 , 

202, 

0, 

03’ 

0 , 

01 


I 0> 203, 0 2 > 0i> 0 I 

where 

0 mn ~~ ftmn ~~ ftl^mn ~~ 02 ~ 03 = ftmn ~ \.ftr{^ n i ^*}] ’ 

and. with quantities ft ijk defined by the equation 

= m} + $ mj {ki, m} + <j> mk {ij, m}} 

m 

~ 2 >»}+ 2{<i m}{jk, <}], 

m l 

as in §§ 209, 211, the value of is 

~ (P'mnftnftmy.K ) ( a mnftinnftiiK ) + 

m n m n oia 

in which K^jxk) denotes the expression 

^L/ ^ J ^j{ a mt a njftiftj c mn(H fK )}> 

m n i j 

with the significance of c wn (/a/c) as given on p. 235. 

The result is the extension, to a triply orthogonal system in a region, of a theorem 
due to Darboux f for a triply orthogonal system in a triple homaloidal space. 

* This property is the extension, to the region, of the property that a family of 
parallel surfaces can belong to a triply orthogonal system in a flat (triple homaloidal 
space). 

t Sysl&mes orthogonaux (cited on p. 226), p. 94. 
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263. When an integral of this critical equation of the third order is known, 
thus determining one family of a triple set of orthogonal surfaces, the other two 
families can be constructed by simple quadratures. 

Let the minors of A 1V A 22> A 23> in the determinant, which occurs on the left- 
hand side of the equation, be denoted by m n , m 22 , m 33 , respectively, and those of 
A 23l A 3li A l2f by 2m 23 , 2 m 31 , 2 m 12 , also respectively. Then, from the five equations 

^ll^ll’b <*22^22 "b 2a 13 0 13 + 2d 23 023 + <*33^33 

^ 11^11 *b ^^12^12 "b ^22^22 d" 2 A X 3 ^l 3 4 - 2 ^ 1 23 0 23 4 - A 33 0 33 = o, 


2ai0u + 2ct2^i2 

■+• 2a 3 0 13 


=0, 


■+• 2ct 2 ^22 

f- 2a 3 0 23 

-0, 


2^3 

4- 2a 2 0 23 

~b 2a 3 0 33 = O. 

V 

_ ®12 _ ^22 _ ^13 _ 

^23 ^33 


m u 

Wjo W^i 3 

^23 ^33 



Denoting the common value of these fractions by 7 J , we have 

A, 7 P 2 7 3 + P 3 7 2 ^2Pm 23 , 

E 2 T 2 = P?n 22i EJ X + EJ 3 = 2 Pm 31 . 
P 3 7 3 — Pm 33 , Ej 2 + E 2 I X — 2 Pw X2 ; 


while, from the last three of the equations, we have 


and therefore 


^n> 

^12’ 

^13 

^12> 

^22 > 

^23 

^13’ 

^23 » 

^33 


™12, 

m i3 

™'12> 

^'22 J 

m 2‘3 

m i3J 

W*23> 

^33 


When we eliminate the quantities 7 j? / 2 , 7 3 , there are three equations 

m 33 E 2 2 - 2 m 23 P 2 P 3 + w 22 P 3 2 - 0, 

~ ^ni 31 E 3 E x + 

m 22 Pi 2 - 2 m 12 E 1 E 2 -f m u P 2 2 = 0, 


equations consistent with one another in virtue of the foregoing determinant 
involving the quantities 

There are also the same set of equations in the magnitudes I x , 7 2 , 7 3 . 

Hence we can take 

m n E 2 -{m 12 + (m 12 2 - 
m n E 3 ={m 13 + (m 13 2 - m ll m 33 ) l }E 1 




263 ] 

and 


MINIMAL SURFACES IN A REGION 


239 


{ m \2 ~ (^ 12 2 ” ^ 11 ^ 22 ) ¥ } ^1 1 
m n I 3 ={m 13 -(^13 2 - ^11^33^}^! J 
Now the general differential equation of the 6-family is 

€ X dp + e 2 dq + 63 dr= 0 , 

that is, 

Ei ( A dp 4- II dq + G dr) 4- E 2 (H dp 4- B dq 4- F dr) 4- E 2 {G dp 4 - F dq 4- C dr) — 0 ; 

and thus the integral equation of the 6-family is obtained by the simple quadrature 
of the relation 

m n (Adp + Hdq + Gdr) + m 12 (Hdp + Bdq + Fdr) + m u (Gdp-t-Fdq + Cdr) 

4- (m 12 2 - m A t m 22 )* (H dp + Bdq + F dr) 4- (m 13 2 - m u m 33 ) “ (G dp f F dq 4- C dr) — 0. 

Similarly the integral equation of the i-family is obtained by the simple quadrature 
of the relation 

m n (A dp 4- H dq-\-G dr) 4- w 12 ( II dp 4- B dq 4- F dr) 4- w 13 ( G dp 4- F dq 4- C dr) 

- (m 12 2 - m n m 22 ) “ (H dp 4 - B dq 4- F dr) - (m 13 2 - m n m 33 ) ¥ (G dp 4- dq-\-C dr) = 0. 

The separate conditions of integrability of these two equations are satisfied, in 
virtue of the critical equation of the third order ; and it was, in fact, by expressing 
the conditions of integrability of the equations that Cayley * was the first to 
obtain that critical equation when dealing with orthogonal systems in homaloidal 
triple space. 


General equations of minimal surfaces in a region . 

264. The characteristic equations of minimal surfaces in a region are obtained 
by the processes of the calculus of variations applied to an integral representing 
the area of a general portion of the surface. To obtain any surface in a region, 
the parametric variables p , q, r, can be made functions of two new (superficial) 
variables t, u ; and the element of superficial arc (being also a regional arc) is 
given by 

ds*= £ A dp 2 —P dt 2 4- 2 Q dl du + R du\ 

where 

Q=^^PtPu, 

the quantities x t and x u (for x=p, q } r) denoting t- and ^-derivatives. 

The element of area on the surface is 

(PR-Q 2 )*dt du ; 

* Coll. Math . Papers , vol. viii, no. 518, no. 519. 
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and therefore the quantity which is to be made a minimum, in order to obtain a 
minimal surface, is 

Jj Vdt du ~ j*j* (PS ~ Q 2 ) 1 dt du. 

For the present purpose, it is sufficient to form the critical differential equations * 
rendering this double integral a minimum, there being three dependent variables 
p, q , r. Let x denote any one of these variables : the three critical equations are 

d(dV\ ±(3V\_SV_ 0 
dt \dxj+ du \dxj dx 

In accordance with the Weierstrass procedure of referring minimal surfaces in a 
flat to their (conjugate imaginary) nul-lines as parametric curves, let these 
minimal surfaces be similarly referred, so that we shall have 

P='£Ap t 2 =0, R^^Ap u 2 =0, 

being two general equations satisfied by p, q, r, without any limitation due to the 
character of the surface. Then V = iQ ; and thus the triple critical equation 
becomes 

dt \dxj du \dxj dx 

Let the value of Q be substituted, and the equation be formed for the three 
variables in turn. 

When x=p, the equation is 

d d 

J t ( A Pu + Hq u + GrJ +j u (Ap t + Hq t + Gr t ) - ^A t p t p u = 0. 

Let 

Ptu=Ptu + (r$Pt> <1» UlPu* <lu> r u), 

qtu= qtu+(d Ipu qt> r t \p u > q u , r u ), 

^ tu ^ f tu "b $ Pt> qt, ft $ Pu-> (7u? r u ) , 

then the foregoing ^-critical equation, on dropping a numerical factor 2, becomes 

Afto + IIqtu + Gftu^ 0 . 

The (/-critical equation and the r-critical equation can similarly be expressed in 
the respective forms 

Hp tu +Bq tu +Ff tu = 0 , 

Gftu + Fq tu 4 - Cr tu = 0 . 

* It is known that the extended Legendre test (securing a minimum, subject to 
other conditions) is satisfied ; and that the Weierstrass test (securing a minimum, for 
his extensive type of strong variations, also subject to other conditions) is satisfied. 
The Jacobi test, quantitative as regards range, is particular to each adopted solution 
of the critical equations. Keference may be made to my Calculus of Variations , 
chaps, ix, x. 
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pt»=0> ?i*=0, r tu =z 0 : 

that is, the critical equations determining the values of p, q, r , as functions of the 
parameters of the nul-lines on a minimal surface in the region are 

Ptu+^r it p,p u =0, q tu +^jA n p t p u =0, r lu + ^& u p t U u =0, 
while the general relations between these nul-parameters and the regional para- 
meters are 

^Ap t 2 = 0 , 2 ^« 2 = 0 . 

Further, we verify, as follows, the property (as for the corresponding property 
in §§ 18, 165) that the nul-surfaces of the region satisfy the general equations 
of the minimal surfaces. The original critical ^-equation is 

dV = cl(dV\ d fdV\ 
dp dl \dpj + du \dpj ' 

Retaining the general parametric curves on the surface, we have 


d ^ r \{R{^A Vt )-Q{^A Vu )}^ , 

S A Pi 2 ) - 20( 2 A PtPu) + P(Z AiP»*)}=y ; 

and therefore the critical ^-equation can be taken in the form 



or, what is the equivalent, 


The other two equations have the similar forms 


F d -Z+r *Z. 

Lr dt ° r du 


These three completely general equations of minimal surfaces are satisfied 
by the particular equation 

F=0, 

which implies 

dV dV 
— 0 — = 0 * 
dt ' du • 


that is, the equation of the nul-surfaces of the region satisfies the characteristic 
equations of the minimal surfaces of the region. 
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265. Consider the minimal surfaces in the Riemann region of constant sphericity 
1 /k 2 , which has its arc-element in the form 

D 2 ds 2 = dp 2 + dq 2 + dr 2 , 

where 

■ D=1+ i (J,2+?2+r2) ' 

When any surface is referred to its nul-lines as parametric curves of reference, the 
regional parameters satisfy the relations 

P*+?* 2 + n 2 = 0, ^u 2 +? M 2 -hr M 2 =0, 

1 and u being the nul-parameters of reference. 

The quantities r, A, 0, for the region are 


Ai- -p € ) pc') r 33 - pe 

^11” ^22 ~ “ ( l e ' » ^33“ “> 

©11 = re J © 22 = re J @ 33 ^ - re 



where 

1 

€ ~2k 2 D' 

Thus the partial differential equations, characteristic of minimal surfaces in this 
region, become * 

2 K 2 Dp tu +(-p, p, p, 0, -r, -qlp t ,q t ,rApu><lu, r u )-Q' 

2K 2 I)q tu + ( q, -q, q, -r, 0, -p \p u q u r t \p u , q u , r u )=() - . 

2 K 2 Dr tu +( r , r , -r, -q, -p, 0%p t , q t , r t $p u , q u , r u )=Q 

These admit two first integrals, arising out of the equations 


?>t 2 + ? t 2 + r t 2 = 0, p M 2 + y u 2 + r M 2 = 0, 
of the nul-lines of parametric reference on the surface. 


* We assume tacitly that the sphericity is not zero, so that e is assumed not to 
be zero and k is finite. Otherwise, the characteristic equations of minimal surfaces in 
the region (which now may be regarded as a flat) become 

Ptu=Q, qtu= 0, r tu =0, 

which are the customary equations of minimal surfaces in a triple homaloidal space. 
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To take account of the equations connected with the nul-lines, let 

Pt= ( 1-AW Pu= (l-V)^ 
ff^ia + AVL q u =-i(l+n*)G , 
r t = 2A F r u = 2jtxCr 

with no specific limitations on the quantities A, F , /x, G , so far as concerns these 
equations. When these relations are used to construct second derivatives for 
p, q , r, we have 

PtuM 1 - A 2 )^ m - 2FXX U = (1 - /x 2 )G* - 2Gpp ti 
- iq tu - (1 + A 2 ) F u + 2^ A A. - - ( 1 + /x 2 ) G t - 2 Gpp t , 
fiu= 2XF\ + 2FX U = 2[xG t 4- 2Gfi t . 

When jP m and G t are eliminated from the three equalities, we find 

1 -- A 2 , 1 — jj? 9 — FXX U + Gppi = 0, 

I-f-A 2 , 1 -/x 2 , FXX u +Gpp t 

2 A , 2/x , FX U — Gpi i 

and therefore 

2(1 + A / x) 2 (^A m -(?/x,)=(). 

Hence 

FX u -Gp t —0 ; 

the third equation then gives 

XF u -pG t ~0 ; 

and all the equalities are satisfied by taking 

F u — - 2/xZ, FX u =(l + A/x)Z| 

G^-'lXZ, Gfx t =(i + A/x)Z j 

The equalities, as giving common values of p tu , of g^ u , and of r <w , respectively, 
lead to the results 

Ptu~ -2 (A-b^x)Z, 
qt u — 2i(A-/x)Z, 

^u“= 2 (1 - A/x)Z. 

These values belong to the nul-lines on any surface in the Riemann region of 
constant sphericity ; and they are not restricted to a minimal surface the equations 
of which have not been used in their construction. 

The first of the characteristic equations of the minimal surface is 

- 2K 2 Dp tu = -pptPu+PMu+prtr u ~r(p t r u +p u r t ) -q(p t q u +p u q t ), 

and therefore 

~ 2/c 2 (Dp tu - D t p u - D u p t ) =p (p t p u + q t q u + r t r u ) ; 
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and the other two also give 

- ‘2K*(Dq tu - D t q u - D u q t ) =q(p t p u + q t q u + r t r u ), 

-2K z (Dr tu -B t r u - D u r t ) = r(p t p u +q t q u + r t r u ). 

Let these equations be multiplied by p, q, r, respectively and the products be 
added ; then we have 

- 2k 2 {D ( 2 PPtu) ~ 4 x*D t D u } =4 k 2 (D- 1)( ^p t p u ). 

Now 

2 x z D tu = (pp tu + qq tu + rr tu ) + (p t p u + q,q u + r,r u ) ; 
consequently, for the minimal surface, we have 

Oiy>2 A i/2 

^PtPu=~^m v - 2 D t D u ), ^pp t u= 2 ~ ((1 - D)Dtu - D t D u } ; 


and the characteristic equations of the minimal surface now assume the form 
Dptu ~ I>tPu - D u p t ^-(DD lu - 2D t D u ) 

Dqt u — D t q u — D u q t = j^--(DD t „ — 2D t D u ) 

Dr tu ~ D t r u - D u r t ^ - r —(DD tu - 2D t I)J 

Various analytical developments are possible : beyond the possession of the 
two integrals 

P* + qt 2 + r t 2 = 0, p u 2 + q u 2 + r u 2 = 0, 

(easily verified to be integrals, in virtue of the foregoing expression for ^ PiPu > 
but not providing any characteristic property of the minimal surface), any further 
integration requires the resolution of equations of the second order, the primitives 
of which do not emerge by any of the customary methods. 


Ex. 1. Prove that the quantity Z (on p. 243) satisfies the relation 




Ex. 2. Shew that the characteristic equations are satisfied by p, q , r, =a m t +c m u, 
for m = 1 , 2, 3, where the quantities a and c are constants ; and express the arc- 
element on this minimal surface in the form 


ds 2 = 


±K 2 dtdu 

(l Tiuj 2 ' 


Ex. 3. Just as the catenoid provides a simple special instance of a minimal surface 
in a flat, so it is natural to enquire what minimal surface in the Riemann region of 
constant sphericity can be obtained by an equation 

p 2 + q 2 = 2f(r), 

for the appropriate form of the function/. It appears that the function/ must satisfy 
an ordinary differential equation of the second order ; and even for this special form, 
the equation is not amenable to the usual methods of integration. 

The equation itself will be obtained by another process immediately (§ 266, Ex. 2). 
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Sum of the 'principal flexures on a regional minimal surface vanishes . 

266. A geometrical property of all minimal surfaces can be regarded as an 
interpretation of the general critical equations : it is the property that the prin- 
cipal radii of regional flexure of the surface are equal and opposite. To establish 
this result, let 0{p , q,r) = 0 be the parametric equation of a minimal surface. The 
direction-variables p^ of a nul-line on the surface are given by the two 

equations 

01^+02^+03^=°, ^Apj=0; 

and therefore, as t and u are the values of p for these nul-lines, we have 

VtPji ~ (qtru + quU) 

BO* - 2 FOA + CO* 2 (A0 2 0 3 - HOA - GOA + FO*) 

„ Jflu -( rtPu + r u p t ) 

C0/-2G0A + AO* 2 {BOA ~ WA - HO A + GO*) 

rfu - (Pt9u+Puq t) 

AO* - 2 HO A + BO* 2 {CO A - GOA- Wi + HO*) * 

Now, along any surface 0, we have, always, 

Ptu~^ 0 2 q tu + 0 3 r tu 

"h (^ll> ^22> ^33 j ^23> ^313 @12$.Pt> 9t> ^t\Pu9 Qu> ^*w)“ 0 J 

and therefore, when the surface is minimal, we have 

($113 $223 $333 $233 $30 $12^0 ?<> r t^] ) U9 ?M3 

The ratios of the quantities, of which $ i3 are the coefficients, have just been 
obtained ; when they are substituted, the equation becomes 

X $n {BO* - 2F0A + C0 2 *) = 0. 

Hence (§ 196), denoting the principal radii of geodesic flexure of the surface by y x 
and y 2 , we have 

l + i=o, 

7i y 2 

which is the stated property. It is the extension, to a region, of the property of 
a minimal surface in a flat that the principal radii of curvature of the superficial 
geodesics are equal and opposite. 

Moreover, the single equation 

£fr n {B0 3 *-2F0 3 0 2 +C0 2 *)=O 

is the partial differential equation of the second order of minimal surfaces in the 
region ; the parameters of the region are the three independent variables of the 
equation. 
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Ex. 1 . When the region is a flat, p, q , r, can be taken as the coordinates in the 
flat ; and then 

ds 2 = dp 2 + dq 2 +dr 2 , 

so that ^4 = 1, Z? = l, 0 = 1, F = 0, 0=0, H = 0 ; and all the quantities r, A , 0, vanish. 
The partial differential equation of minimal surfaces in the flat becomes 

(d 2 2 + 0 2 ) 0 n + (fyj 2 + 6f) 022 + + ^ 2 ) ^33 “ 2^ 2 ^3^23 ~ ~ 2^ l ^ 2 ^]2 ** 

When this equation admits of an integral of the form 

0 = i(p 2 + q 2 ) +/(r)=0, 

wc have 

Ol-P> = ^ 3 =/'> 

622 — 1 , > ^23 = ®> $31 = 0 j $12 = ^ > 

and the equation becomes 

-/+/' 2 -//"= o. 

The integral of this equation (on the removal of unessential constants) is 

-/= \ cosh 2 r ; 

and the surface is the customary catenoid. 

Ex. 2. Let the region be the Riemann region of constant sphericity, the arc- 
element of which is given by the expression 

D 2 ds 2 = dp 2 +dq 2 + dr 2 , 

where 

4/c 2 (Z) - 1) =p 2 + q 2 + r 2 . 

The magnitudes for the specific form of the partial differential equation of the second 
order are given in § 265. 

When the equation has an integral of the same form 

0 = l(p 2 + q 2 )+f(r)~ 0, 
as in the preceding example, we have 

& 1 J = 1 - « 9/' -P 2 + <f)< = qe (r +/'), 

3-22 = 1 - € (rf +p 2 - q 2 ), 9 31 =ye (r +/'), 

■9-33= /" + £ (2/ +?/'), 9)2= 2 pqe, 

where, now, 

2^ e = 1+ 4^( r!! - 2 /)- 

Let these values be substituted in the general equation 

V>U W -2F0A + Cd 2 2 ) =0 : 

then, after simple reductions, the equation becomes 

-/+/' 2 -//" = c { ( 2 / ~/' 2 ) ( 2 /- r /')}, 

an ordinary equation of the second order for the determination of /. 

When the sphericity is zero, so that the region degenerates into a flat, the value 
of D is unity ; the value of e, being (2 k 2 Z)) _1 in general, now is zero ; and the equation 
reduces to that of the catenoid in the preceding example. 
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Free Domains : Preliminary : Circular Curvature of Geodesics 
Primary magnitudes of a free domain. 

267. A curved amplitude of four dimensions is styled a domain ; when the 
amplitude is homaloidal, it is styled a block : these terms corresponding to curve 
and line, surface and plane, region and flat, for the least extensive amplitudes. 
Domains exist in some plenary space that is homaloidal ; the dimensions of the 
plenary space are necessarily more than four in number, are not necessarily the 
same for all domains, and often remain unspecific. One type of domain is of 
persistent recurrence in investigations on relativity, mostly with vague references 
(if any) to a plenary space. 

The parameters which represent a domain are taken to be p, q, r, t ; and 
differentiations with respect to them are indicated by means of subscript integers 
in a quadruple suffix notation. Thus we write 

Qi+j+klly 

9jp9qidr*W~* i,u ’ 

for positive integral values of i } j, k } J, including 0. But for the sake of brevity, 
it usually is convenient to retain the earlier single-suffix notation 

dy dy dy dy __ 

dp’ dq ’ dr’ ft’ ~ Vl ’ Vi ’ y *’ Vi ’ 

for first derivatives, and the earlier double-suffix notation 

d 2 y d 2 y d 2 y 

dp*’ dpdq ’ ’ It » ’ '~ Vn ’ Vl2 ’ ’ yu ’ 

for second derivatives ; for third derivatives, there is variety of convenience. 

The variables specifying a point-position in the plenary space are represented 
as usual by the typical symbol y ; and point-positions in the domain are secured 
by the expressions of the space-variables in terms of the domainal parameters. 
The element of domainal arc is given by 

d$ 2 =Adp 2 4- 2 Hdpdq -j- 2 Gdpdr + 2Ldpdt 
vBdq 2 +2Fdqdr +2Mdqdt 

+ Cdr 2 +2 Ndrdt 

+Ddl 2 f 
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with the customary significance 

A = ^y A D-'Zyf, 

for the coefficients of the quadratic differential elements ; and we write 

-wvv d ^ k 2 

~T1 J YY dp' dq ' dr ’ ft 


Also we use a, , to denote the minors of ^4, H, , in .Q, so that 

dQ . i dQ 
a ~dA’ h '~^dH’ 

and so on. 

Instead of the Christoffel symbols {a/3, y), we shall use symbols T, A, ©, &, 
according to the tableau 

[aft 1 1= XI ViVaD =Ar af) + HA aft + G@ aP +L<P^ ' 

[aft 2]=^ J y. i y a ,=Hr a ,+BA ap +F6 al , +M$ afi 

[aft +FA* + C0 a , + N0 a , ’ 

[ a ft 4]= X] ?/4?/.i3 = LF lfJ + MA^ + A T 0 aff + 

for all the combinations a, ft =1,2, 3, 4, including repetitions ; and the two sets 
of symbols are equivalent, through the relations 

F a p—{ap, 1}, A a p={aft, 2}, ©„p— {aft 3}, <ft P ={aft 4}. 


A, H, G , £ 

//, 5, A’, M 
G, F, C, N 
L, M, N, D 


268, The various relations between the first derivatives of the primary magni- 
tudes, and the two Christoffel symbols [a/9, y] and {a/9, y}, are covered by the 
general equations (§ 12) which, for a domain, become 



M*) 

dxj’ 


where x^p, x 2 — q, ir 3 =r, cr; 4 =1, and where 

A a /3 = 

for all the combinations a, /3, =1, 2, 3, 4. Also 

a Jh?=[ki,j]+w, i] 

= F ki^ji 4 - A ki A j2 + ©kiAj 3 + 4> ki Aj^ 

+ r kj A il -\-A kj A i2 + © k jA i3 +& kj Ai 4 . 
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For the first parametric derivatives of -Q, we have 


dQ_ s^dQ . 

9 p~^U Av 

the summation being over all the constituents of Q : substituting, we have 


_dQ 

'—dp 


—2 £2(r n +A u + ®i3 + <P 14 )- 


Similarly for all the first derivatives : the general result is 


A, 

2 Q 


= • Flu + ^ 2 /x + @ 3 ft + ^ 4 /x I 


for 2, 3, 4. 

For the first derivatives of the first minors of 13, we proceed (as in § 13) from 
relations of the type 

Ad 4 H h 4* Gg -f LI — 

Then 


Aa^ 4 4 Gg^ 4 Lip — - a A fi — hH tl — gG M — JL^ 

SArj 

-F(S^+S^J 

- l{YjAF t 2 i/i) 

- - - a* - (oS ^*+*2 ^*+*S 


Proceeding similarly from the relations 


Ha+ Bh+ Fg+Ml= 0, 

Ga+Fh+Cg+Nl= 0, 

La+Mh+Ng+ 7)1=0, 

with a zero right-hand member in each instance, we have 
Ha^+Bhp +Fg t i, + Mlp= — i?/ 1 , 7// 1 1 u + ^ ^ , Hr itl +g*} , JIF 3tl +VyHT !(1 ), 
Ga.+1\ +Cg „ +7V1, = -Qr^-ia^GT^ +h'£Gr^ +g'£Gr 3li +l^Grj, 
La. + Mh.+Ng^ 1 \ - -^-(#2^ +^^ + *2^- 

Let these four relations, linear in be resolved ; and, for brevity, write 

aF 1M +fty*+0y*+i y^npj,, 

<7^+/^+c^+ W ^=[!rj 3 , 
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for W=r, A, 0, 0 ; then the full tale of relations is 

+aQ ll =2[J'J l 
-®K +bQ !„ =2[J u ] 2 
=2[®J 3 
+^=2[0 (I ] 4 

-£/„ +/^< =[^J 3 +t@J 2 
+^=[@j t +Lrj 3 

— + M/il i 

+R =[rj 4 + [<PJx 

- Qm^ + mQ ^ = [J J 4 + [& u \ 
-Gn* +n^=[0J 4 + [0J 3 


Types of derived variables . 

269. The elements rfp, rfy, fir, (Z/, and the associated magnitudes jp', r', £', 
are connected with a unilinear extension (a direction) in the domain at the initial 
point. We shall have to consider not merely curves and directions of curves in a 
domain, but also surfaces and elements of areas on surfaces (in bilinear extension, 
constituting superficial orientation in the domain), and regions as well as elements 
of volumes in regions (in trilinear extension, constituting regional orientation in 
the domain). Such orientations, whether superficial or regional, require appro- 
priate variables for their expression, exactly as direction-variables p ', q , r', t', 
are required for a direction ; and the appropriate variables can be devised in two 
ways. By one method, they are composed from independent constituent directions, 
two for a surface (as being bilinear) and three for a region (as being trilinear) : 
by the other method, they are connected with parametric relations among the 
parameters of the domain, there being one such relation for a region and two such 
relations for a surface. 

We begin with the variables of regional orientation. Let dp , dq, dr, dt ; 
8 p, 8 q, Sr, St ; dp, dq, dr, dt ; denote elements for three directions in the domain 
which are not complanar, with elements ds, S s, ds, of arc in those respective 
directions : then we take P, Q , R, T, where 

dp dq dr dt 

ds ’ ds' ds 9 ds ’ 

Sp 8q Sr St 

8 s' 8 s' 8 s' 8s 

dp dq dr dt 

ds ’ ds ' ds ' ds 

as variables of regional orientation, the three directions lying within the orienta- 


P, Q , R, 
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tion. On the other hand, let a region, having the foregoing orientation at 0, be 
given by the parametric equation 

e(^, q, r, 0=0, 


so that we shall have 


dp dq dr dt 
ei ds + €i ~ds + e3 ds + €i ds =0> 


Sp 8 q Sr St 

& 4e2 8s + €3 8s + e4 as : 


dp dq dr dt t 
ei ~ds +e *ds +ez ds +€ *ds-"'’ 

manifestly, there are the relations 

P_Q_ R _T 

*1 *2 *3 *4 * 

The common value of these fractions is required. 

Let 12 denote the angle between the directions dp, dq, dr, dt, and Sp, Sq, Sr, St ; 
let 23 denote the angle between Sp, Sq, Sr, St, and dp, dq, dr, dt ; and let 31 denote 
the angle between dp, dq, dr, dt, and dp, dq, dr, dt. Then 




)\ s 4 r % 

\ds/ ds Ss ds ds 

2,A d f%, sWI)’ 

ds ds ^ Ss ds \dsj 

l, cos 12, cos 13 | =S 2 , 
cos 12, 1, cos 23 

cos 13, cos 23, 1 

the customary magnitude connected with the solid angle constituted by the three 
directions composing the orientation. 

Again, consider an element of domainal arc dn normal to the region, and let 

dp dq dr dt ^j lc direction-variables for the direction of this regional 
dn dn dn dn 

normal in the domain : then there are the three relations 

£(^£)+£(s*S)+b( 2«£) + £(5>£)=o, 
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which express the orthogonality of the normal direction to the whole regional 
orientation. Now 


V& 










■= aP+hQ+gR- 1- IT , 


and so for the others ; hence there are four equations of the form 

dp 


d ^\(aP+hQ+gR+lT), 


where A is a multiplier to be determined, and therefore also 


dp ^ 


dn 

dq 


-H(ae 1 + he 2 +ge 3 +le l ), 


-ix (hej^ + be 2 +fe 3 + me*), 


dr . P x 

i + f € 2 +<*3 + W€ 4 ), 

+ M€ 2 + ne 3 + rfe 4 ), 


with p as a multiplier to be determined. 

For the determination of p, we introduce a quantity styled the regional dilata- 
tion of the parametric region e=() and we measure it by a quantity c w , , where 

e + d€= 0 is the parametric equation of a consecutive region, this quantity e n 
manifestly varying from point to point of the domainal region. Thus 

dt = € a dp + € 2 dq + e 3 dr 4- e^dt, 


where the quantities dp, dq , dr, dt, belong to the normal direction in the domain : 
that is, 




dr 

dn 


dt 

+ € *dn ' 


Consequently, after substitution for the direction-variables of the domainal 
normal, 
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Again, the direction-variables of this normal are subject to the permanent 


domainal relation =1, so that 


It follows that 


1 — p, 2 2 A (ae 1 + he 2 + ge 3 + U t ) 2 
= /j?Q '£e 1 (ae l + he 2 + ge 3 + le t ) 
^ ae ! 2 . 


'Zae^Q e n \ -=Sk n , 


thus obtaining a covariantive expression for e n and an inferred value of the 
multiplier /x. 

The direction- variables of the domainal normal to the parametric region 6 = 0 
therefore become 

&e n ^=a«i + ^e 2 + ge 3 + 

Qe n ^ ~he l + be 2 + fe 3 + me i 
dr 9 

^ € ”J n ~S € l +f € 2 + C «3 + He i 


Qe n ^ 4- 7YI&2 4* ^63 H - de^ j 

where Qe n 2 — ; and they can be expressed in the form 

A f+Hp+G^+ L %-= € i 

an an an an e n 

//^ + B^ +f * + ** S 
an an an an e n 

a d r +F <k +c *+#*=?»’• 

an an an an e n 

T dv -»r dr _ dt €± 

L-/- + M-?- + N- r 4Pt-=— 

an an an an e w _ 

And now we at once have the common value of the fractions in the former relations 
in the form 

P QRJTQ^S 

€ 1 e 2 € 3 6 4 € n 


Thus there are the two sets of variables P, Q , R, T , and e x , c 2 , e 3 , e 4 , for the 
regional orientation, with the necessary relations which render them equivalent. 
We shall require the variations of the regional dilatation e n and of associated 
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magnitudes taken in domainal directions. For this end, we frame the parametric 
variations of e n . Because 


we have 


e " 2 ~ ^ Q**’ 


dp ' "~ B * 1 ~ 4/ '' 11 ' * dp 

Let the derivatives of the magnitudes a/Q } as given in § 268, be substituted, and 
write 

^ u ~ € ij ““ € l^ij ~~ ij ~ ~~ c 4 

for all values 1, 2, 3, 4, of i and j taken independently of one another ; then, 
after reduction, we find 

dc 1 

€« gj‘~Q 'E (<**! + hez+geyhlejen, 

or, having regard to the results on p. 253, 


Similarly, we find 


de n 

- dp 

dq _ 

dr 


dt 

dp 

“ eu cS +e “ 

dn + Cl3 

dn 

+ *14 

dn ' 

fen 

- ^ 

dq 

dr 


di 

dq 

~ Cl2 dn 22 

dw 23 

dn 

+ *24 

dn’ 

fen 

-dp 

dq _ 

dr 


dt 

dr 

- €l3 dn + e » 

dn +e * a 

dn 

+ *34 

dn ’ 

fen 

- dp 

dq 

dr 


dl 

dt 

~ €li dn + e2i 

dn* M 

dn 

+ e 44 

dn ’ 


The value of the normal variation of e n is given by 

d 2 e de n 
tnn= fa* = dn 

__ d€ n dp de n dq de n dr + dt n di 
dp dn dq dn dr dn dt dn 

and an equivalent form is 

^e n 2 e nn = (ii,i ^he v ^ge „ ^kj) 2 , 

where 2 ffle i denotes ae^ he 2 + ge 3 + k it and similarly for the quantities V) he , , 
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Again, along any domainal direction p' , q' , r', t', whether tangential to the 
region or not, we have 


de n de n 


, ^€ n j | de n , 


ds dpP + dq ^ + dr T + dt 


d ± v ’ 
l dn P ' 


It is convenient to write 


and then we have 


£i~*iiP' + + ^r' 4- e n t\ 

*2 = ei2p' + *22?' + *23 r ' + *24 t' , 
*3 — *wP' + ^ 23 ? / + * 33 r ' + * 34 ^> 

h = hlp' + ***?' + e 4 / ; 


de„ 


dp _ dq 


dr 


dt 


ds €l dn dn + ** dn + dn' 


There is also the equivalent form 


d*n ^ v n 
ds v ,e 


^15 


which occurs when the values of the normal direction- variables are inserted. 

Now the quantity y vanishes everywhere along directions which belong to 
db ^ f d<i\ 

the region, and consequently ^ f also vanishes everywhere for such directions. 

Tt follows that the operators ~ and , taken along directions, which respectively 

are tangential and normal to the region and lie within the domain, are not 
commutative in general; though special exceptions can occur, as for regions 
defined by the restrictive equations 6 n 1 2 * * * * € <i =€ i € i € ww . 


Superficial orientation-variables . 

270. For the variables of superficial orientation, we begin with any two 
directions in the domain, with dp , dq, dr, dt, and 8 p, 8 q, Sr, St, as elements along 
those directions, and with rudimentary arc-lengths ds and 8s ; and we denote 
by v the angle between the two directions. Then the six variables of the orienta- 
tion, thus determined, are defined by the relations 


1 /dq Sr dr 8q\ 

sin v \ds 8s ds ds) ’ 

1 fdr Sp dp Sr\ 

sin v \ds 8s ds 8s) ’ 

1 tdpSq dq 8p\ 

sin v \ds 8s ds 8s) 9 


1 (dpSt dt 8 p\ 
sin v \ds 8s ds 8s) 
1 fdqSt dt 8q\ 
sin v \ds 8s ds 8s) 
1 (drSt dt 8r\ 
sin v \ds 8s ds 8s) 
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which satisfy the identity 

^ 23^14 + $ 31^24 + S 12 S M = 

and satisfy also the permanent orientation-relation 

2 “ IP)S i2 2 = 2 222 {AikAji ~ AnAj k )8ijS k i— 1 . 

The orientation can also be regarded as characteristic of a domainal surface at 
the point, when the surface is defined by means of two equations 


c(p, q, r , *) = 0, oj(p, q, r, 0 = 0, 

between the parameters of the domain. The surface thus is the intersection of 
the two regions defined respectively by e = 0 and by ou—0. Let dn be a domainal 
arc normal to the region c=0, and let dv be a domainal arc normal to a>=0 : 
then if i denote the angle at which the regions intersect, we can take t as the 
angle between the two arcs dn and dv drawn positively in the domain, so that 


We write 


cost=XM 


dp dp 
dn dv 


&e n 2 = 2 ae i 2 > 2 aa) i 2 > 


so that € n and cu are the respective normal dilatations of the regions ; and thus 
there are two sets of equations of the forms 


( ^ = a€ i +he 2 +ge 3 + fe 4 , 
Qw v ha> 2 -\-g <03 + lco i , 


together with their equivalents of the forms 


Evidently 


and so 


^ + fl!*2 +e *: +i * 5, 

dn dn dn dn e n 



+ »j 'i +g * +L 

av av 


<tt 

dv 


oj v ' 


Q 2 € n u v cos t = 2 ^ { ( S ae i) ( 2 ac °i)} 

= ^2 fa ( 2 

=Q^ae l w 1 , 

Q€ n CO v COS l = 2 


thus expressing i in terms of the quantities in the parametric equations of the 
surface. 
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On the assumption that the earlier construction of the superficial orientation 
agrees with the parametric derivation of that orientation, we have 

dp t dq dr dt 


Sp 

1 S.i 


+ f !I+ € 3 JZ + e 4 " — 0 


+ e 


; ds 

8q 


ds 

Sr 


'd.i 

8t 


2 S« + €s S.9 + e4 Ss ° 


dp dq dr dt 
U,1 cU +t0 *ds +a>3: ’~~ +u>ij 


8 P 

1 8 s 


3 ds 
8 r 

+ C0 2 5': + sT + ^4 


S 1 

r S$ 


ds 

8t 

8s 


Hence 


c<? 34 _ ,<? 2 4 _ '**14 _ lS> 12 ^31 ,S> 23 


€ 1 > 

e 2 



6 * 

1 

€ 3 


*3> 

*4 


e 2 , e 4 

*4 

«1, 

co 2 



COi 

I <^2> 

0) 3 


W 3 , 

o> 4 


a>2, a>4 

! Oil, a>4 


Let the common value of these fractions be denoted by p. We have 

2 (cd-n 2 ) (e 3 <o 4 - e 4 ai ;i ) 2 = ( ^ «e x 2 ) ( V aajj 2 ) _ ( V} ae 1 to 1 ) 2 =I2 2 €„ 2 a>„ 2 sin 2 1 ; 


we had 

]£(AB-/P)s 12 2 =1 ; 
and by a property of determinants, 


cd~n 2 -=Q(AB- H 2 ). 

Hence 

1 =Q€ n 2 a) 2 mi 2 L. 

p? 

Accordingly, if we take superficial variables by the definition 


_ € 3 OJ k -€ k O) J 

Jk e n co„Hin t ’ 

these are connected with the variables s tJ by the relations 

^ $ hi tjki 

where A, i, j, —1,2, 3, in cyclical order when it = 1, and A , j, A, = 1 , 2, 3, in cyclical 
order when i=4. The two sets of variables are equivalent to one another : and 
the variables t u satisfy the permanent relation 

^(ab-Ir)t r /=Q. 

In what precedes, we have considered the domainal normal to each of the 
regions the equations of which combine to form the equations of the surface. The 
plane through these domainal normals is a plane orthogonal to the surface. 


Ex. Denoting by © the quantity ^ ^ V) (A tk A 3l - A tl A Jk )s i} s kl in the 

foregoing permanent orientation-relation, and by s u the orientation-variables of the 
orthogonal orientation, for the various values of i and jf, prove that 




where i, j, A, l , are the integers 1, 2, 3, 4, in cyclical order. 
f.t.g. it. 
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271. Later, and still in relation to surfaces in the domain, we shall require 
variations of € and of a>, regarded as functions of the domainal parameters, 
when these variations are estimated along the two domainal normal directions dn 
and dv, separately and also together. 

We already have the values of e n , e nn , and therefore of co v , co vv . Now 


and therefore 


Hence 

Similarly, we find 
Again, we have 


de dp dq dr dt 
dv €l dv^* 2 dv^ 3 dv + *dv' 


^ dco d€ f d>co dp\ 

dv dv =2j€l \ dvdv) 

v ^ de dco 

= N . a€ A (JL), = 12 -= - COS 6. 

^ 1 1 dn dv 


de de 
dv~dn C ° S 


dco dco 
dn=dv C °* L ' 


(l 2 e de n 

dvdn dv 


dp de r , dq de n dr de n dt de n 
dv 3p dv dq dv dr dv dt 


Zj € H 


dp d p 


dv 5 


on substituting from § 271 ; and similarly 

dl 

L dn dv 


d 2 co y _ dp dp 


Next, we have 


dndv 

de dco 
dn dv 


cos i — 


= V 


'Q 


ei<o x ; 


and therefore 


di de d<o . 
dp dn dv SU1 1 + dp 


i cos l 


d I de dco\ 

)p \dn dvl 

/ dp d</ dr „ dt\ 
\ €ll d^ + Cn ~dv +€l3 d V +€li dJ 


dco 

dv 


... , _ . . _ d<7 _ dr « dA 

+ i:: l t0ll dn +tyi2 ^ + t ° 13 ^ + a,w dJ 


dc /_ dp 
dn 
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di de dco . 
dn dn dv Sm L 


dco 

dv 




d€r v J_ dp (dp 
dn i 11 dn \dn 



di de dco . 
dv dn dv Sm L 




fdp 

\dn 


dp 

-j- cos L 
dv 



In the same way, by the use of these variations of t, the inclination of the 
regions, the following relations are obtained : 



We thus have all the second derivatives of the parametric magnitudes € and co 
estimated along the two domainal normals to the respective regions. 

Modifications of the quantities of the type ^-^cosi and cos i } 

appertaining to the orientation orthogonal to the surface, can be constructed 
similar to those used for pf - p 2 ' cos c and p% - p x ' cos € in the orientation of the 
surface. 


Bi-parametric representation of a surface . 

272. Another analytical representation of domainal surfaces, formally distinct 
from the representation as the intersection of two domainal regions, is provided 
by postulating the parameters p , q, r, t, as functions of two new independent 
parameters x , z, in a form 

p=p(x,z), q=q(x,z ), r=r{x,z) 9 t=zt(x,z), 


dp 

dx 


=Pv 



we write 
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and similarly for other derivatives : also 

E= V Apf, J=^ Ap x p 2 , I- V) ApJ, 
V*=EI-J'='£{(AB- H *) ( Pl q 2 - q lV2 Y ) : 

then the arc-element on the surface is 

ds 2 — E dx 2 4-2 J dxdz 4 - 1 dz 2 . 


Let the two sets of direction-variables ^ ~ , and , determine the same 

ds ds os os 

two directions on the surface in § 270 as are determined by the two sets 

l ~ , y , ^ , and ~ ^ ™ ; then, for the orientation- variables of the 

as ds ds ds os os os os 


surface, we have relations of the type 


. _ dp 8 q dq 8 p 
s 12 sill oj -- ^s 8, s ds 8 s 


But 


Pu 


'll 
! h 


( dx 8 z dz Sx \ 

\ ds 8 s ds 8 s ) ’ 


_y 2 (dx 8z dz 8x\ 2 
lots 8s ds 8s) 


the customary expression for the inclination between the parametric lines on the 
surface, a result to be inferred also from the fact that the inclination of those lines 
is unaffected by the change of parameters. Hence, as the expression of the 
orientation-variables of the surface in terms of the new defining equations, we 
have 


*12 _ *23 _ *31 _ *14 __ *24 


P 1> 

( h 


?1> r l 


ri, Pi 


Pi, h 


<h- h 

P 2> 



\ ( h> r 2 


P a 


Pi, h 


\ ( li, h 


r u 

h 

r 2 , 

t 2 


and the relation 


Z{(AB-H*)s 12 °}=£Z '£'2(A*A ll -A u A tk )8 u * ll =-A 

still is satisfied. 

Thus, corresponding to the three modes of defining a domainal surface : (i), 
by means of the domainal direction-variables of two guiding directions in the 
orientation : or (ii), by means of two intersecting parametric regions in the 
domain : or, (iii), by means of a bi-parametric representation of the domainal 
parameters, there are three forms of expression for the domainal variables for the 
orientation of the surface. It is to be noted that, whatever mode of representation 
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be adopted, the conditions to be satisfied, in order that a domainal direction 
f', q\ /, t', through 0 may touch the surface having s 12 , s 23 , s 3lf $ 14 , s 24 , s 34 , as 
orientation- variables at that point, are 

'^34 V ~ S b\ r ~ 

— s 24 p + s u q — s 12 £ — 0 

*23j>' + *81?' + *12 f ' = 0^ 

They are equivalent to two independent relations only, because of the necessary 
condition 

^23^14 "b ^31^24 "b ^12^34 


It further is to be noted that, if 7 /, q\ /, t', are direction-variables of a direction 
not lying in the surface, the magnitudes 


hW ~ W' + s 2 /, - s 3i p ' + s u r’ + s 31 t\ s H p' - s u q ' + s n t’, - s^p 1 - s 31 q' - s 12 r', 


are of the nature of regional variables P , Q , R, T. 

Finally, it may be remarked (the remark would apply to the investigations of 
superficial and of regional properties as well as to those of domainal properties) 
that, in the discussions which follow, there will appear certain combinations of 
functions of position (such as primary magnitudes and their derivatives), of the 
direction- variables of a curve at a point, of the variables P, Q , R , T, of volumetric 
orientation (shewn, in § 209, to have a geometrical equivalent in the direction- 
variables of the normal), and of the variables of superficial orientation in any of 
the three forms that have been indicated. When these combinations represent 
some geometrical magnitude or quantities related to some geometrical property, 
they are of the nature of covariantive concomitants belonging to the whole 
system of quatornariants of the domain. No particular discrimination will be 
made among the concomitants as regards their types ; and there will be no attempt 
to range them in their respective specific classes. Such discrimination and such 
ranging become an inevitable necessity in any systematic development of the 
algebraical theory of quaternariants, with or without its geometrical applications. 
But this development will not be undertaken at the present stage ; all that will 
be done is to note, occasionally, significant instances of relations connected with 
that theory. 


Tangent block of a domain . 

273. The typical equation of a tangent line to the domain through any point 
0 is 


y-y 

y ' 


— A, 
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where A is the current parameter along the line ; or, when the value of y' is 
used, the equation is 

y-y=^j s =yik>' + yM' + y^ r ' + y*M 


=ay 1 +py 2 +yy 3 +8y i . 


with the notational significance for the first parametric derivatives of y. Thus all 
such tangent lines through the point are such that 

II y-y, y» y » y*> y * 11=0, 

which accordingly are the equations of the tangent block in the domain. 

Any point in the tangent block (and so the tangent block itself) can be repre- 
sented by the four-parameter set of equations 


y-y=ay 1 +Py 2 +yy 3 tS«/ 4 ; 

and any direction l±, l 2 . ■ , (typically denoted by /), in the domain can be repre- 

sented by 

l-Xy 1 +/j.y 2 +vy 3 +Ky i . 

Let II denote the length of the perpendicular to this block, drawn from a 
domainal point at a small arc-distance V from the point 0 ; by analysis similar 
to that already used for the general configuration, and for a surface and a region, 
we find, up to the second power of V inclusive, 






m 

dp 2 


dp 




a dy m 

An ~~dV 


©n- 


at 




for all the values of m corresponding to the space-coordinates, the quantities 
X l9 X 2 , ... , denoting the direction-cosines of the perpendicular 77; and we also 
have 


v Y n X' Y 

. j -a — '■‘j / a 


dp 


dq 


yi. 


Vm / \ v dy ni 

l ~dr 5 ^ m dt 


= 0 , 


the last four equations being an analytical expression of the property that the 
perpendicular IJ is at right angles to every direction in the tangent block. 

Now it will appear (§ 274) that p, the radius of circular curvature of a domainal 
geodesic in the direction p\ q\ /, t\ and its direction-cosines Y l9 Y 29 ... , are 
determined by the set of equations 


p ds 2 

__ ^ ( d 2 y m 
^Kdp 2 


dp 


P fym 


j h 


fyrn 

dr 


'n 


dt 



for all the values of m. Hence we have 
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2/7 1 
Lim — , 

V -0 V 2 P 

giving an approximation to the length II of the perpendicular, while 

y _ y 

x ra> 

for all values of m : that is, the limiting position of the perpendicular on a tangent 
block, drawn from a contiguous point at an arc-distance V from 0, is the direction 
of the radius of curvature of the geodesic joining the point to 0, the limit being 
attained by the ultimately evanescent value of V. 


Equations of domainal geodesics : circular curvature . 

274. The intrinsic equations of a domainal geodesic are relations which must 
be satisfied if the magnitude 



is to be a minimum ; and by analysis similar to that used for a surface (§ 93), 
for a region (§ 161), and for the general configuration (§ 17), it is found that there 
are four intrinsic equations 

i/ 2 =o, ?"+v;j 11 p'2 = o, r"+X®nP' 2 = 0, l S*n*>' 2 =0, 

which, however, are equivalent to only three independent equations under the 
retention of the permanent arc-relation 

'£Ap'*=\. 


Let 1 /p denote the circular curvature of the geodesic at 0 ; and let the direction- 
cosines of the radius of circular curvature be denoted by Y 1 , Y 2 , , Y being 
taken as typical of them all. Then 


Y m = P 


d 2 y m 
(Is 2 ’ 


for all the values of m : or, typically, 


Y_d?y 

p ds 2 

=yx p" + y ii" + ytf" + yA " + £ Vnp'* 

= (?/n — — y^n ~ Vs® a ~ yA&n)p 2 > 

when the geodesic values of p'\ q'\ r", t", are substituted. In accordance with 
the earlier notation, we write 


Vap = 9at 1 - yi r *P - y^aH ~ VAg - yflap, 
for all values a, jS, = 1, 2, 3, 4, in all combinations ; and now we have 

Y X- r 2 
-=ZjVuP 2 > 
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with the relation 

£r 2 =i, 

as equations characteristic of the circular curvature of domainal geodesics. 

Having regard to the equations (§ 268) which define the magnitudes T, A , 0, 0, 
in terms of the quantities Y} y^y a ^ we at once verify the relations 

Syi’?«/3 = 0 > f> = 0 ’ ^«/3^ = 0, S^a(3 = 0. 

Hence each of the directions, typically represented as to direction-cosines by the 
magnitude 

Va0_ 

is orthogonal to the tangent block of the domain ; and, of course, the direction of 
the radius of circular curvature is orthogonal to that block, its direction-cosines 
satisfying the relations 

0, 0, £*7=0, 0. 

Also we note that, in addition to the tangent block of four dimensions 
organically related to the whole domain, there is a homaloidal amplitude of 
five dimensions connected with any domainal geodesic and, for that geodesic, 
represented by the equations 

li y-y> 2/i> 2/2. 2/3. 2/4. Y 11=0. 

The Riemann four-index symbols. 

275. It is convenient to introduce the Riemann four-index symbols at this 
stage, merely modifying the investigation (§ 14) for the general m-fold amplitude 
for a general domain, and using the conventions 

=i>, x 3 ~r, Xi=t. 

In place of the second derivatives y {j of the typical point- variable y, an associated 
quantity rj l} is used, under the definition 

= 2 /., - yXti - y*A ,j - y 3 @ij - yflu, 

so that also 

y, 1 =Vij+ ^2/a(U, A}, 

A 

with the equivalence of the symbols T, A, 0, 0, to the Christoffel symbols {ab, c). 
Because the relation 

S 2/a%v=0 

holds for each of the combinations A , /x, y, = 1 , 2, 3, 4, repetitions being permissible, 
we have 

2 yiky,i= £ VikVn+ S A}0'2, /4. 

A u- 
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Now, differentiating the relation 

i 

with regard to x j and x k , we have 


& A u _y / 9 3 y 3y a 3 y ety\ , y 

dxjdx k ^ KdXtdXjdXk dxj dx : dx t dx k dxj ~ ^ 


(ynyu+Vikynh 


for all combinations i , l , j, & ; hence 


a^,i | g^\ 

dx 0 dx k dxjdxi dx t dx k dx { dxj 

= '£(yiky,i-yikyu) 

= ^{VikVn-VikVu) + S A}{j 7 )M }-{^, A}{*7, m }]. 

A m 


The Riemann four-index symbol ( ij , &Z) is usually defined as 



S 2 A n _ _ 3 2 Aji + 0M,*\ 

dx 3 dx 1c dx 3 dx l dx t dx k dx t dxj 

+ /*}{#, A} - 07, /X}{*, A}], 

A [i 


where, in the double summation on the right-hand side, the integers A and /x can 
be interchanged ; consequently, this four-index symbol is such that 

(ij, 

the summation on the right-hand side being for all the quantities rj associated 
with the several point- variables in the plenary space of the domain. 

The magnitude, as originally defined, involves only the primary magnitudes of 
the domain and, explicitly or implicitly, their first and second parametric 
derivatives ; it thus is of the nature of a concomitant of the domain. In the 
inferred value, it is equal to a quantity which depends upon the magnitudes rj, 
that is, implicitly upon the first and the second parametric derivatives of the space- 
coordinates, and these magnitudes rj are connected with the prime normals of 
the domainal geodesics ; thus, in the inferred form, the spatial quantity, which 
occurs on the right-hand side, is of the nature of a concomitant of the domain. 

The quantities rj a p are unaltered when a and /3 are interchanged ; hence the 
Riemann four-index symbol satisfies the identical relations 

(ij, kl) = (ji, Ik ) = (Ik, ji) (kl, ij) 

= - (ij, lk)= - (ji, U)= - (Ik, ij)= - ( kl,ji ), 

(ij, kl) + (ik, Ij) + (il,jk)—Q. 


Thus the symbol vanishes if the integers i and j are equal, and it vanishes if the 
integers k and l are equal. For a domain, the numbers i,j, k, l, can have the values 
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1, 2, 3, 4, separately and independently of one another ; hence the nufnber of 
non- vanishing four-index symbols for the domain is twenty-one. There is a single 
relation among these non- vanishing symbols which, in all its forms, is effectively 

(12, 34) + (13, 42) + (14, 23)=0; 

consequently, the number of non- vanishing four-index symbols ( ij , hi) for a 
domain, which are linearly independent of one another, is twenty. Obviously, in 
citing the number of a non- vanishing four-index symbol, we may take j > i 9 l>k. 

The actual values of the non- vanishing symbols, alike in terms of the primary 
magnitudes A and their first derivatives as implicitly contained in the symbols 
r, A, ©, <P, and also in terms of the quantities rj, with the convention for the 
symbol (ajS $y8) as defined to be 

(af}$y8)~(A, B, C, D, F, G, H, L , M, N$r a p, A aP , ® ni3 , yS , A y6 , © y8 , $ y a), 
are as follows : 

(12. 12) = 2 ( Vu ri n - V)= -UA n -2H u +B n ) - (11#22) + (12$12) \ 

(13. 13) = V)(^ 3!1 -^)= -i(A 3a -2G 13 +C U )-(11P3) + (13P3) 

(14. 14) = £ ( V uV 44 -Vu*)= -i(A u -2L u + D U ) - (11$44) + (14$14) 

(23, 23)= ('J7a2 7 733 “ 7 l23 2 ) =: ~ i(^33 ~ 2F 23 + ^22) ~ (22 $33) + (23 $ 23) 

(24, 24)= X (I,*,* - W) = - \ (B u - 2M u +DJ - (22(44) + (24$24) 

(34, 34)= £ (vnVu-V3* 2 )=-i(Cu-2Nn +D»)-(»Sj|44) + (34j[34) J 
(12, 34)= ^ (^ 13 ')7 2 4- ^ 14 t 7 23 )=| (i^ 14 - 6 r 24 —iW 13 + L 23 )~ (13$24) + (14$23) 1 
(13, 42)= ^>j (rj u r ] 23 - rj 12 rj u ) — ^(#34 “ ^14 ~ ^23 + *^ 12 )*“ (14$23) + (12 $34) . > 
(14, 23)= ^ (yji2 r ]3i~ 7 ?i3 1 ?24 )— ^(^24 _ ^34 ~ + ^ 13 ) “ (1 2 $34) + (1 3 $24) J 

(12, 31)= ^ (Viz 7 !!* — r hi r )23) = i(A2z — H\3 ~ ^12 + *^u) ~ (12$13) + (11$23) | 
(14 > 21)=S(^i 4 -^ 2 i) = i(^ 2 4-»i 4 -^12 +lfu)-(12514) + (llj[24) , 
(13, 41)= ^ (yizVu- yiiVzi) — i(Au - #14 --£13 + -ZV" 11) (13(14) + (11(34) I 

(23, 42) = (^23 <i 724 “ V22V3A = 2 (^34 _ -^24 “ -^23 + ^22) ~ (23$24) + (22 $34) 

(21, 32)= (^12^23 ~ ^22^13) “ i 0®i3 ~H 23 -F 12 + (? 22 ) ~(12$23) + (22 ^ 13) > 

(24,12 ) = ^(y 12 V2*~V22'nu)=i(B 1 *-H 24 -Jf 12 + L 22 )- (12(24) + (22$14) , 

(04, 13) = ^ {V13V3A “ VbzVu) = 2 (C14 - ^34 “ ^13 + ^33) ~ (1 3$34) + (33$ 14) 

(31, 23)= {'f]\z r ]23 ~ 7 ? 33 7 ? 12 ) = i(C f 12 ~ ^23 ~-^i3 + ^33) ~ (13$23) + (33$12) > 

(32, 43)= ^ ( 1 ?23 1 ?34 ^33 1 ?24) = 1(^24 “-^34 ~ ^23 + ^33) ~ (23$34) + (33$24) ^ 

(41, 24)= ( <I 7i4 7 724 ~~ VwVii ) = i (^12 ~ ^24 ~'^i4+ ^44) ~ (14$24) + (44$12) ^ 

(42, 34)= ('^24' i 734“' 1 744 ,) ?23) = i(^23 “ ^34 “*-^24 + -^44) “ (24$34) + (44$23) 

(43, 14)= ^ ('^ 1 4 7 ? 34 ~ 7 ? 44 ' , ? 13 ) =:: i(^X 3 “^ 14 “ ^34 + ^ 44 ) ~ (f 4:$34) + (44$ 13) j 
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To the symbols at the extreme left, a variety of equivalent forms may be given, 
so that the substituted form might conform to the conventions j>i and l > k in 
a cited form (ij, hi) ; but account might then have to be taken also of a possible 
prefixed sign. 

These four-index symbols are the coefficients of the orientation-variables in 
the Riemann measure of curvature of an amplitude (here, a domain) estimated in 
any superficial orientation. For those variables, taken to be the quantities % of 
§§ 270, 272, we have 

or if we take 


dp , 

dq 

dr 

dt , 

ds= X " 

ds =x » 

dT x " 

d. s i: 

Sp -Z' 

8s ~ 1 ’ 

Ss 2 ’ 

hr -z' 
8s~ Z ' 3 ’ 

». t > 
8s~ 4: 


this relation can be written 

£ (A tk A„ - A n A jk ) (x/z/ - x/z/) (x k 'zi - x{z k ) = sin 2 w. 

The Riemann measure of curvature of the domain in the orientation established 
by the two directions a?/, x 3 , x 3 , xl ; and z/, z 2 ', z 3 ', z 4 ' ; is defined to be 

K _ S (fl> M)*uS ki 

y i (AiieAji — A,iA }k )s t} s kl 

where, in the summations alike in the numerator and denominator, the full 
coefficients of s {j 2 have a numerical factor unity when the suffix k, l, is the same as 
the suffix ij, and the full coefficients of have a numerical factor two when 
the suffix hi is not the same as the suffix ij . 

The significance of the Riemann measure will be established later (§ 312) as 
the sphericity of the domain in the orientation with the variables s ijt 

Geodesic polar coordinates. 

276. As a preliminary to the establishment of geodesic polar coordinates, we 
consider the conditions under which a parametric curve may be a geodesic in the 
domain. Let it be the curve given by 

variable, q= constant, r= constant, t = constant. 

Then the intrinsic equations of this special geodesic become 

2>"+A iJ>' 2 =0, J n p' 2 = 0, © llP ' 2 =0, 0 llP ' 2 =O, 

so that the conditions are 


^n—0, ©ii—0, ^n—0. 
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In general, we have 

^A 1 = ATn^ HAu+ G@n+ L0 ll9 
H 1 -iA 2 =Hr n + BA n + jP® n + M 0 u , 
G 1 ~U*=Gr ll + FA n +C0 n + N0 119 
Li — ■2^4= Lr n + MA n 4* N@n 4* D0\\ \ 
and therefore the three special conditions become 


that is, 

A = Li. W 4^,1 3 /_£ \ ^ 1 9/£\ 

2 ^ A idp\ A W’2A A ldp\ A i/’2A A \ ~dp\ A l) * 

Hence there exists a function of 79, j, r, f, which may be denoted by l and is such 
that 

/ 7 _ az g _m l 

a*~ A*~ dt ' 


and the relations, implied by the existence of these four equations, are sufficient 
to secure that the selected parametric curve satisfies the intrinsic equations of 
domainal geodesics. 

With these values, the domainal element of arc is now given by the expression 


where 




, , 3 i Si , , ,3 1 SI , , ,dl dl , ,, 

*+* b $*>*+* b i r dl ’ dr+ 2 g t >si 1 ' 


+ (B, C, D, N,M,F% dq, dr, dt ) 2 
dl'~ + {B 0 , C 0 , D 0 , N 0 , M 0 , F 0 $ dq, dr, dt) 2 , 


B 0 = B- 
C^C- 
D 0 =D- 



N 0 =N- 


dl d l 

dr dt 


M 0 =M 


dl dl 
dt dq 




d[dl 
dq dr , 


Along the special geodesic, we have dq— 0, dr—Q, dt — 0, so that ds becomes equal 
to dl : that is, the new parameter l is the length of the arc along the geodesic 
curve. Moreover, the original magnitude A does not vanish, and we have 



so that the complete expression for l must involve p ; therefore l can be taken as 
a domainal parameter, with q , r, t , (or with three quantities, involving q , r, /, 
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and independent of one another as functions of q , r, t), for the representation of 
the domain. 

A region in a domain can be represented parametrically by a single relation 
among the parameters. Consider, therefore, the region represented by 


Z=a parametric constant ; 
any arc da, lying in this region, satisfies the equation 


dl dp dl dq dl dr dl dt 
dp do dq do dr do dt do 9 


that is, it satisfies the equation 


A %+ H * + 0*+ E * 0 . 

do do do do 


Along the geodesic itself, the direction- variables are p' = A~*, q'= 0, r'=0, ; 

and therefore, if (f> denotes the inclination between the geodesic and the arc do, 
we have 


cos <f> = '£Ap , ^j~= 0. 


Consequently the geodesic, being at right angles to every direction in the region, 
is orthogonal to the region. It therefore follows that the regions, specified by 

1 = constant 


in a domain the arc-element of which is given by an expression 

ds 2 ~dl 2 + ( B 0 , C 0 , D 0 , N 0 , M 0 , F 0 $ dcf), d*, d</0 2 , 

where l, <j>, i/j, are the four independent parameters, are parallel regions ; and 
the normal geodesic distance between two such regions is the difference in the 
two values of l by which the regions are specified. 

The partial differential equation of the first order, satisfied by geodesically 
parallel regions in the domain when the arc-element of the domain retains its initial 
form, can be constructed as follows. The arc-elements given by the two forms 

(A, B , C, I ) , F , Gr, H , L, M, N § dp, dq, dr, dt) 2 , 
dl 2 ~\~(B 0 , C 0 , D 0 , Nq, M 0 , F 0 J d</>, dx, dt/j) 2 , 

must be the same for all variations of the parameters. Hence there are four 
relations of the type 

A ii =l l 2 + {B 0 , C 0 , D 0 , N 0 , M 0 , FAh, x<> 

(for i= 1, 2, 3, 4), with the double-suffix notation of §10 for the primary 
magnitudes ; and there are ten relations of the type 

Aij=lil, + (B 0 , C 0 , D 0 . N 0 , M 0 , Foih, Xu Xi> 
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for the combinations i,j,~ 1, 2, 3, 4. Consequently, we have 


A-h*, 

H-kk, 

g - y 3 , 

L-kk 

II 

o 

H-kh, 

B-h\ 

f — 

M-kh 


G — 

F-hh, 

c-k*, 

N-l 3 h 


L-hh, 


N-l 3 h, 

D- 1* 



because the determinant, which results from the substitution of the values of the 
constituents in the preceding ten relations, vanishes unconditionally. When this 
determinant, involving the derivatives of l, is expanded, it can be expressed in 
the form 

with the customary notation : that is, the required partial differential equation 
of the first order satisfied by geodesically parallel regions in the domain is 



The result is in accord with the earlier result (§ 269) which gives the normal 
dilatation of a region e(p, q , r,t)~0 in the form 

Here dn is the domainal element of arc normal to the region ; when the region 
€ = constant belongs to a family of geodesically parallel regions, we have dl as an 
element of domainal arc orthogonal to the region, so that 

de - dl, dl~dn , 

and therefore € n =l. 

Further, the domain manifestly can be referred to parameters which shew the 
geodesics and their orthogonal regions, the domainal arc then being given by an 
expression 

ds*=dl 2 + (B, C, D , N,M,F\ dq , dr , dt) 2 , 

where, in general, the magnitudes B, C, D, N, M , F, are functions of l as well as 
of q, r , t. Such a representation of the arc of the domain will be called geodesic 
po y ar. 

277. In a domainal region, with the arc-element 

ds 0 2 = (B, C , 7), N,M,F% dq , dr, dt ) 2 , 

the right-hand side, qua function of dq, dr, dt, can always be expressed in a form 

d<f> 2 +(E, #) 2 , 
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the quantity l which occurs in the coefficients B, C, D, N, M, F } being regarded 
as a (parametric) constant ; but the transformation is effective solely for the region 
specified by the assigned value, and a full value of the last expression for all 
variations in the domain can only lead back to the form for ds 2 already obtained. 
Such a transformation of ds 0 2 is concerned with regional geodesics. It still remains 
to enquire whether, in the region, there is another domainal geodesic representa- 
tion additional to that which has already been obtained : or, what is effectively 
the same enquiry, whether the domain can have further geodesic representation. 

Suppose that, if such a representation can exist, the second polar geodesic is 
represented by the parametric curve 

Z=constant, ^variable, r=constant, ^constant, 

so that, as l is constant, the new geodesics will lie in the regions orthogonal to 
the former polar geodesic. In order that the intrinsic equations of domainal 
geodesics shall be satisfied, the foregoing values must satisfy 

r+XV=o, r"-2© u /'*, 

and therefore we must have 

= 0 2 2 = O. 

In any representation of a domain, we have 

H 2 -%B l ~Ar 22 + HA 22 + G& 2 .± L<2> 22 , 

= ^^22 + F© 22 \ A/<&22> 

2 #3= GT * 22 t ^22 + ^©22+ N& 22 , 

M 2 - ■= Lr 22 + MA 22 +N ® 22 + I)(p 22 ; 

in the present representation of the domain, we have 

H=0 , G= 0, L= 0; 

and therefore, for our immediate purpose, we have 

B x =i), \B 2 ~BA 22 , f 2 -ib 2 =fa 22 , m 2 -\b^ma 22 , 

from the four relations respectively. 

Thus B is independent of l ; and, because we now have 



there must exist a function m , independent of l and involving q, r, t , such that 

i dm __ dm dm dm dm 

TV* ~ . F~ M=-~- 

9q dr dq ’ dtdq 

making F and M also independent of L Hence 

(B;C, D, N, M, F$dq, dr, dtf^dm 2 f(O 0 , A T 0 , f) 0 %dr, dt )*, 
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where 


GV=<7- 



N 0 =N^ 


dm dm 
dr dt 5 


Dem- 



and the domainal arc can be expressed in the form 

ds 2 —dl 2 + dm 2 + (C 0 , N 0 , D Q \dr, dt) 2 , 

where C 0 , A T 0 , D 0 , are functions of the four parameters. 

Consequently, for a domain with its- arc expressible in the form 


ds 2 —dp 2 -\-dq 2 + (C, N, 1) i) dr, dt) 2 , 

where the coefficients C, X, I), are functions of the four parameters, the two 
parametric curves, given by 

p~ variable, q — constant, r— constant, constant, 
p = constant, q = variable, r — constant, t = constant, 

are geodesics at right angles to one another ; and thus then* is a bipolar 
geodesic representation of the domain. 

Manifestly, the amplitude 

* x *=(G f , N,L)\dr , dt) 2 , 

with p and q as parametric constants, represents a surface in the domain. At 
any point on the surface, a tangential direction has a typical direction- cosine 

dr dt 

The inclination <f> v to the parametric geodesic along the p-curve is given by 
XT' ( dr dt \ dr dt -v -\ 

^»*, + »• =*, - • + e , - y^ 0 - 

and the inclination <f> Q to the parametric geodesic along the y-curve is given by 


W.= E*(*;£+s-.0 


dr dt 


that is, every direction in the surface is at right angles to the plane containing the 
two polar geodesics, and consequently this plane within the tangent block of the 
domain is the orthogonal plane to the surface. 

One analytical representation of this surface is manifestly given by the tw r o 
equations 

l = constant, m— constant ; 

that is, when these two functions l and m are used to provide a parametric repre- 
sentation of a surface, wdiich is orthogonal to the orientation containing the two 
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domainal geodesies in the bi-polar representation of the domain, they must satisfy 
the two equations 

y] am^—Q ; 

and, as the two geodesics (and therefore the two regions, orthogonal to the two 
geodesics) are at right angles, there is also (§ 270) the equation 

^ al 1 m 1 ~ 0 . 

Further, there is a surface in the domain given by the arc-representation 

ds 2 ~dl 2 + dm 2 i 

manifestly a surface orthogonal to the preceding surface ; and the orientation- 
variables of this surface can be constructed from the domainal normals to the 
two regions, /= constant, and m= constant, respectively. For the former, there 
are (§ 269) four direction- variables of the type 

(A -y 7 — *"h /i/ 2 *7^3 "t 


and, for the latter, there are four similar direction-variables 


Q ^ -- am v + lim 2 4- gm :i -f im 4 . 


Consequently, the orientation-variables in this orientation are of the form 


£21 U —Q 


(dr dt_ 
\dl dm 


dr dt\ 
dm dll 


A, 

H, 

G, 

L 

1 ^1’ ^2> h j| 

11 , 

B, 

F, 

M 

| »«i, m 2 , m 3 . m i | 


Now for a surface with an arc-representation ds 2 — dl 2 -I- dm 2 , the Riemann 
sphericity is zero ; for, with l and m as the superficial parameters, the quantities 
A , H, B, of §88, -1, 0, 1, so that the symbol (12, 12), which is the Riemann 
sphericity of the surface, vanishes. The two curves p = variable, q — constant : 
and p — constant, q — variable ; are domainal geodesics, so that this surface is a 
surface geodesic to the domain. Thus the sphericity of the domain, in this 
orientation, must vanish ; and therefore (§117) 

S ^ ZC ^ («& yS)^^-o. 

Hence the earlier surfaces, orthogonal to the two perpendicular geodesics in 
the bi-polar representation of the domain, arc orthogonal to the superficial orienta- 
tions of zero sphericity ; and, if they are given by two parametric equations 


l(p, q , r, t) = constant, m(p, q , r, t) = constant, 
the functions l and m satisfy the equations 

V al x 2 ~Q, al l m l = 0 , am x 2 ~ Q , 

'Z'Z'Z'ZW* y8)Mv«=0- 


F.l.O. II. 
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Ex . 1. When the arc-element of a domain, given by 

ds 2 = V V A t1 dx t dx jf 
11 1 3 ’ 

i 3 

with the customary convention x Xl x 2 , x 3 , x Al —p f q, r, t , is expressible in the form 
ds 2 = dl 2 + dm 2 + (P, Q, R$d</>, #) 2 

appertaining to the bi-polar representation, prove that the parametric functions l and w 
satisfy the equations 

i m,m a , A ty -l,l y - m,m Y =0, 

I A, a - IJa - A# ~ Ijlp - »»,»«<), A ]y ~ ljl y - ») 

I A ka - lj a - m k m a , A ie - l k l fi - m k m 0 , A ky - l k l y - m k m y 
for all the values i,j, A*, a, /?, y, —1, 2, 3, 4. 


Ar. 2. When the domain is primary, so that its plenary homaloidal space is 
quintuple, and when the arc of the domain is expressed in the bi-polar form 

ds 2 - dP + dm 2 + {P, Q } R\ d<f>, cb/j) 2 , 


prove that the product of the four principal circular curvatures of domainal geodesics 
is equal to 


1 

p , 

Q , 

R 

10 (PIt-Q 2 )* 

dp 

dQ 

dll 


~di ’ 

di ’ 

dl 


dP 

dQ 

dR 


dm ’ 

dm ’ 

dm 


It thus appears that a domain can have two orthogonal families of geodesies ; 
but it cannot have three such orthogonal families of geodesics, unless it is deform- 
able into a flatter amplitude, so that it is not to be regarded as a general domain. 
Thus even for a primary domain of such a limited type, so that its arc could be 
expressed in a form 

ds 2 —dp 2 I dq 2 { dr 2 '\-Ddf 2 , 


the product of the principal circular curvatures of geodesics vanishes ; and there 
are three orientations, orthogonal to one another, which provide vanishing 
sphericities of the domain. Accordingly, its properties are not of a quite general 
type and its discussion is omitted. 


First derivatives of Christojfel symbols . 

278. The first parametric derivatives of the quantities r, J, 0, 0, will be 
required. Incidentally, it is clear that certain differential conditions among these 
quantities must be satisfied. For we have (§ 208) 


; - (I 1 uA n 4* A ktd J2 4- & kt Aj 3 -f 0 kl Aj 4 ) 4- ( r kJ A tl +A kJ A l2 4- @ /a A t3 4- 0 kj A i4 ), 
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and a corresponding expression for 
identical relations 


3A tJ 

dx l ’ 


obtained by changing k into Z; the 


1 ( d jh)=±( d JA 

dx t \ dx k / dx k \ dx t ) 9 


must be satisfied for all possible values of i, j, k, l ; and their development leads 
to the indicated conditions. 

These conditions can be obtained by a different process, which has the advantage 
of supplying the values of symmetrical combinations of first-order parametric 
derivatives and third-order parametric derivatives of the point-variables. On 
the analogy of the equations, which define the magnitudes r i}9 A lJ9 @ t}9 & i} , we 
define * four magnitudes P iJk9 Q lJk9 R tjk , S tJk , by the equations 

y^iVi yx,K^AP l]k +HQ uk I- GR lJk H - L&ij k 1 
V) y#0k= HP wc + BQ,j k 4 - F Ii lJk 4 - MS ijk 
y j GP ijk + FQ lJk 4 - CR tJk + N S iJk 

\ yMak^LPijic + MQ XJk + NR lJk + DS t)k ^ 

for all combinations of values of i 9 j 9 k , from the set 1, 2, 3, 4, chosen independently 
of one another. The four equations define the four magnitudes uniquely ; hence, 
because the left-hand sides remain unaltered when i , j 9 k are interchanged in a 
selected combination ijk 9 the quantities P ljk9 Q lJk9 R i}k9 S lJk9 similarly remain 
unaltered in any such interchange. 

We differentiate a relation 


^ Vi Vjk — AT )k 4 - HA j k + G0 Jk -f L&ju , 

with respect to x n (under the foregoing convention as to the significance of 
2 * 1 , # 2 , x 3 , x a ) 9 and we have 




dr * +H te>* + G u -?*+ L ^ii 


J3> +l 80 l* 

ds, ' “ dx t ' ~ dx t dx t 

+ 2 r lk (Ar u + HA U + G® u + L0 U ) 

+ d )k {(Ar it + ha 2 i + g& 2 i +l& 21 ) 

+ (Iir u i BA u +F0 u +M0 „)} 


+ ®ifcl(*4i'3,+ HA 3i + G@ 3l + L0 3l ) 

t- (or ll+ FA„ + C® U + N0 U )} 


+ 0A(^I\>+ HA 4, V G® it + L0 4.) 

+ {Lr u + MA U + A T 0 1£ 4 - D0 U )\ 


* These magnitudes are the magnitudes ^ J of § 23, when the n-fold amplitude is 

a domain : and the analysis, which follows here, is practically the earlier analysis for 
the value w = 4. 
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= a (■ ^~^rj k r li -bA 3k r 2t +0 }k r 2i ^0 3k r i ^ 

+ H + r jk A u + A jk A 2 i -f @ jk A 3i +0 jk A A ^j 

+ G (^^J k + r jk @i i +Aj k @2 t +®M@si + @jk®iij 

+ B {^^ k ^P^li+A jk 0 2i -\-@ jk 0 iii +0 }k 0^-h(ii Vft)> 

where, as in § 275, 

(lim=(A, B, C , a F, G, H, l, M, N $ r u ,A Ui @ u , 0 Xl \r jk9 A jJc9 0 }h9 & Jk ). 

By an earlier result (p. 264), we had 

yuVjk= S VulJk + CM* l ft ) ; 

hence, when we insert the value of V} in terms of the postulated quantities 


S ijk , and when we 

write 


** 

— P vk ~ 

a/1 >* + V' 

Lax, ^ 

{#, /*} »*/*, i}] 

Qijk 

1 

II 

A ^ 

{jk, /x} [i/x, 2}] 

Btjk 

— Ajfc ~ 

, v 

ar, V 

{#, mHv*. 3}J 

fi t jk 

1 

QQ 

II 

a^>fc , y> 

Lax, 

{j7-,/x}[i/x, 4J~] 


where the ju-summations on the right-hand sides are for the values /*=!, 2, 3. 4, 
the foregoing equation becomes 

AP lJk + HQ lJk + GR ijk 4 LS tjk — — ^ y VitVik^ 

Proceeding similarly from the expressions for 

ViVifa y^yjki j y*y,k> 

we obtain the respective equations 

HPuk+ BQi Jk -{- FR lJk + MSi Jk = - ^>jrj 2l rj Jk , 

GjP«*+ + + NS l}lc = - ^rj 3i rj Jk9 

BPi 3 k+MQ t ji c +NRiji e + DS iJk ~ — j rjaVnk* 

Consequently, when we resolve these four equations for the four magnitudes 
P tjkj Qijk ) Bijki Buk> we have 
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Puk^ -£ } {a('£ t 'OuVik)+ h{'£v2i r hic) + g('£ VaVik) + H^,VuV>k)h 

Qm= - l Q{h(^VuVik)+ t> ( X VziVik) + /( 2 VsiVik) + » ( ^ VuV,k)}, 

•® ilk = — Q {g{^j VltVik) d" f( VziVik) "t" ®( ^ t V'JtVik) + ^ ^ ViiVik)}) 

S, jk = ~ £? { * ( 2 + m ( S ’foW + n ( S ’/si’?,*) + d ( ^ 374,17,*)} ; 

and we at once deduce values of P,,*, Q,,*, -R,, fcl &„*. 

Now it was pointed out that the values of these four quantities are unaltered 
by the interchanges of the symbols i, j, k, in the combination ijk. As the ex- 
pressions just obtained do not exhibit this formal symmetry under the indicated 
interchanges, it follows that the equal values of the different deduced expressions 
lead to relations between the derivatives of jH, A, ©, <P. For brevity, we write 

X {jk, /*}{***, X}-r t (jk), A(jk), @i(jlc), 0 AM 

/* 

for A=l, 2, 3, 4 : also, as in § 10, we denote by a A(1 the minor of A X/1 in Q, so 
that a xl = a, a lt =h, and so on. Then the relations 

JIv+rAki) w?*.)J 

- d t£+ A(y)-i 

Q„ k =^+A t (jk) - ^ £ k,(2 v*v,*)l 
= ~* ? ' + A, (ki) - g £ [®2 m ( 2 w.)J 

= 3 ^+ ; 

R ” k =it; + @iijk) “ ^ ? t« 3 ,(S ^«)] 

=a £; +0)(H) 

=-^;+ S K.cS’uWJ ; 
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S ” l = lr7 + ijk) ~ h ? %m)1 

- ^ -f <Mu) - g £ [«4 m 0£ ’fcofl.i)] . 

provide values of P iJk , and they contain the relations among the 

first parametric derivatives of r, J, 0, 


Expressions for p"\ 

279. The intrinsic equations of the domainal geodesic in a direction p\ q\ r\ t f , 
not merely determine the values of the quantities p'\ q\ r", t'\ along the geodesic 
but also lead to the values of the further arc-derivatives of the domainal para- 
meters along the geodesic. We proceed to determine the values of the third 
arc-derivatives of the parameters. 

Differentiating the intrinsic equation 

along the geodesic, we have formally 

_ v V ( V* d S ]h r ') x 'r,' 

j k x l Ud 'i 7 

- v; v/v r y v; { j m , i} *, v] 

fl b L A m - 1 


manifestly a homogeneous quaternary cubic in p', (/', r', 
form 


_*/"= V V vr 

i j k 


:r j ' J 'k j 




which we take in the 


the summations for i , j , k , being taken for the permutations arising from the 
values i, j, k, — 1, 2, 3, 4. Thus the full coefficient of sr/ 3 is r ut , the full coefficient 
of :r/ 2 .r/ is 3/^,,, and the full coefficient of x'x'xf is 6/^. 

On the right-hand side of the differentiated expression, the full coefficient of 
the combination of variables xfx/xf is 




dr Jk jr ki ar w 
~ k +2 +2- - J 
uX t uXj 


from the first line in p"\ 

-2rAjk)-2r,(Ju)-2r k (vj) 

from the second line, and also 

-2r,(jk)-2r,(Jd)-2r k (ij) 

from the third line. Let substitution be made for the three derivatives, which 
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occiu irst line, in terms of P iJk ; then, when the whole coefficient is collected, 

we find 

6[P« - r t (jk) - r, (ki) - r, m 
2 

+ (VviVjt + VmVk, + VmSU>) J- 

The quantities P /;/ , can be regarded as known in terms of the domainal magni- 
tudes, by their definitions ; hence the coefficients P n/ . can be regarded as similarly 
known. Also we have 


Pi3k—r , uk +r l (jk)-\-r J (ki)-\ r k (ij) 

- zQ 2 Km ^ ■nn,rjk,+ 

Moreover, when this value of P ul is substituted in the equations which express 
the derivatives of f, we find 


dr„. 

d.r, 


~r i llk +r j (ki)+r k {ij) 


i 


- XQ ^ Km ^ (v,oVu + V^kVu - 


But 


(VhjVu - V^hk) - (M> p)> X) (VukVu - VmVjk) = (rt?> ki), 
in terms of the Riemann four-index symbols ; and therei'ore 

^y k ~^ lik * ^(^0 + P h (if) ~ ttq ^ a \u I (m7? ki) + (jik,ji) j, 

the result holding for all values of /, j, 7r ; and the earlier relations (§ 278) between 
the derivatives of the quantities, such as 


dPjk dP I: I 


1 


are satisfied for all the results, in virtue of the relation 


K> *0 + (K> O’) + (K 0*) - °- 

We ]>roceed similarly to determine </", r"\ l "' ; and we find 
-7 "'=£2 


where 




■ 3^ ^ Km ( 1 ?M. 1 ?H + 1 7M) T /« + , ?Mfc’7o)J- 
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Rm= ®m + ®, (jk) + ®i (ki) + © k (ij) 

~ ^ ^ 1 (VutVik ~ r VtiiVki VukVi))]} 

S tik ~ 0 tJk + 0, ( jk ) + 0, (ki) + <P k (ij) 

- ^ K (i ^ (VutVik + VmVki + y^vu)]’ 

while the derivatives of r, A, 0, and the relations between these derivatives, 
are given by the equations 

d ff= r IJk +r,(ki) + r k (ij) - — £ aM, U)+ (nkji)] 

~£f =A '>* +A > (*») + A k(>j)~ XQ ^ «2 J.(M> ki) + (p-hji)] 
d fx~ = @uk+ ®> (**) + ® k M ~ 3i3 ^ ( h,i(M> ki) + (iik, ji )] 

d<P t 1 

~=jj~'= 0, Jk + 0, (ki) + 0 k (ij) - -Q V a tll [(fij, ki) + (fik, ji)] 

These values are in accord with the corresponding values (§ 23) for the ra-fold 
amplitude, when w = 4, under the conventions 

r u^Uj, 1}* ^«.={y. 2}, ®i,-{ij, 3}, 0, ,={*)', 4), 

r iik = (ijk, I}. ={»>'*, 2}, © tlk ={ijk, 3}, 0 llk = {ijk, 4}. 

'tile 

and the relations (p. 275, footnote) between the quantities J and l\ Jk , Q lJkf 

Ri)k: $vk- ^ 

Value of y along a geodesic . 

280. We now obtain the value of y"\ using those results for the derivatives 
of r, A, ©, 0. We have 

v*=yjk ~ yiA* - y t A ik - y 3 @ Jk - y^0 Jk , 


-~jj. —Vui-T jk{yu+y\ru+y2Aii+yz®ii+yftu) 
Ajk{ r i2i y*r u + y^A 2t + 3/3@2« y^2%) 
“ ® faj. + 2/l At + 2/2^ 3t + 2/ 3 ®3t + y& 3.) 
- (i?4i + 2/iAt + y 2 4< + y 3 @4t + yA.) 



and therefore 
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= yi,k-'£ l lyn{jk, l}] 




M#)] 


~Vi >k~ yX t)k y-^ui ih ® ijk yfenk iijk>i} 

i 

- Vi i r i (jk) + r , {H) + r h ( ij )} 

-y-MAjk )- 1 dj (ki) t A k (ij)\ 

-y 3 mjk)+@Aki)+© k (ij)} 

-yA < &Ajk)+ (ki) A <P k (ij)} 

+ In S S »*« ^ [ (W. *») + G“*. i*)l, 


the middle four lines of which can be expressed in the form 

- S I ~ \U k , /*} fyb A} + {*»', p.) {j'/x. Aj t- {t}', IV> A}], 

A n OX A 

the summations for A and /x being for the values 1,2, 3, 4, independently of one 
another. 

When we differentiate the typical relation 

j k 

along the geodesic, we have 




-ESW’.T 

v V {a?;, m}x u 'x b ' 1 

l m L. 

a b — * 

v ■> V > / 1 

""" / / Vlm^'m 

l in ‘ 

- a 13 J 

in y', y', /, as 

variables. We write 


i j A' 

with the customary convention as to the variables x f ; and, in the expression, 
the summations for i j , k, are taken independently of one another, so that the 
full coefficient of the term in the combination x/x/xjl, when i, j, A\ are different, is 

In the foregoing differentiated expression for y"\ the full coefficient of this 
combination x t 'x/x k ' on the right-hand side 

+*>??« 


-2 11 +-2 '-- + 2 
a *. ar , dx k 


from the first line, 
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-%y, [Vim{j k , »«} + Vim {ki, m} + Vkmttj, m}] 


from the second line, and 

- -Z^lvti {jk> 1} + Vn{ki, 1} + Vki {ij, *}] 

from the third line, the second and the third contributions being equal to one 

another. Let the foregoing value, obtained for — , and the thence inferred 

cx^ 

values of the other two terms in the first line, be substituted in this expression ; 
it becomes 


^ l yiok Vl r*i)k V'l^idk Vz^ijlc 2^4 ^Wc] 

l} + v,i{ki, 1} f {ij, /}] 

- 6 2 S % /*}{*>> M + {ki, p}{jp, A } + {ij, A}] 

A ft 0X A 

where 

T=(pj, ki) 4- (fik. ji ) -I ((ik, ij) + (fii, kj) 4- (fii, jk) + (fij, ik), 
a quantity which vanishes identically because of the relation 

(af), cd) + (ab, dc)~ 0. 


As the full coefficient is equal to brj lJk , it follows that 
^lijk — Vi)k ~~ ~ VvAiik ~ Viifink ~~ y&nk 

- y L + l} + rj kl {ij , /J] 

m m}{im , 1} + {ki, m] {jm, /] + {i;, w} {few, /}]. 

I m dX t 


This value for rj t}k is expressed in terms of the known magnitudes of the domain 
and also of the derivatives of its space-variables alone ; and it renders the 
postulated value of y’" definite, in the form 

? j k 

Moreover, there is the need of having the parametric derivatives of rj Jk 
expressed in terms of rj tjk instead of y ljk ; manifestly, the typical relation is 


^=Vot + ^ IVn [ ki > 1 ) + Vkiiji, l}] 

( m J, **) + (mk,ji) J, 

Oi/ / m 

holding for all values of i, j , it, the summations being for the values l, m, = 1 , 2, 3, 4, 
taken independently of one another. 
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Ex. 1. Verify the relation 

2 yiVuk = - i2 (VtiVik + VliVki + VtiVn)> 

for all the values of i , j, k , Z. 

Ex. 2. Taking y as a function of p, q , r, constructing ?/"' in the form 

y '" = 2 2 /iP'" +32 ' + 2 ym v' 3 > 

and substituting the geodesic values of p", ... , ... , obtain the value of y'" as 

given in the text. 


Ex. 3. Let Q denote the expression for as given by 


and let 


o=222 vuk^jW, 

i j k 


Q > = 2 2 r )uk x >' x k'< Qij = 2 

7 k k 


It is frequently convenient, in connection with the value of y" which is 

vywv, 


i J 


to use the magnitudes rjj , defined by 


V> = 2 7 7jaV 

A- 


Then, as 


l J 7 h == \' y\ 

(Is s-t* ds k 

k k p q 


[yskim* *}«] 


^|-V-VVV [ Vjl {k0, lWr e ' |, 


/ k o 


and as 


~2 k = 2) + 2 2 ^ i } + *}] 




+ 3^2 2 2 t ( w, i- **) + (*«*> j e )L 

l m 6 

the first summation in which is Q Jk , we have 

5=22 v,*«**v +222 rc# 


$ & 


/ o k 


1 


1 r>Q 2 2 2 y^Kn^o'^k [ («y, £0) + (»!&, j#) I 

l m 0 

-o,+22 w iwi. 

A « 

+ 3 ^2 2 2 M) -* 
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Secondary magnitudes ; and the circular curvature of a geodesic . 

281. Secondary magnitudes of the domain, immediately associated with the 
circular curvature of a domainal geodesic, are defined in connection with the 
typical relation 

pSW' 

We take 


I=ZY Vn , 

H^Y Vl2 , 5^ v F7?22 , 

G=^Y Vl „ £=£}'„ 3> 

14 - 37 =^ 1 ’^, N^Yr,^ D^Y Vu , 

the quantities thus denoted being the secondary magnitudes indicated ; and 
sometimes we write 

A'^Yr,,,, 

for all the combinations ij. We can also define the secondary magnitudes by the 
general relation 

A^Yy,,, 

for all the combinations ij ; the effect is the same as regards the assigned value, 
because 

V-J =y„ - ?/i r » - y^A.j - y 3 @ lS - yfl.j, 

and the relation 

2^=0 

is satisfied for the values k— 1, 2, 3, 4. We also write 


and we denote by d, h, b, 
so that, for example, 


and, generally, 


y-l A, H, G, L 
H, B, F, M 
G, F, C, N 
L, M, N, D 

the co-factors of A, II, B, ... in the determinant Y, 


. BY 

a=—-, 

dA’ 




BY 

BH’ 


. BY . , 3Y ... . 

a ii — v -7 - ; r -r , with i^j. 

BA ti BA U 


When the typical equation for the direction-cosines and the length of the 
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radius of circular curvature is multiplied by Y, and the products are added for 
all the space-dimensions, then 


1 = Ap'*+ 2Hp'q’ +Bg'* + 2GpY + 2 FqV + O' 2 
P 

+ 2 Ip't' + 2 Mg't' + 2 Nr't’ + Dt' 2 




with the usual conventions x x , x 2 , x. l9 x 4 , 
u^Ap'+IIq'+Gr' + Lt' 

?/ 2 -////+ Bq' 4 Fr' +Mt' 
u 3 =Op' + Fq'+Cr' + Nt' f ’ 
m 4 = bp' H- Mq' + AY 4- Dt' 


p, q , r , £, for the parameters. We write 
v^Ap'+FIq'+Gr'-h Lt' 
v 2 ~Hp 4- ify' + Fr' 4 - Ml' 
v 2 -Gp' 4- Fq r 4- Or' 4 Nt' | ’ 
r, - Lp' 4- Mq' 4- Nr' 4- Dt' 


and we note that 


u 1 p 4 u 2 q 4 u 3 r' 4- u x t' — 1 , 


VtfS f v 2 q' 4- v 3 r' -r v x t! = - . 

P 


These secondary magnitudes A ig involve the typical direction-cosine Y , which 
itself involves the direction- variables p\ q', r' 9 1', of the geodesic unless the plenary 
space of the domain is quintuple ; and therefore the secondary magnitudes 
themselves involve these direct ion- variables, save under the one exception. 
Thus the expression for 1/p is only apparently a quaternary quadratic in 
p', q\ r', \! ; the coefficients in the quadratic form are, in fact, implicit functions 
of these variables. 

Already, in connection with the Riemann four-index symbol, certain com- 
binations of the type 


y v 


VuVia 


have been introduced. The combinations, there found useful, were restricted to 
a select number. For the expression of the circular curvature, all such combina- 
tions are required, though they collect in sets for some of the terms. The full 
expression for 1/p 2 , the simplest form of explicit expression in terms of the specific 
direction- variables of the geodesic, is 






where the un-integered summation is to be effected for all the plenary space 
range. In this expression, the full coefficient of x/ 4 is 


with the same significance for the im-integered sign of summation ; the full 
coefficient of x t '*x/, with i and j unequal, is 

vaVti ; 
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the full coefficient of s,'*®/*, with i and j unequal, is 

a quantity with which the Riemann four-index symbol (ij, ij), — ^ - Vu 2 )> 

is associated ; the full coefficient of x t ' 2 x/x k ', with i, j , k , distinct from one 
another, is 

j ViiVjk VijVik > 

a quantity with which the Riemann four-index symbol (ij, ik ), 

-^(VuVA-VoV’k), 


is associated ; and the full coefficient of the only four-variable combination 
p'q'r't' is 

b ^ VnV 34 + 8 + 8 ^ iJu'Vaa » 


with which the Riemann four-index symbols (12,31), (13,42), (14,23) are 
associated, their sum in turn being zero (§ 275). The results for all these coefficients 
(except the last, which is particular) hold for the values i,j, k, = 1, 2, 3, 4, unequal 
values being chosen. 

The partial derivatives of 1 /p with respect to the direction- variables 
p', (/, r, t', will be needed : they can be deduced from the foregoing expression 
for 1/p 2 . We have 


d 

d P ' 


0 ) 




the inner summation being over the four variables, and the outer over the space- 
range : that is, 

dp’ (^) = ^ ( ( S Vi iP' 2 ) (VnV' + Vv/l' + Vi3 r ' + W')< 

A Y 

= 4 ^ — (rj n p' + r) i2 q' + r/ 13 r' + r lu t') 

P 

— - (Ap' + Hq' + Gr' + Lt ') = * i \ : 

P P 

and so for the others. The full set of results is 



As 1/p 2 is a homogeneous form in p', q\ r', t r , of algebraical order four, and as 
it is not the exact square of a quadratic form in those variables unless the plenary 
space of the domain is quintuple, we can regard 1/p as a homogeneous form, not 
rational, of order two in p', q\ r f , satisfying the Euler relation 
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Further, we can obtain expressions, rational in p\ (/, /, t\ for the secondary 
magnitudes Ajp . Because 

P i j 

and because A kl = Yrj kh for all values of k and l , we have 






the inner un-integered summation extending over the whole range of the plenary 
sj)ace of the domain. 

These results can be used, in association with § 297, for the determination of 
magnitudes of grade higher than A ij9 in the same way as the corresponding 
results for a region have been used for the like purpose (§§254, 258). 


Ex. Because A Jcl /p is a rational homogeneous integral function of p\ q\ >*', of 
order two, and because 1 Ip is a non-rational homogeneous function of those variables 
of order two, it follows that A ki is a non-rational non-integral function of those 
variables, homogeneous and of net order zero ; hence, by Euler’s theorem. 


, BA hi r BA k , f 

’’i i'*" if*’ 




dA H 

dt’ 


-0. 


This result can be verified at once ; for A kl /p obviously satisfies 


V' 


d [4 p\ 

d V ’ \ p ) 


K7 


oq 


P ' 


d 

dr 




being a homogeneous integral rational function of p’, 
the equation 




1 ( 1 )- 

Bp' \ p) 


r', t\ of degree two. 


When 


in the text is used, the required relation follows. 
The result, thus verified, enables the form 


V V A T ',' 

—J . i u j 


to be us(‘d in connection with the cited equation ; the Euler operator V] p , acting 

on each coefficient A tJ , gives zero as the result for tin* coefficient, the form thus being 
the same as though A u were independent of p\ q\ r\ t\ which is the actual fact only 
when the plenary space of the domain is quintuple. 


282. Before passing, it is desirable to indicate at once some limitations on the 
range of analysis required when the plenary space of the domain is quintuple. 
Implicit limitations have already occurred ; a return to the subject of primary 
domains will be made later (Chapter XXXI). 
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When that plenary space is quintuple, a set of coordinate axes is easily obtained 
through the properties of the tangent block of a domain. That block contains four 
leading lines which, being the tangents to the parametric curves, do not lie in 
one flat ; and the prime normal to any domainal geodesic is at right angles to 
each of these lines, because the relations are satisfied for i— 1, 2, 3, 4. 

In a quintuple space, there can be only one direction at right angles to each of 
four lines which do not lie in one flat ; and therefore the prime normal of any 
domainal geodesic is unique for the domain, being the same in direction for all 
geodesic normals. Hence we can take the direction of this normal to the region, 
and the (four) directions of the four parametric curves at 0, as a set of spatial 
axes of reference for the domain in the quintuple space. 

Any directed quantity can be represented in terms of its components along 
these axes : consequently, a magnitude such as y i3 can be represented as a linear 
function of 

y\> y» y 4> y , 

(these quantities being proportional to the typical direction-cosines of the 
respective axes), with appropriate coefficients. When we take 

yij=yiPu + Mo + Mo + yJ» + Y <b tj > 

the quantities p l} , q XJ , r iv t i3 , w tJ , being the same throughout the five equations in 
the plenary space, are obtained at once. Multiply by y Xi and add the results ; 
we have 

^1A I'u’* ^2A^; + ^3A® ? j + ^4A^; 

= Mo = A nPu + A 2A <h, + ^3A + ^ 4A /„ , 

holding for A-l, 2, 3. 4, so that 

Pu ~ Y'jj, (Jjj T-i] 

Again, multiply by Y , and add the results ; we have 

Aij~ i y u =ojij . 

Thus the relation becomes 

Vi, = yi r tj + y 2 d a + y*®o + V&u + YA U , 
or, what is the equivalent, 

for all the values i,j, =1, 2, 3, 4. 

These equations may be regarded as the set of partial differential equations of 
the second order, satisfied by the five space-coordinates of any point in a domain 
in quintuple space. 

Without dwelling on the simplifications of the analysis for the domain, which 
arise when it is a primary domain so that its plenary space is quintuple, two 
particular results in connection with that quintuple space may be noted. 
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(i) The Riemann four-index symbols become expressible in terms of the 
secondary magnitudes A alone. Manifestly 

fiVyd -^a/3^yS> 

for all values of a, /}, y, 8 ; and therefore the Riemann four-index symbol is 

(ij } hi) — ^ j (VikVil ““ VilVok) — ^■tk^-jl ““ ^-tl^-jk- 

The Riemann measure of curvature of the domain, when the domain exists in 
a plenary quintuple space, and when the measure is taken (as in § 270) for 
the domainal orientation determined by two directions x x ', x 2i x 3> x A \ and 
Ci', z 2 ', z 3 \ c 4 ', with orientation-variables 

Sij—x/z/ - x/z/, 

now becomes 

[{ — ^ > (AjkAji - A t iA Jlc )s ij s k i 
2 ' {AikAji — A nA jk ) 

both summations being over the set of orientation-variables. 

(ii) There are Mainardi-Codazzi relations among the secondary magnitudes 
A tj , which are functions solely of position when the domain lies in a quintuple 
space. They are analogous to the relations which hold for a surface in triple 
space * and for a region f in quadruple space. 

Let the relation 

Vjk == YAj k 

be differentiated with respect to x t ; then 

y dAjk -r d\ _ drjj k 

dx { lk dx t dxi 

= r )m+ ^[vnVci, l} + r)u{ji> 0] 

+ q7)1] S a ^yi[ (mj, ki) + (mk, ji)], 

o** l ni 

by the formula in § 280. Let this relation be multiplied by Y, and the results be 
added for the five space-dimensions ; we have 

g = S Yvm+i; 1\ + A kl {ji, I}]. 

In this equation, let the numbers i, j , k , be changed, each to the next, in cyclical 
order ; and, in the resulting equation, let this cyclical change be effected again. 

* Lectures on Differential Geometry , § 35. 
t G.F.D. , vol. ii, § 279. 


i <’.i.o. ir. 


T 
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Then, successively, we obtain equations 

dA ki 


dX} = S Y Vuk+ 2 [A kl {ij, 1} + A„{kj, 1}], 

3A 

E Y Vm+ S [A tl {jh, 1} + A n {ik, 1}]; 
and therefore we infer the equalities 

+ ? 2 «<* ! >=^ + ? ? *«»■ o. 

which are the Mainardi-Codazzi relations for a primary domain. They are in 
accord with the like relations (§81) for a general primary amplitude. 

,dY . 


Ex. Obtain the value of in the form 

dx k 


SY 


-L 

dx k ’ 

Aik, 

A 21c, 

Aw, 

A 4k 

y i. 


a, 

0, 

L 

y 2 . 


B, 

F, 

M 

y 3 > 


F, 

c, 

N 


L. 

M, 

N, 

D 


= 0 , 


valid for k= 1 , 2, 3, 4 ; and deduce the relation 
dY 1 

( a ^i + fe 2 + ^3+ K) Vi 


+ (hv 1 +bv 2 + fvz f -mv i )y 2 

+ fe^i+ fa + <*>* + ^ 4 )y 3 

+ (fej + afo 4 )y 4 ]. 

iVote. The former value holds for a domain in quintuple space : the latter relation 
holds for a domain in any plenary space. 
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General property of the tangent block of a domain. 

283. The tangent line of a domainal geodesic lies in the tangent block of the 
domain. The second principal line of the geodesic, its prime normal, is orthogonal 
to that block. The three principal lines of the geodesic, next in the grade of its 
successive curvatures, (being the binormal, the trinormal, and the quartinormal), 
also lie in the block. 

To establish this property, arguments similar to those used for a general 
amplitude (§§ 33, 39, 44), for a surface (§ 95), and for a region (§§ 169, 170), can be 
adduced. It may be established otherwise, as follows. 


Connected with the block, there are 42V magnitudes of the type 



where 


i= 1, 2, 3, 4, and y is a space-variable typical of all the N space-coordinates of 
any position. Also, connected with the domain for the purpose of specifying 
directions, there are four magnitudes p', q', r', t ' ; but, as they are subject to 
the permanent condition ^Ap' 2 — 1, they can count only as three disposable 
magnitudes. Thus, in all, there are 42V -I- 3 disposable magnitudes. 

The direction-cosines of the tangent, 2V in number, are typified by the form 


h = y' = yip' + m' + y/ + y/- 


Thus 2V magnitudes are required for the determination of the 2V quantities / x ; 
the condition 




is already satisfied, and so there is no diminution in the number of magnitudes, 
required from the stock of 42V + 3 for the determination of l v That number 
accordingly is 2V. 

The direction-cosines of the binormal, 2V in number, are typified by the form 

h= tyi+Mt + vya+ny*- 

Thus 2V magnitudes are required for the determination of the 2V quantities Z 3 . 
The external universal relation ^ h 2 = 1 diminishes the number of independent 
quantities i 3 by unity, so that only N - 1 magnitudes will be required. But there 
is the intrinsic relation lf^—0 in the geodesic system, a relation which demands, 
in effect, one more of the magnitudes. Accordingly, the total demand on the 
stock of 42V + 3 magnitudes, made for the determination of the direction of the 
binormal, is 2V. 
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The direction-cosines of the trinormal, N in number, are typified by the form 

h^yi+fyi+m+hi- 

Thus N magnitudes are required for the determination of the N direction-cosines 
Z 4 . The external imiversal relation Z 4 2 = 1 diminishes the demand on the stock 
of available magnitudes by unity, as it effectively reduces the number of uncon- 
ditional quantities Z 4 to N - 1 only : so that only N - 1 magnitudes of the stock 
will be required. But there are two relations 

j hh ~ ^ j hh = 

in the geodesic system : and these make two demands on magnitudes. Accord- 
ingly, the total demand on the stock of 4A r + 3 magnitudes, made by this 
determination of the trinormal, is N + 1. 

Similarly, as the last line to be included, the direction-cosines of the quarti- 
normal, N in number, are typified by the form 

h=ey i + Wi + iih+otf* 

Thus N magnitudes are required for the determination of the N direction-cosines 
Z 5 ; as these are lessened by one unit because of the external universal relation 
^Z 5 2 = 1, only N — 1 magnitudes would thus be required. But there are three 
relations 

j Mi = ^ j hh ~ ^5^4 = 0 , 

in the orthogonal system of the geodesic ; and these make three demands on 
magnitudes. Accordingly, the total demand on the stock of 4 N + 3 magnitudes, 
made by this determination of the quartinormal, is N + 2. 

Thus the total number of net demands, being N for the tangent, N for the 
binormal, N+l for the trinormal, and N + 2 for the quartinormal, is 4# + 3, the 
same as the number of magnitudes in the available stock. The number thus is 
exactly sufficient to satisfy the total number of independent demands. 

As regards the actual determinations, the combination necessary for y ' ( = l A ) 
is settled from the beginning, by the assignment of a direction of the geodesic. 
For Z 3 , Z 4 , Z 5 , the sets of quantities a, /?, y, S ; A, /z, v, m ; e, t, co ; are determined 
in association with the postulated forms, by the Frenet equations 

dYJzj/ 

d,S (7 p 
(Is T O 

dl^ Z5 Z3 

ds K T 9 

in which Y and p can be regarded as given externally, and from which also values 
of a, r, k 9 can be deduced. 
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Thus there is established the property that the three selected principal lines 
of the domainal geodesic lie within the tangent block of the domain. 

The precise determination of the specific coefficients of y 2 , y 3> y t , in the 
expression of the typical direction-cosines of the binormal, the trinormal, and the 
quartinormal, will now be effected. 

Binormal of a geodesic : the torsion. 

284. For the typical direction-cosine l 3 of the binormal of a geodesic, the 
Frenet equation is 

l i = yl+y. 

<r p 

and the postulated form for Z 3 , belonging to a domainal geodesic, is 

k= a y x + yy 2 + vy 3 + my t . 

Now we have 

X) y t y ' = £ Vi (yip' + m' + yJ + y/) 

=A tl p + A i2 q' + A i3 r' 4- A it t' =u t , 
for the values i= 1, 2, 3, 4. Also, as ^ Yy t = 0, we have 
ZViY^-^Yy/ 

= - S Y <HuP' +^2.?' +y»/ + yJ) 

-- - (Ai up' + A t2 q' + A^r' + A tA t r )~Vij 
for the same range of values of i. 

Multiply the Frenet equation by y u and add the result for all the dimensions 
of the plenary space : then 

^(A a \+A i2 fi-{-A t3 v + A ti m) 

= ~ 

a 

1 

= 

P 

holding for i= 1, 2, 3, 4. Let 

'£av 1 =av 1 + JlV 2 + gV 2 + IVi—Vi 
^hv^hv^ bv 2 +fv 3 + mv A =v 2 
'£,gv l =gv 1+ fv 2 + cv 3+ nv^v 3 f > 
s lv 2 = lv 1 +mv 2 +nv 3 + dv i —v i _ 
the corresponding relations connected with u 1} u 2 , u 3 , w 4 , being 

^au^Qp’, ^ hu 1 = Qq l , ^gu^Qr', ^lu^Qt’. 
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When the foregoing equations are resolved for A, p, v, m, they give 

A _p' v x p_q' v 2 v _r' Vi m _l' 
a p £2’ a p £2’ o p £2’ a p £ 2 ’ 

thus determining the parameters A, p, v, ro, in 

1 3=%i+/x«/ 2 +v«/ 3 +nH/ 4 . 

Let these values of the parameters be now substituted in the postulated value 
of l 3 , and let the result be compared with the original Frenet equation 

hjL + Y'. 

a p 

Because y'^yip' + + y* r ’ + we once i n ^ cr 

Y = ~h ^ + ■ + y* 9 » + y* 9 *>> 

a result which will often be used. 

Further, we have 

X) Y ' 2= = S (y^i+Vi^+y^+yiVi) 2 

=^ 2 (A, B, C, D, F, G, II, L,M,N\ v v v 2 , v 3 , v t )*. 

Now 

Av 1 + Hv 2 + Gv 2 - f Lv^=Qv y , 

Hv 1 -\- Bv 2 -\- Fv.^ Mv a — Qv 2 , 

Gv x + Fv 2 + Cv 3 + Nvi=Qv 3 , 

Lv x -f Mv 2 -f Nv z + Dv^—Qv 4 ; 

and therefore 

S y,2 = ^(v 1 Vi + V 2 V 2 + «3«3 + V 4«4) 

(a, b, c, d,f, g, h, v v r v 2 , v s , v 4 ) 2 
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an expression for the torsion alone ; and it can be taken in the equivalent form 


Q 

A, 

H, 

G, 

L, 

U l, 


a*~ 

H, 

B, 

F, 

M, 

u 2> 

v 2 


G, 

F, 

c, 

N, 

u 3 , 

V 3 


L, 

M, 

N, 

D, 

U 4 , 

Vi 


«1. 

m 2 , 

«3. 

m 4 , 

o, 

0 



«2, 

% 

«4» 

o, 

0 


Ex . 1. The verification, that the directions represented analytically by the 
typical direction-cosines 

y' =yiP'+ m ' + k = y^ + y^ + y* v + y* m > 

with the foregoing values of A, p, v, m, are at right angles to one another, is immediate. 
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y'k = S (2/1 p' + m + 2/3^' + 2 //) («/i A + 2/2M + ys*' + 2 / 4 ®) 

= AMj 4- (IU 2 + v?/ 3 + 


-£{<-!)}• 


S = 1 ’ S M i^i = D ■ 


as in the text ; and therefore 


thus verifying the orthogonality. 


2 V % 3 — 


ifo. 2. There are various summations, over the dimensions of the plenary space 
and connected with the domain, which are placed here for subsequent reference, the 
verifications in each instance being direct : 


W ^y.h = 

(ii) ]>>r = 

(^) 2 ^ » 

k L P J 

(v) ^y,i r=- v f, 

r 

( vi ) 2 yi > y ' = £ *}i ; 

* 

(vii) 2>/ Y '= - s I My, *}] ; 

k 

for all the values 1, 2, 3, 4, of i, j, k. 

Ex. 3. Defining the quantities y t , 8,-, 0 t , fa, by the equations 

Vi-T ilP' + ^ 72 / + ^f3 r# + 
s« = 4iP' + 4a?' + 4(3 r' + AJ 
0, = & n p' + e i2 q' + 0 i3 r' + 0 H t', 

<£, = ®nV' + ^ 

so that we have 

- p" = y^' + y 2 r/ + y 3 r' + y/, 

with like values for q ", r", we easily verify the following relations : 

(>) ]>) 2 /* 2 /„' = A ncY„ + 4 2 icK +A 3ic^ + 4 4 *^ ; 

(>i) X) 2/ V m iVm+ m 2 8 m+ «3®m+ w A; 

(iii) -£FV = f,y (l + r 8 8„ + + v 4 ^; 

(iv) 2 W “ CT [(p “ ">) >V + ("* - «i) + (~ - *’3) + (j - » 4 ) *„] ■ 
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Further, as 
we have 

= \ X) y»- Y + M 1^ + + “A + 

r 

= WlV/i + W 2 S m + + U *4>H> 

for all the values p- = 1 , 2, 3, 4. 


Expression for a geodesic. 


285. From the formulae 


py"= r, 

<7 p 


we have 


per 



r+$-r-ri 


ds 



hence, on multiplying by y, adding for all the space-dimensions, and using the 
relations ^Yl 3 =-0, ^y 2 =l, it follows that 



A value of y has been obtained in the form 

X ) X k 5 

where 

V„k=y ( jK~ '^[y.iijk, l}+r) H {ki, l}+t] kl {ij, l}] 

~ ViTuk ~ Vi^ijk ~ Vi® lit ~ V&iik 

[{#» l} + {ki, m}{jm, l} + {ij, m}{km, /}]. 

I m ox l 

Let new quantities e l)U E ijk , obviously of the third order in the parametric 
derivatives, be defined by the relations 


^tjk ^ j Yrjijic, E Yy lJk , 


obviously, they are connected by the equation 

c ijic~E tJk — '^[A^jk. 1} + Aj t {ki, 1} + A k i{ij , ZJJ. 
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Then we have 

thus expressing the arc-derivative of the circular curvature of a domainal geodesic, 
taken along the geodesic, apparently as a quaternary cubic in p\ q ', /, t'. It is 
to be noted that, though rj ijk is a function of position only, Y depends upon 
the direction-variables of the geodesic : hence e m implicitly involves those 
direction-variables. 

We had quantities u l9 u 2 , u 3) w 4 , derived from ^,Ap' 2 , and quantities 
v v v 2> v 3 , derived from A p' 2 ; it is necessary to have quantities, denoted 
by w v w 2 , w 3> w A , and derived from ^ e inP' 3 > according to the definitions 

S X S e mXiXj'*k 

~ P' 2 + 2e,i iP'q' + e t22 q' 2 + 2 c ll3 p'r' + 2e m qY + e t33 r' 2 

+ 2 e iu p't' + 2 e m q't' + 2 e m r't' + e lU t' 2 , 
for t=l, 2, 3, 4 ; also we write 

+ ^ 2 ?' + w' + e m t f , 

for values of i, j, =1, 2, 3, 4, in all combinations, independently of one another. 
Then we have 

j 

Next, for the arc-derivatives of the secondary magnitudes A , we use the 
definition 

A\j — Yy ij , 

so that 

2{r ($»»*.')}+ 

Now (§ 284, Ex. 2, vii) 
and 

We substitute for the magnitudes E ijk in terms of the magnitudes e tjk . For the 
full expression of the sum, we use the notation, already stated (on p. 296) 
for quantities y m , 8 W , 6 m) <f> m , in the forms 

y» Y , j cm X k , 8 m — , 0 m ^ ^ ®km'X'k > 4*171 ^ j > 
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y] Eijk x k — w ij + yj^il + &}A i2 + 0,A* + 4>jA t 4 

+ YtAn+b t Aj2+O t Aj 3 +<l> t Aj4 
+ + A l} V 2 + &ijV z + 

As the last line cancels the term arising from y t jY\ it follows that 

dA _ _ _ __ 

~df Y 3 ^ ^ . 4 12 + A i3 + <f>,A i4 

+ V%Aa+^iA j2 +O t A j3 +<l> t A ]4 

%k'[A u {kj, 1} + A n {ki, l}], 

reverting to the Christoffel symbols. 

Again, we have 

»<= x Ai > x *'> 

and therefore 

When we substitute for the arc-derivatives of the quantities A ij9 the aggregate of 
terms in w tj 

= ^ l W v x/ = W i -, 
j 

the terms in y j9 8 j9 0 J9 <f> J9 give an aggregate 

= A n ( X y> x >')+ A i2 ( X 8ix/^+ A ( 3 ( X <W)+ ( X 

“ ~ A up — A t2 q -A t3 r -- A xi i 
-- - ^ A tj x 3 " ; 

and the terms in y i9 8 l9 0 it <f> i9 give an aggregate 

= Yi (S A n x >) + 8 <(X A >t x /) + 9 i(X a >3 x /) +< f>i(X Z* x t) 

= Yi v 1 + S «^2 + 0l V 3 + 

Hence, when substitution is effected, 

^ = U\ + y iV x + 8 ( v 2 + 6, v 3 + <f>,r t , 

holding for all the values i=l, 2, 3, 4. 

As a verification, we note that, by taking 


L V'N / 

-=Xv,x t , 


we have 


d (l\ ^ dv, , 


v "> M/,y * t , v~^ ft / 

=X^ x ‘ +X v < x > =X w > x >> 


which is effectively the formal value for the left-hand side. 
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Quantities v ly v 2 , v 3 , v 4 , were defined (§ 284) by the equations 

t’i =av 1 +hv 2 + gv 3 + lv x 
and three of like form, so that 


Hence 
(I /«, 
d* 


v, a h q l 

Q-~Q Vl+ Q V * + Q Vs+ Q v *- 


l i + hw z+9 w 3+ lw i) 

V 

+^(«r l+hi+gvs+hi) 

+ t l{a8 1 +h8 2 +g8 3 +l8 4 ) 

+ q (ad 1 + hd 2 +g0 3 + ffl 4 ) 

+ ^ ( ae t> i + hi + gh + ^ 4 ) 

+ "‘a (b) + "4 (b) +, ’»;s (b) + '«s (b) • 

The parametric derivatives of a/D, h/Q , #/£?, l/Q , have been obtained (§ 268), so 
that 

(s) == ^^ l + ^ ya+ ^ 3+ ^4)» 

^ ds (f?) = + ^ 4 ) + (Ayi + &y 2 +/y 3 + my 4 ), 

~ ^ ds (,S) = + ^ ^ + /> f 2 + cy 3 + wy 4 ), 

“ (,q) = ( tt ^i + ^2 +5^3 + ^ 4 ) + (fyl + m 7t + ^y 3 + dy 4 ) : 

thus the last five lines in the expression for ^ become 

V 

= - j^( a Yi + hi + 9Yz + hi) 

Vt 

~ (hi + by 2 +fy 3 + my 4 ) 

V 

- -Q (97\ +/y 2 + c Yz + n 7i) 

-fi(hi + m Yi + n Yz + hi) 


-phiVi + Yzh+YaVs + yiVi). 
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Consequently, we have 


(B) = i? ^ au>1 + hw * +9Wa + lw *> ~ ( yidi +y ^ + y*** + y^i)\ 


Similarly for the derivatives of v 2 , v 3 , tf 4 . When we write 
w x = aw x 4 hw 2 4 gw 3 4 Iw 4 
w 2 —hw l + bw 2 + fw 3 ^mw A 

i 

W 3 = 4- fw 2 4 CW 3 4 nw 4 9 

w x = Iw ! -f mw ; 2 4- n ^ 3 4 dw A 


V 2 , 

V 3 , 

4 

(Vl 

* 

\Q, 

4 

(v» 

<is 

\Q, 

.4 

(*» 

(is 

\a 

- 

K 

rf* 

\Q. 


: w 2 - (Sj v x 4 S 2 i ; 2 4- 83^3 4 84 v 4 ) 


Q (Is (B) = '“’ 3 ~ ^ + e *” 2 + + ^ 4 ^ 4 ) 


1. From the relation 

Sr*-o. 

we have, by differentiation, 

S^y'=-S^.' 

- - HYM +y l2 q' +y 1!t r' +y u t') 

=r - (Ip' + liq' -t Or' 1 - Lt') = - •»! ; 
and therefore, by another differentiation along the geodesic arc, 

2 yi y" + 2 yi y ' = - ^ = - (», + m + Sjt’a + *v>3 + ^ 4 )- 
Also we have had (§ 284, 2£r. 3, iii) 

2 Y'tfi = - (m + - 1 - 0,?;, + favj ; 


and therefore 


2**"- -«v 


Generally, for j =* 1 , 2, 3, 4, we have 


Further, from 


we deduce 


2»r"“-^. 

2 ry>" = «V + 2 (y ; % +v 2 + 0; y 3 + &y 4 ). 
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Ex. 2. From the relation 


we have 


hence, by differentiation, 


h = Y'+ y - 

a p 


W-b 




because of the relations 


We have 


SV4-0, 2^=0, 2*T«0; 

and therefore 

We have 

h=y l ^+y,p.+y z v + y i m, 

where 

A_^' % 

<7 p 

and so for p, v,m ; hence 

^l 3 Y"=^y l Y"+^y i Y" +v 'Zy 3 Y" + w2 l y i r' 

= - (Att^ + pW2 + VW 3 '|- tw 4 ). 

Consequently 

1 tf / 1 \ 1 1 

ffrfs'V"* --K? +«'2? +«’ 3 f + W 4 <) , ’n( W l <? l + W *^ + M, 3®S +«'*««) 


that is, 


1 d! /I \ 1 v-> 

7 *y + 5 ^ aw 


1 y 

75 2 j av i w i- 


1 d /1\ 1 d n 


p ds\p/ 0 ds 


Note. The result can be established by direct differentiation of 




p i + CT 2 ’ 


Ex. 3. Differentiating the relation 


— = ^ _j_ y f 


along the geodesic arc, we have 


KHM|©=4CK :+ - 
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Multiply by y', and add for all the space-dimensions : then 

Similarly after multiplication by Y and addition : after multiplication by l 3 and 
addition : and after multiplication by Z 4 , followed by addition ; we successively find 

-Srr'.i+I 

Ex. 4. Obtain the results : 

Deduce values for the quantities 

X/Y"" SlT"", XhY"", YjIJ""- 


Trinormal of a geodesic : the liU. 

286. As the trinormal of a domainal geodesic lies in the tangent block of the 
domain, the typical direction-cosine Z 4 is of the form 

l i =y 1 a+y 2 p+y 3 y+y i S, 

where a, /?, y , 8, have to be determined. 

The trinormal is at right angles to the tangent to the geodesic, so that 

SA=0: 

that is, 

a u x + j8 u 2 + yu z -1- 8w 4 = 0. 

The trinormal is at right angles to the binormal to the geodesic, so that V{ 3 ( 4= 0 : 
or, as 

l z =°y'+*Y' } 

P 

and as the condition ^y'h=0 has been used, the new condition will be satisfied 
by a relation V} Z 4 F' = 0 ; that is, by § 284, 

X (yi« + y*P + y*y + y*8) (y^\ + y^ 2 + y 3 v 3 + y^y =o, 
aDd therefore, by the definition of v 1 , v 2 , v 3 , v it 

av x + fiv 2 +yv 3 +8v i =0. 
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Again, as always for a geodesic in any configuration, the transformed Frenet 
equation for the tilt is (§ 8) 


h 



@ +s '"(? + >) +i ' v+rv 


In this equation, substitute the postulated value of Z 4 , multiply by y l9 and add 
for all the like equations for the space-dimensions ; then, using the relations 
(§ 285, Ex. 1) 

i. ^yiY"=-w u 

we have 

* (Aa + H/3 + Gy 4- Lh) =u x ~ (?) - - n h o. 

Multiplying by y 2 , y 3 , y A , and proceeding in similar fashion, we obtain, in the 
respective instances, the equations 


? (Ha + B $ + Fy + M 8) = m 2 A (?) _ v 2 o’ - w 2 a, 
1 (Ga + Fp+ Cy + N8) = u 3 ^ (?) - v 3 a' - w 3 a. 
^ (L*+Mf3 + Ny + D8)=v t -£ (?)-t> 4 a' - w 4 <x. 


Thus there are four linear non-homogeneous equations in the quantities a, /?, y, 3 ; 
when resolved, they give 


,6 

& n , d (a\ . , _ 

13 „ „ , d fo\ , 

r 8=Ql foVj- Via - W * a 


so that the parametric expression for i 4 is known. 

Let these equations, which give the values of a, /?, y, 8, be multiplied by 
y l9 y 2 , Vzf y 4 , and the results be added ; then as 

yiv'+yd +ys r ’ +yJ =y’> 

y^ + y^ + y^ + y^^ -QY', 

the result becomes 


Q 


h=Qy' 


1 

ds 




- ° iyi&i + yA»t + yA + 2/4 w 4 ). 
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When this is compared with the foregoing modified Frenet equation for Z 4 , the 
equality of the two values requires the relation 

Y " +Y {p* + h*) = ~h + + y3 ™ 3 + y *^’ 

which therefore can be regarded as providing an expression for Y", analogous in 
form to the cited expression for Y'. 

We note that the modified Frenet equation for Z 4 can be taken in the equivalent 
form (§ 8) 



which expresses Y" as a linear combination of y\ Y, Z 3 , Z 4 , so that Y" is typical 
of a vector lying in the osculating block of the geodesic. 

We can obtain an expression for the tilt. By the value of Z 4 which has been 
obtained, it follows that 


Z 4 <*' w y' d (or\ 1 . _ _ _ . 

{ p )=-^i+y2W 2 +y 3 w 3 +y i w i ), 


that is, 


U , 1 


aT -~2 l 3+ 2 y' = "Q + y*U>3 + 2 / 4 ^ 4 ). 


Let this equation be squared, and the results be added for all the space-dimensions. 
As 

h 2zrz 1? Z 3 2= ^f» S2/ 2== ^> ^Z 3 Z 4 — 0, ^yZ 4 =(), ^ j y Z 3 — 0, 

the new left-hand side 


The new right-hand side 


1 o' 2 p' 2 

a 2 r 2 a 4 p 4 


1 

1_ 

= £? 2 


= oi s (2/1 W 1 + + 2/3W3 + y 4 w 4 ) 2 


— + WgWg + W 3 W 3 + W 4 W 4 ) 


and therefore 


1 1 v 2 o' 2 p' 2 


As covariantive expressions are known (§ 285) for o' jo 2 and p'/p 2 , we thus 
obtain a covariantive expression for the tilt. 

f.i.u. ir. u 
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Ex . 1. (i) When the values obtained for a, /?, y, 8, are substituted in the relation 


a u x + + y u z + 8w 4 = 0, 

as given in the text, then, because 

( aV i + + 5^3 + i« 4 ) 

Q 

= S3 + v 2 gt' + i> 3 r' + u 4 0 = — , 

P 

2 «l^l = S M 1 ( aM ’l + ^ W 2 +fl IW 3 + ^ 4 ) 

= i2(w 1 p' + w 2 q ' + w> 3 r' +w i t')=fi^ , 

we have 

7 (aMi + ^ + + ^ = ^© _CT '? _a ^G) =0, 


so that the condition is satisfied. 

(ii) Let the values obtained for a, y, 8, be substituted in the relation 

av 1 + fiv 2 + yv 2 + 8v 4 = 0, 
also given in the text. Because 

S V l”l = £ av l =Q (~2 + js) . 


the relation becomes 


® d - ar’Q^~+^j -<r(v x w 1 +v 2 w 2 +v a w 3 +v i w i )=0 ; 


p as \p 


and therefore 




We thus have the geometrical expression of a covariant of the system of concomitants. 
Note . It is convenient to collect the results of this type thus far obtained, being 
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Ex. 2. Let the relation 

Y " +Y (^ + ^) = ~h + + y *™* + *«*«) 

be squared, and let the results be added for all the space-dimensions. Because 

Sr-r--2r>--(I+^), 


and, as in the text 
we find 


+ y 2 w i + y 3 w 3 + y i w i ) 2 = aw x 2 , 


cr' 2 p' 2 1 


so that 




a 4 V o^r 2 
1 

O^T 2 * 


ifo. 3. (i) Let the relation 

Y " + Y (^ + ^) = wi+vm + y 3 ™3 +y* tZ 'i) 

be multiplied by y u and the results be added for the space-dimensions ; then 
2j Vi Y " = -Q {Ati&i +A i2 w 2 +A iz w z +A H Wt) 


= 

as before (§ 285, Ex. 1). 

(ii) When the same relation is multiplied by and the results are added similarly, 
we have 

(iii) Let the same relation be multiplied by y {j and the results be added similarly. 
Because 

Y Vii “ A ij » VkVij 5=5 A lk^ij A 2k A ij A 2 j c S t} -\-A^j c 0i J , 

we find 

Snto +4 (- 1 , +i) =-Q [™i( Ar ij + HA ti + GO is + L&jj) 

+ ( H r + BA tJ + F0 tJ + M 0y) 

+ w 3 (GT i} + F A^ + C0 U + N <Pi,) 

+w i (Lr i , +MAi, + N© t] + D$ i} )] 

= - (FijWj + A,;W 2 + OjjWg + <pj,w 4 ) 
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When this equation is taken for j=l, 2, 3, 4, in succession, the value of i remaining 
the same ; and when these equations are multiplied by q\ r\ t ', respectively, and 
the products are added ; we find 

2 Y "yi = - (^ + v i - (vi w i + + e,w 3 + 

with the former significance (p. 296) for the symbols y if 0,-, 

Ex . 4. When the two equations 

h y' i , - - - - x 

- 75 {yi V l + + ^3+^4), 

<J p id 

l Q 1 J 

~ i ? 1 * + ^ y,= ~si 

are combined, by taking the product of the left-hand sides and the product of the 
right-hand sides, and summing for the space-dimensions, we have 

= £ ( y l «>i + 1: > a 1 Wg + V 3 W 3 + V x W x ) = ^ 2 H>i , 

in accordance with the result in § 285, Ex, 2. 


Expression for ~ 2 along a geodesic, 

287. To obtain the expression for the magnitude ^ (-) , which will be taken 


in the form 


^ ' t}k iXt'x/x k 'x i 

k 


we can proceed from 

bv arc-differentiation. We begin by obtaining the arc-derivative of the general 
coefficient c l}k , the value of which (§ 285) is 

?i]k — Vvk ^ j \Ai a {jk, a} 4~ A.j a {ki, a} j-A ka {ij, a }J* 

a 

The value of T is (§ 284) 


and so 


r /-t 


= - oS SKatV(S^)l 

r a 


- -iss a ra tV (^1 lr P H- A 2r Q l}k + A 3r R ijk 4- -4 4r S iJk ) 

““ r a 

= — (Vi-Pi ; fc4-V 2 QtjA:+ %Rijk + v tSijkl > 
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when the values of P i3k , Q lJk , R t3ky S tjk , as given in § 279 in terms of the quantities 
{ijk, 1} are inserted, we find 


- 2 v aiv k ’ a ) 

a 


- s S v «[{ i k > A}{*A, o] + {ki, \}{jA, a} + {ij, \}{le\, a}] 

A a 


Also, we write 
and therefore 




^ ^ Yy a fiy8 • J 1 afjy8 ’ 


d!s 




the value of the second term being inserted. 

Next, we have (§ 285) 

rf I _ _ 

•^f B =^(w')+ s £ iS}+ jB}]*,', 

for all values of m and n ; and therefore 


dA j L 
ds 


{jk, a}+~*{M,a} + 


dA 


ka 


ds 


{#* <*}, 


which is a portion of the derivative of the second term in the value of e i3k) 


[euaijh a }+e jla {Jci a } + c kla {ij, a}]x/ 

+ V, \A la {jk, a } + A 3<l {ki, a)+A k(X {ij, a}]{/a, p} 
i a 

■t SI] v/daftl [il, P} {jk, a} + {jl, p} {ki, a} + {kl, p} { ij , a}]. 
/ P 


Also, we have (§ 279) 


{jk, a} = [jH, a}+2 [{lj, y} [ky, a} + {Ik, y) {jy, a}] 


dxi 


- 3 ^£ *0 + (»«*. $)J ; 

and therefore 

.o j s {jk «} + jj-ia ^ {ki, a} + A ka J- {ij, a}, 

which is the remaining portion of the derivative of the second summation in the 
cited expression (§ 285) for e i3k , 
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= S®«'[ AJjld, a} + A ja {kil, a} + A ka {ijl, a}] 

+ xi'A ia [ 2 {lj, y) {ky> «} + tth y} {jy, «}] 

+ yl {*V» a } + i li > y) (*y» a l] 

+ ^ j X l'A {H, y}{jy , <*}+{#, y}#y> «}] 

- 3^5 S zC x i' a mi [Aa(mj, kl) + A ia (mk, jl) 

+ A Ja ( mk , il) + A ja (mi, kl) + A ka (mi, jl) + A ka (mj, *7)]. 

Let these results be substituted ; then, after some re-arrangement, we find the 
value of e ijk f , the arc-derivative of e ijk , to be given by 

Jl e <>k - S F tJkl X l = - S X l X) “} + “} + A-a{%'. a} + «}] 

wo / la 

- 2 */ S fai. 0'*> a} + e Jio {H, a} + e* ta {$, a}l 

- 5>.' 2 2 «} + {«. P> Oft a} + {& j8}{*|8, a}l 

7 a /3 

J ; . a f{«, /3}{i/5, a} + {li, mp, a} + P. P)m a}] 

- ^>/ ^A ka [{U, PHjP, a } + {*>•, PWP, a} + 07, /8}{*jB, a}J 
-2*22 ^ Kv, /W, a} + {jl, pm a} + {hi, P }{j/3, a}] 

1 o/3 

- 2* 00*. a} + 07, /?}{*», a} + {«, a}] 

2 a 0 

L ^ta {Vrnk 7 ]jl~^' 7 ]rniVkl ^VjfcVml) 

l m a 

~b Aj a irimt^lkl *b Vnik^il ~ ^VkiVml) 

+ S (W?«l + W?il -Zliflml)] 

[ 2 (VmiVjk "b VmjVki + ' 1 7rwfc' , 7»’i)]- 

m a 

Also 


J- (®/x/x* / )= - < V S X r(^ ^mV] - S X) K mM > ] 

^ m n w n 

“ */*/ S S K wn > 

m n 

We thus have the separate parts of the derivative of the magnitude 

the representative term in the arc-derivative of the circular curvature. 
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To select the coefficient of xjxjx k x{ in the quantity 

d* 

we have two sets of terms : viz. those arising from the terms 


.©• 


eukVi'x 3 'xi!, e, kl 'x;x k 'xi , 5 

and those arising from 

e m^{ x / x k' x i)> ejtu—fa'xSxJ), e uj ~(xiXi f x/). 


The aggregate coefficient of x?x-x k x{, account being taken of the fact that 
each of the coefficients e iJk , e m , e kU , e w , has its numerical coefficient (which is 6 
in the most general combination when i , j, k, l , are different from one another), in 
the latter set is 

- 12 Y, [ e, ka {il, a) + e kia {jl, a} + e ija {kl, a} 

a 

+ e tla {jh o] + e jla {hi, a} + e kla {ij, a}]. 

The aggregate coefficient in the former set, with the same account of the 
numerical coefficient, is 

likl 

~ 12 2 [e ila {jk, a} + e ila {ki, a} + e kla {ij, a} 

a 

+ e ika{d, a} + e kia {jl, a} + e ija {kl, a}] 

- 24]£ [A ia {jkl, a} + A ja {kli, a} + A ka {lij, a} + A la {ijk, a}] 

a 

~ 24 2 2 A<a ( M , a, P) + A ja (kli, a, p) + A ka (lij, a, P) + A la (ijk, a, P)] 

a 0 

- 24 S S Aaff m *}{jk, P) + {jl, a}{ki, p) + {kl, a}{ij, p}] 

a 0 

2 _ _ _ _ 

+ [A ia (nr, jkl) + A Ja (m, kli) + A ka (m, lij) + A la (m, ijk)], 

M m a 

where the symbols (jkl, a, P) and ( m , jkl) have the significance 

(jkl, a, p) = {jp, a}{kl, p} + {kp, a }{lj, p} + {Ip, a }{kj, p}, 

(m, jkl) = (y m jr) k i+r) mk r) lj + ri ml r) jk ). 

The aggregate of terms, arising from the eighth, ninth, and tenth lines in the 
expression for e ijk on p. 310, and from the corresponding quantities in the 
expressions for e jk { , e kU ', e u /, proves to be zero ; so there is no such set of terms 
in the complete aggregate. 
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This complete aggregate is to be the full coefficient of the combination 
x/xj'xj/xi in 

and therefore is equal to 24f tm , when i, j, k , l, are different from one another ; 
consequently 

fukl = ^ j Yyijkl 

~ ^ [e,ia{jka} + e jla {1ci, a } + c kla {ij, o} 

a 

+ tfkafyh a } + e kia{jh Ct} -f e iia {hi, a}] 

- ^ j \A la {jhl, a,} -{- A JO {kli, ct} -f- A ka ffijy cl} 4- Ai a {ijk, cl}J 

a 

- a ’ P) + A, a (kli, a, p) + l ka (lij,a, P) + A la (ijk, a,P)] 

a p 

- 2 “}{#. £} + (j/, «}{K, p} + {kl, a }{ij, p}] 

a P 

+ 2 X) + ^(m, £&) + A ka (m, lij) + A la (m, ijk)], 

thus giving the value of the typical coefficient in the expression. 

Using this value of/„,, z in place of F tJkl , which is equal to ^ Yy i} u , and now 
using 6 as the summation-number instead of l in the former expression for e ijk , 
we can change that expression to the form 

+ SS ^ 6 ? a } 4“ ('ktalj^i *"t ?tja &}] 

0 a 

~ ^ S S «*'«rn« r (mj, kd) + A ]a (mk, id) + A ka (mi, jd) 

oifi e m a _ _ 

+ A, a (mk,jd) + A Ja (mi, kd)-\- A ha (mj, id)] 

+ To'£ i '£ J a ma v a (m,ijk) 

m a 

- Tiro 5 £ *#) ^k(«, 

9 m a 

It is to be remarked that, although the summations for integers such as m , a, 6, 
in this expression are implied as to be taken only for the values 1, 2, 3, 4, because 
the number of parameters which determine position in the domain is four, the 
summations can equally be taken (and the result will equally apply) for a general 
n-fold amplitude with the range of values 1, 2, ... , n. 

In connection with the last statement, it may also be remarked that, in accord 
with the general result as regards e ijk , there occurs the special instance when the 
configuration is a surface in homaloidal triple space *. 

* See my Lectures on Differential Geometry, § 41, p. 59. 
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Quartinormal of a geodesic ; the coil. 

288. The fourth normal (the quartinormal) of a domainal geodesic lies in the 
tangent block of the domain ; and therefore its typical direction-cosine / 5 can be 
expressed in the form 

h=yi*+y%n+y*''+yi<*>> 

where the parameters e, 77 , co, to be determined, are the same for all the direction- 
cosines of the line. 

This fourth normal is at right angles to the tangent to the geodesic, with a 
typical direction-cosine y' ; hence ^ l 5 y'=Q } and so 

eu x 4- t]U 2 4- iu 3 4- om 4 = 0, 

because ^y f yi=u t . 

It is at right angles to the binormal of the geodesic, with a typical direction- 
cosine l s ; hence ^ 0, that is. 

^ ^ 2/2^3 + * S V^ 3 + w 2 Vih = °* 

But (§ 284, Ex. 2) 

V 7 O’ 

ZjViI 3=-w,-or„ 

P 

for « = 1, 2, 3, 4; hence, taking account of the first condition, this condition 
connected with the trinormal becomes 

€V X 4- rjv 2 + tv z + wVi = 0. 

The fourth normal is at right angles to the trinormal of the geodesic, with a 
typical direction-cosine Z 4 ; hence ]>)Z 6 Z 4 — 0 , that is, 

«S>i , 4 + ’?S»t , 4 + ‘^yi , 4 + “SyA= 0 ' 

But (§ 286) 



for i—1, 2, 3, 4; hence, taking account both of the first condition and of the 
second condition, the new condition becomes 

€ii\ + rjw 2 4- iw 3 4 o>?e 4 = 0. 

These three homogeneous linear relations among e, rj , 6, co, can be resolved ; 
and they give 


1 


W 3> 

w 4 

- 1 

u 3 , 


«i 

_1 

w 4 . 

«*1, 


_ -t 


u 2) 


€ 


% 


V 


% 

Vi 

l 

^4’ 


«2 

to 



’’3 


w 2 > 


«’■ 4 



W 4 , 

«’l 


w 4 , 

W>1, 

M’ 2 



^2> 



where the common value of the four quantities can be determined from the 
condition 


v= 2^- 
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Hence 

E 2 =^Ae 2E2 =^A u 2 , u 3 , u 4 

v 2 > v 3> n 

w 2i w 3i w 4 

and therefore 

Q 2 E 2 ='£ i b, f, m Mg, u s , m 4 

/, c, n v 2> v 3 , v 4 

m , n, d w 2 , w 3 , w 4 

S au i v i’ X) a v> 2 a4? i w i 

2 aw^j, ^ ai, i M ’u S aw i 2 


Now we have established the relations 

I t 

i j aUii\ — & - ) Yidu^^-Q ~z , 

p p 

S •*-«(?+£). 

When these values are substituted for the several constituents, the determinant 
is found to be 


and therefore 


*-*• 


The values of e, rj, i, co, now are known; and thus the expression for l b 
becomes 

2/n y» 2/a> 2/4 
u v u 2) u 3i u 4 
V v V 2 , v 3 , v 4 

w l9 w 2 , w 3 , w 4 

giving the direction-cosines of the quartinormal. 

As yet, no use (explicit or implicit) has been made of the Frenet equation 
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for the direction of the quartinormal and the magnitude of the coil, 
the relation 


Y"+y 



Differentiating 


which (§ 8) effectively is the Frenet equation for the trinormal, and using the 
Frenet equations 


/ / ^5 h i r_h Y 

H — > h — ! 


Y '=h_y' 




we have, after re-arrangements, 



which really is the Frenet system adapted (§ 8) to a geodesic in any configuration, 
Y taking the place of i 2 . 

Other forms can be given to this expression for Y"'. It can be used at once 
to derive a covariantive expression for the coil. Multiplying by Z 5 , summing for 
all the equations, and using the relations 


we have 


2^4=0, 2«r=o, ^kY=o, Xhy'= 0, 


EhY'" 


_ I_ 

(JTK 


Now multiply the foregoing determinantal equation for l b throughout by Y"', 
and use the last result. We had 

2 )yi Y "= - v i-(n« ; i+ s i M ’2+ Vs+M). 

so that, differentiating the former, we have 

y)</iY'"= (^+i) t’l + (riU\ + 8 x w, + d{w z + </>!«>,), 

or using a symbol z h such that 

7i w i ~ o t w 2 - V t w z - 


we have 





316 


COIL OF A GEODESIC 


[CH. XXIV. 


and, generally, 



/ 




2*5""= 

-2,.+ ( 

l i\ 


Hence 

+ 





Q * _ 

£*r", s 

yj"\ 

2*5™ 

, Sy«y‘ 

<tVV” 



U%y 

W 37 

m 4 


’’l. 


V 2 , 

^*3> 

<>4 


M’l- 


W 2 > 

w 3 , 

W4 


= 


W 2 , 

w 3 , ^4 




*’l» 


*’ 3 > ^4 




M ’l> 

w 2 , 

w 3 , w 4 




i 

! z ii 

2*2 j 

2 3 7 2 4 



Ex. 1 . As regards the quantity z { (for i = 1 , 2, 3, 4), it is convenient to introduce 
magnitudes z„ analogous to the magnitudes v t of § 284 and w t of § 285, and defined 
by the relations 

2/ ^a ll z 1 + a 2t z 2 + a 3i z 3 + a Ai z A . 

Then it is easy to verify that, for all the values 1, 2, 3, 4, of the numeral j, we have 


analogous to the like results for r 2 , ^3> 
Ex. 2. We have 


S = £ (^- */) - W 1 (s V/*.') - W, 2 (s V/) - W 3 (l) - U>4 (^) fai') 

-?(£^ + 2 >,o 


“s <2 


- -f-). 

dApJ 


Now 




But we cannot infer that the quantities 


2/ "" ^jft3kl X 3 ,jC k > 

j fc / 

for i = 1, 2, 3, 4, are zero ; their values depend linearly upon the Riemann four-index 
symbols, and they are not used in the immediately succeeding investigations. 
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289. The preceding equation connecting l b and Y nt can be written in the 
slightly modified form 



Multiply the equation throughout by y i and add for the system. As the sum of 
the right-hand sides 



the result is to give 



holding forj = l, 2, 3, 4. Consequently 



thus providing explicit values of e, rj, i , oj, the domainal parameters in Z 5 , after 
the substitution of the values of a, /?, y, 8, the domainal parameters in Z 4 , and the 
values of A, fi, v, w, the domainal parameters in Z 3 . 

The results, which thus express z v z 2 , z 3 , z 4 , may also be used to obtain values 
of z l9 z 2 , z 3> z 4 , of a modified form. In the results, let the values of €, rj , t, o>, as 
obtained in § 288, be inserted, so that 



I W 2 > W 3 , ^4 I 

with similar expressions for z 2 , z 3 , z 4 . We have (§§ 284, 286) 
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-(/4A+/f/i+G ! i'+£ro)=-M 1 - v lt 
a p 

*(Aa+Hp+Gy+L 8 )=u 1 ^ s (^j - v x a - w x a ; 

hence, multiplying the equations for the quantities z { by A, H, G, Z, respectively, 
and adding, we obtain the result 

1 <j A, H, G, L d ( 1 \ f d (a\ , I 


where 


1 <7 

A, 


6 Y , 

Z 

Q* K 

«i. 


^3> 

u 4 


«i» 

% 

^3> 

*>4 


M>1, 

W 2 , 

w 3 > 

w t 


*{£© 

1 

err 

■K 

1 a 

4 

ff, 

(?, 

z 



W 2 . 

w 3 > 

m 4 



*’2» 

^3> 

*’4 


^1, 

w 2 , 

^3, 

w t 


+ <jr ds { 


\ u ' l ~ avl J~ ul d^\p 

- Uu x + Vv x - Ww lt 


d 2 /1\ a d 8 /1\ 1 d (a\d ( 1 


__ Lt/ I ± \ UU/IX1 ± U/ I KJ \ IV I L 

ds 2 \p) p ds 2 \oy + pr 2 ° ds \p) ds \a 2 T 

» + i*; 


pr 2 ards\ ds\p/j 
T7 1 1 d ( da\ 

F= ? + ir *V T */' 


The general result is, for i~ 1 , 2, 3 , 4 , 

- 2 , = -;- AU ’ AtU A3i ’ Ai> -UUi+VVf-Ww,. 

Q* K u 1} u 2 , U 3 , Ut 

V u V 2 , v 3 , v i 

W u w 2 , W B , w i 

From these values, two inferences can be made. In the first place, let the 
four relations, giving e, tj, i, cu, be multiplied by y v y 2 , y Bi y 4 , respectively, and 
the products be added ; then, when regard is paid to the postulated forms of 
£5, we find 

= - ^ (va + * + yA + yA)- 
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Next, let this relation be compared with the later form of relation connecting 
l 6 and Y "' ; and then it appears that we have the equation 

Y "' + (^ + i) y '“ 3y (^ + ^)= ~h ^i+y^h+y^+yA)- 

We have already had the relations 

y '= 

Y " + (~2 + Y = ~ ^ (y A + + y a w 3 + y*w t). 

Of these three relations, the expression for Y" can be deduced from the expres- 
sion for Y f by differentiation, and the expression for Y' n can be deduced from the 
expression for Y" also by differentiation ; but this actual verification of these 
statements requires the use of later results connected (§297) with the partial 
differential equations of the second order satisfied by the point-coordinates of 
position in the domain. 


Some covariants and their geometrical significance . 

290. Various inferences, concerning concomitants of the whole system of 
quantics, can be derived from the last form of expression for i 5 . 

(i) Multiply the equation by y\ and add the products for all the dimensions of 
the plenary space : then, as 
^y.y'^Ui, 


we have 


P_( 1 \_ 1 _, 

ds 2 \p) Q 4 


, U t Zi 


= Yj ( A >lP' + A ii<l' + A iS r ' + («1< 2 1 + a 2i 2 2 + °3t 2 3 + 

=z 1 p'+z 2 q' + z 3 r'+z i t', 
a result already established. 

(ii) Multiply the equation by l 3 , and add the products as before : then 


Now (§ 284) 




'Ey>h=° p u i -ov t , 




so that the right-hand side 
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and therefore 

1 — (}\ 1 d t _L_I V - 
p ds 2 \p/ ^ a ds 2 \cr/ a 2 r 2 ^ jV>Z> 

1 V 

=^2^ av i 2 i> 

a covariant of the system. 

(iii) Multiply the equation by Z 4 , and add the products as before : then 

It was proved (§ 286) that 

;2yA=«4@-v'-'w 

and therefore 


a rf / n 

t rfs \cr 2 r/ 


at* ©(?**)-•’(?«) -(?•*)] 

d /a\ d 2 (\\ 
ds \p) ds 2 \p) 


+ 


,[1 d?_ ( A Id* (1\ _ _1_1 

Lp ds 2 \p) ^ a ds 2 \a) 


oVJ 


+ q\ w ' z <- 

Consequently, after a slight transformation, 

1 


Q 


y 


d /l\ d 2 /1\ d /1\ d 2 fl\ 1 d fl\ 

aWl " 1 ds \pj ds 2 \p) + ds W ds 2 W + err ds \or] ’ 


a result which can also be derived by differentiation from the earlier equation 
(§ 286) 


1_ 

Q 


Yj aw i 2 


d 

ds 


+ 


d /I 
ds 


2 1 

+ 


o 2 t 2 ’ 


(iv) Multiply the equation by Z 5 , and add the products as before : then 


OTK~ 

Now 

^ j Vih~A U € 4- A 2i r) 4- A 3i l 4- A it a > , 
and therefore ^ 

S + /I Si t + A it oj) (a u z x + a 2i z 2 +a 3i z a + a 4 ,z 4 ) 

% 

— 4" 1722 4- IZ 3 4“ Ct)^ 4 ) . 

From this result, we can proceed in two ways. 
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In the first way, we substitute for e the value (§ 288) 

Q* 

o 2 t ( 

and the corresponding values for rj, i, a> ; then, after a slight reduction, we find 

Q i 


w 2 , 

u 3f 

m 4 


^2j 

v 3 , 

«« 


w 2 , 

w 3 , 

Wi 


e, (x) 

; then, after 

U v 

^ 2 > 


w 4 

Vu 

v 2 , 



w lf 

w 2) 

W 3 , 

w 4 

«1» 

^2’ 

2 3> 

*4 


in accordance with the equation already obtained (p. 316). 
In the second way, we substitute for t the value (p. 317) 

d 


OTK £2 ' a dfi 




and the corresponding values for rj , l, co ; and, again after some reduction, 
we find 


^ ( izi * - o 2^2 + ° 2 


Q 



This last expression for the concomitant ^ az i °f system can be obtained by 
squaring the equation 



and adding for all the dimensions of the plenary space, using the relations affecting 
the sums of the squares, and the sums of the products in pairs, of the typical 
direction-cosines y\ Z 3 , Z 4 , Z 5 , of principal lines of the domainal geodesic. 

We thus have the geometrical values of the concomitants 

2 aM i~ ^ av i z i’ 2 aw i z i’ 2 az i 2 > 

similar to the earlier expressions (p. 314) for 

2 au i, 2 ftw i i ’i> 2 aw i w i> 

2 a V > 2 ay i M ’i> 

2 aw ’i 2 • 

291. Corresponding results may be deduced similarly from the equation in 
which is 

Y " ,+ (^ + i) y,_3Y (p 3+ j) = -s (yA+yA+yA+y4 * 4 )' 


F.l.G. II. 


X 
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(i) Let the equation be multiplied by y u and the results be added for all 
the dimensions of the plenary space ; then we have 


V 




in accordance with an earlier result. 

(ii) Let the equation be multiplied by Y, and the results be added similarly ; 
then 


\ 


;i-r»=s (£+£), 


which can be derived solely from the Frenet equations adapted to a geodesic in 
any amplitude. 

(iii) Let the equation be multiplied by Y\ and the results be added similarly. 
Now 

Ey,Y'=-v„ 

for all the values of i ; and we therefore have 

Vy'F"+ (- 2 +^ 2 ) f v 3 z 3 +v t z 4 ) 


But 


so that 


consequently 


- V 
~Q — 


p“ (J“ 


t r i 

Vy / y// P _ & . 

^ ~~p 3 o 3 ’ 


at\. 


'2 


vrr + VF^-? + 3?--V:i^ , 


p 4 cr 3 


or, because (§ 286, Ex. 2) 


y y"2_ l. + P^^ + fJ + JV 

Zj 1 < j 2 <7 -2 ' p4 ‘ yp2 ' ) ’ 


we have 


v y'y'"--p" (u iv _ 1 

y pa p4 cr 4 \p 2 ^ cr 2 / ( 7 2 r 2, 


P° P 

Substituting these values, we find 


1 _ _1 r / 2 / 1 \ 1 rf 2 / 1 \ 1 

^ p \p/ a ^ s 2 [pj a 2 r 2 ’ 


Q “ * ' p $6“ \p/ 

in accordance with the result already (p. 320) obtained. 
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(iv) Let the equation be multiplied by Y", and the results be added similarly. 
Now 

E*y"==-w lf 

for all the values of i ; and 



When these values are substituted, we find 



in accordance with an earlier result. 

(v) Let the equation be multiplied by Y ,n and the results be added similarly : 
or let the equation be squared and the results be added. By either process, we 
find (after the necessary respective reductions, and substituting the value already 
obtained for V) az-f) 



which also can be deduced from the Frenet equations adapted to a geodesic. 

(vi) Let the equation be multiplied by and the products be added similarly 
for all the dimensions of the plenary space. Now we have had (§ 285, Ex. 3) 

2 Y 'yi -■= - (m + s i ,; 2 + e i v a + <?W> 

S th!h' = YiA + 8 1 H+d 1 G+ faL, 

Yi H + 8 i B + e i F + < f>i M > 

among others ; hence 

2^l' T " ~ (p2 + (yi W l + S l« 2 + d l V 3 + ««) - (p 3 + j) 

= — (yx^x + 8 x2: 2 + + <f> x^). 
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Likewise for multiplication by y 2 ' , by y./, by yl ; 
i— 1, 2, 3, 4, is 




=3v t - 



+ {y t v l + S,v 2 +e i v a +if> i v i ) 

- {yi Z l+&i Z 2 + 0i Z a + <l>i Z i)- 


the general 
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result, for 


Ex. 


Establish the relations : 






(ii) S ij'"= 


i 

ds 



(iii) '£hY"'=~ l - ; 

(JTK 

and shew that, for any value of ?n, 

v d m ~ 2 Y 1 

m d 8 ™" 2 P2P3 * • • Pm-l 

where l/p 2 , 1 /p 3 , l/p 4 , ... , are the successive curvatures in the Frenet equation next 
in rank after the circular curvature. 

(All these relations hold for a geodesic in a general amplitude.) 


Parametric curves of the domain and gremial lines of a domainal geodesic. 

292. There are two sets of leading lines in the tangent block of the 
domain. One of the sets is composed of the tangents to the four parametric 
curves ; the typical direction-cosines of the four lines are respectively 

y x A *, y 2 B % yJA *. The other set is constituted by four of the 

principal lines of a domainal geodesic, being the tangent, the binormal, the 
trinormal, and the quartinormal ; the typical direction-cosines of these four lines 
are respectively y f , l 3 , / 4 , l 5 . 

Each set of four cosines is expressible linearly in terms of the other set. The 
linear expressions for y\ / 3 , Z 4 , ? 5 , in terms of y l9 y 2 , y Zi y 4 , have been given in 
preceding sections. The corresponding linear expressions for y l9 y 2i y z , y Ai 
in terms of y\ l z , l A> Z 5 , are given by the comprehensive formula (for i= 1, 2, 3, 4) 

yt=y'Ui 



Vv V 2> v Z9 v 4 
w l9 w 2) w z , w A 
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which admits of easy verification, by taking the respective sums 

2 ViV'* 'ZVih, 'EVih, 5>A. 

and inserting the established values of these sums. 

Principal values and principal directions of the circular curvature of geodesics. 
293. As the results will be required later , consider the principal values of the 
circular curvature of domainal geodesics, whether the complete aggregate be 
taken, or the aggregate touching a domainal region be taken, or the aggregate 
touching a domainal surface be taken. 

We have (§ 281), for all geodesics, the relations 

A/TU— 3 ^ A/TU— ' 1 d - (-)=—* 

dp ' \pj p 9 d q’ \p) p 9 dr' \p) p 9 dt' \p) p 

(i) When we take the complete aggregate of all domainal geodesics, the only 
condition imposed on the direction- variables is 

2Ap' 2 = 1. 

Accordingly, the principal values are to be obtained by making 1/pa maximum 
or a minimum, for all sets of variables p', q\ r', (', subject to this single condition. 
The critical equations are 

-=Tu„ (*=1,2, 3, 4), 

P 

the value of the multiplier T being undetermined in the formation of the critical 
equations. Multiplying the four equations by p\ q , r', t\ respectively, and adding, 
we have 



and therefore the critical equations are 



It follows that, at any point on a domainal geodesic which there touches one of 
the principal directions (that is, directions of principal circular curvature), the 
torsion of the domainal geodesic vanishes (§ 284). To the general result, we shall 
return later. 

(ii) When we take the aggregate of the domainal geodesics which touch a 
parametric region €(p,q,r,t)= 0 , two conditions are imposed on the direction- 
variables, being 


ei/ + e 2 ?' + 6 3 » , ' + «/=0. 



326 


PRINCIPAL CIRCULAR 


[CH. XXIV. 


Accordingly, the critical equations for the principal values of the circular curvature 
of domainal geodesics touching the region are 

- — Tm, + We,-, 

P 

for i=l, 2, 3, 4, the multipliers T and W being left undetermined in the formation 
of the critical equations. 

First, multiply the four equations by p\ q', r', l', and add : then, when account 
is taken of the limiting conditions affecting the direction-variables, the result 
becomes 

9 J 9 


so that the equations are 


v.-^Wpe,, (*=1,2, 3, 4). 
P 


Next, proceeding from this modified form, we have 


Now 


"£au*=Q, '£au 1 v l =P , ( 4 + 4 ) » Yj ae i=^ e n \ 

P \p & ' 


and therefore 


-=ww, 


giving a value of W ; and thus the four equations are 

1 1 6, 

V t = -u t + — , 

P a 

for i=l, 2, 3, 4. 

One inference is immediate. We have 

^ a^\^= - Yj ««!«! + — S ae l 2 > 

p <K n 

but ^oej 2 — i2e„ 2 , and 

^ = Q (ej %>' + e 2 q' + e 3 r' + e^) = 0, 

and therefore 


'£ac 1 v 1 =Q €n , 


it being remembered that the directions now are the principal directions of circular 
curvature of the domainal geodesics which originate in the region e(p, q, r, ()=(). 
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(iii) When we take the aggregate of domainal geodesics, which originate in an 
assigned superficial orientation in the domain, we represent this orientation as the 
intersection of two given parametric regions 

€(p,g,r, 0= 0, i(p, q, r, £)— 0. 

Let I denote the inclination of the regions ; and let dn and dv denote domainal 
small arcs along the domainal normals to c = 0 and i= 0 respectively ; then 


cos / = 




. CL €- 1 t-i 


There now are three conditions imposed on the direction- variables p\ q', /, t ' ; 
and thus the critical equations for principal values of circular curvature among 
the domainal geodesics in the specified superficial orientation are found to be 


v lc — - u J( + Xe k +pi k , (k— 1 , 2, 3, 4), 

P 

where the multipliers A and p still have to be found. 

From these equations, we have 


2 1 2 au ] e l + A^rt€! 2 +./xV a eitl ( 

p 

or, as ^au^^Q^ip' + e 2 q' + €.y -\-€ A t') = 0, the equation is 


Similarly, we find 


. 1 v; (IV ^ — Xc n + pi v cos I. 


Ql . 


av^— Xe n cos l-\-pu v 


The co variants av x € x and ^ are connected with the torsion of geodesics 
in a domainal region (Chap. XXVIII) ; thus the multipliers A and p may be 
regarded as definite. The directions, occurring in these equations, are the principal 
directions of circular curvature for the selected domainal geodesics ; and they are 
distinct from the principal directions in the earlier aggregate. 


Ex. 1. 


Verify the relation 


+ 2A/xc n ^cos / +/x 



Ex. 2. In the result as obtained, the orientation at 0 is assigned as the superficial 
intersection of parametric regions €=0 and i — 0 passing through 0. The orientation 
may also be assigned by a set of orientation-variables s 23 , s 31 , s 12 , s iA , s 2i , so that a 
direction p', (/, r', t' , in the orientation satisfies two independent equations 

p's 23 + 7 5 31 + r 5 12 = 0, P «^24 + q 5 41 +t Sj 2 = 0, 
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and two similar (but not independent) relations. Let U 4 and F 4 be defined by the 
expressions 

Vi = v, s u + v 2 s 2i + v 3 s ai + v 4 s it , 

V % = + u 2 s 2i + w 3 $ 3 , + ; 

then it can be proved that the principal directions of the circular curvature of domainal 
geodesics, which originate in the orientation specified by the variables s tJi are given by 
the equations 

F,- 1 - V„ 

P 

for t = l, 2, 3, 4, only two of the four equations constituting an independent pair of 
equations ; and they are to be combined with the two independent relations between 
the direction-variables and the orientation-variables. 



CHAPTER XXV 

Geodesics in a Free Domain : Non-Gremial Properties 


Fifth normal (quintinormal) of a domainal geodesic : the fifth curvature. 

294. Thus far, the curvatures of a domainal geodesic, which have been con- 
sidered in addition to the (prime) circular curvature, are the gremial curvatures 
associated with principal lines lying within the tangent block of the domain. 
We now proceed to initiate the consideration of the non-gremial curvatures of 
the domainal geodesic ; the principal lines associated with these have direction- 
cosines typically denoted by Z M , for values fx = 6, 7, ... , V, in succession, N denoting 
the number of dimensions of the plenary space. 

The typical direction-cosine Z 5 of the quartinormal has been obtained in the 
form 


— Q~ 


y > 

2/2, 

2/3, 

Vi 


u 2 , 


w 4 

*’i. 

V 2 > 


Vi 

w u 

w 2i 


m > 4 




| y l9 u v v l9 u\ 


with an abbreviated notation for the determinant. Differentiating along the 
geodesic, and using the Frenet equation, we have 


Now 


d 

ds 


4(*4) + '4(i) 


& 1 1 th’, u t 



V 2 , W*|}. 


^2, w 3 , 

^2’ ^3» 

w 2 , w. 3 , 


u 4 

V 4 

W 4 


— >S{ (VgW 4 — V 4 wf) (y 2 ^l ^2^2 "1" ^2^3 ^2^4 )} 

+ S { (w 3 w 4 - w x u 3 ) (w 2 + y 2 v x + S 2 v 2 + d 2 v 3 + <f > 2 v t )} 
+ £{(« 3 i> 4 -u x v 3 )(z 2 + y 2 w 1 + 8 2 w 2 + 6 2 w 3 +<f> 2 w l )}, 


where the summation-symbol S implies summation for the three terms which arise 
from the determinant by the cyclical interchanges of the suffixes 2, 3, 4 ; and the 
right-hand side can be expressed in the form 


W 2» 

U 3> 

w 4 

+ (yi + 8 2 + 8 3 + fit) 


U 3i 

U 4 

~ 

7i, 

72< 

73, 

Vi 

% 

”3. 

”4 


v 2 , 

V 3 , 

v* 


u 1} 


^3, 

u 4 

Z 2 , 

**. 

Z i 


w 2> 

w 3 , 

W X 




t’ 3 , 

<’4 









w l9 

^2, 


W-4 
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Also, we have 


2 £ 2 ~ 2£2 + + ® aT ' + ^ 4< ) — yi + ^2 + ^3 + & > 


and therefore 

d , 

I m 2) <’ 2 , W 2 1 }= I w 2 , v 2 , z 2 |-| y lf u u *>i, % | . 

Similarly for the other like terms in the summation in the equation for Z 6 ; and 
therefore 


h +l d ( 1 


2 rp s 5 ds \ct 2 t/ o‘ 


k 


TK 

—A 


& «i» r i. «’il+£ * I yi, «i, t’i, *i I 




Ex, Verify the relations 




d (- £_)=£-* 

W 2 , 

“3> 

“A 

dsV^r/ 

V 2 , 

r 3’ 

v* 


*2> 

Z 3> 

Z A 

-f fi-* 

“3> 

V'4> 


d.9 ' a 2 r/ 

^3> 

V 4< 

*1 


! *3> 

Z 4 ’ 

*1 

d U) = Q~l 

**4, 


W 2 

ds\cpT/ 



V 2 

i 

Z 4> 

*1. 

*2 

-if ")=&-* 


?/ 2 , 

W 3 

ds o^r/ 

V l> 

^2, 

^3 

Next, with the notation 

Z 1> 

Z 2 > 

*3 



yiyi+y2 8 i+ yA- +yA> u u «i, «’i 
y^+yA+y-A+yA* « 2 > » 2 , «’ 2 
ym+yA+yA * -y 4 &> «s> *’ 3 , « ; 3 

yi Yi + 2/A + + */4^4. “4» ’’4, 


l 




- ~ (Sje + S 2 ij + S 3 i + S 4 w), 


cr 2 r 


C7 2 T 


4- 0 2 r) 4 0 3 1 4* 0 4 o>), 


( < Ai € + ^2 7 ?+^3 t + ^4^)- 


for i= 1, 2, 3, 4, we have 


and, generally, 


2/i' = 3/ii7>' + 2 / 12 ?' + 2/i3 r ' + 2 /h^' 

= +2/iyi+2/A +2/3 0 i + 2/4^1 ; 

- vt + 2/1 y. + y 2 s« + «/ 3 ^. + yAi- 
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Thus the first term and the third term in the foregoing equation combine ; and 
we have 


°*tPb 


+ ^5 


(J-' )~^r K =Q 


The second term on the right-hand side can be evaluated. By the results in 
§ 292, there are four relations of the form 

y 1 =y'u 1 + 1 3 <j (? l - v^j + l t r (^ju t - o'v l - ow x | + hy v 

In this second term, let these values of y l7 y 2 , y 3 , y 4 , be substituted, and the result 
be arranged as a linear combination in y\ l 3 , i 4 , Z 5 . The total coefficient of y' in 
I Vu ^i> v i> 2 1 1 becomes 

I Wi, «!, V l9 «1 1=0. 

The total coefficient of l 3 


“-Vi, « x , Vi, % 
P 


= 0. 


The total coefficient of Z 4 , similarly, 


= -ctt | w-j, r l5 z x | 

o J 
(J*TK 


by the expression for the coil found in § 288. The total coefficient of Z 5 in the 
determinant | y l9 u l9 v l9 z x |, after the substitutions, 


In § 288, the relation 


was obtained ; and therefore 


-IS 

i hVi > 

r 


• 

= g 2 t 

y 


2/3, 

2/4 


Ui, 


«3> 

« 4 


Vi, 

V 2 , 

*’ 3 , 

t’4 



W 2 , 

w 3 , 

«’4 

g 2 t 




X 

i2‘ 

**i, 

^2> 

«3, 

«4 


Vi, 

V 2 , 

*’ 3 > 

^4 


Wi, 

W 2 , 

M'S, 



= CFTK (Uu x — Vi\ + Ww x - z x ) f 


by the result on p. 318, with the determinate values of U, F, W , there given. 
Generally, we have (for i=l, 2, 3, 4) 

^i 5 y f = OT/c(Z7M t - VVi + W-Wt-Z,), 
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the value of W being given by 


Hence 


U)- 

S hy» 1 * 1 , v i> Z 1 1 = Worn I u\, Mj, v v z 1 1 ; 


and the value of the determinant on the right-hand side has been obtained in 
§ 288 as Q* /o 3 t 2 /c ; therefore 


Consequently, we have 


2 to.. =&£(£-)■ 


13 

The final form of the expression for the typical direction-cosine l 6 thus becomes 

^~=£i-i\r ll ,u l ,v 1 ,w 1 \=Q~ i Vl ’ V * V3 ’ Vi I. 


V: u 

V2> 


Vi 

Mi, 


u 3i 

M4 

*’i> 



v* 

Wi, 

w 2> 

w 3 , 

M-4 


Once more using the values of c, rj, i, co, we can state the result also in the form 

t }=Vi€ + y2 r ) + Vs L + r U c *>- 

Ph 

In connection with these quantities rj l9 tj 2i rj 3) we recall the equation for 
the circular curvature and the direction of the prime normal in the form 

y 

ViP' + Vrt' + Vzr' + 


Magnitudes of rank Jive. 

295. At this stage, we introduce magnitudes X ih connected with the direction- 
cosines of the fifth normal in the same manner as the secondary magnitudes 
are connected with the direction-cosines of the prime normal. They are defined 
by the equation 

~ j leViji 

for all the combinations i, j, =1, 2, 3, 4 ; and we write 
X ilP ' + X i2 q' + X i3 r' + X u t' = ( i9 
for i=l, 2, 3, 4. Then we have 

~7 X h= € YjViVu+V Sw«+‘ '£,VaVij+<*> '£/V*Vu> 

P5 
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and the quantities e, 77 , i, o>, are expressible in terms of earlier magnitudes already 
used, while their coefficients, being of the type 

2 1 M<i = P' YjVikVa+'l' ^,V2kr)ij+r' 2’?s*’?« + *' 2 VuiVa, 

also are expressible in terms of magnitudes already used. 

Moreover, an expression for the fifth curvature l/p 5 is obtainable in the form 

2 (vi e +vtv + -t- Vi<v) 2 , 

Pb 

also expressible in terms of the same magnitudes. 

Evidently 

£.= 2 *e (VtiP’ + Viil' + Vi3 r ' + W') = 2 

for all the values of i. Further 

& p' + u <( + = 2 *6 (vip' + i 2 <i'+ -n-y +vy) 

-- 2 ? « Y =°> 

p 

by the properties of the geodesic. This relation, among the quantities is of 
persistent recurrence ; an equivalent form is 

2 2^*.V=o- 

i j 

Again, multiplying the equation 

— = Vi € + V2V + W V4<° 

P5 

throughout by Z 6 and adding the results, we have 

l^£i € 4.£ 2 77 + £ 3 fcH-£ 4 co ; 

Ps 

and an equivalent form, obtained by substituting the values of e, ?/, i, from 
§ 288, is 

Q 2 __ ^ 2 > £li> £4 

^Pb «!, Mjj, w 3 , W 4 

? ’l> ^ 2 > V 3 , V 4 

W u W 2 , W 3 , tv A 

The foregoing value for l/p 5 can also be derived simply as follows. As the 
principal line, connected with the curvature l/p 5 of the domainal geodesic and 
having Z 6 for its typical direction-cosine, is orthogonal to the first five principal 
lines of the geodesic which have y', 7, Z 3 , Z 4 , Z 5 , for their typical direction-cosines, 
it is orthogonal to the tangent block of the domain : hence the relations 

2 y<*«=° 
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are satisfied, for i=l, 2, 3, 4. Differentiating the relation for i— 1 along the 
geodesic arc, we have 

Now 

Vi = Vi 4 - .Vin + .V 2^1 + 2/3^1 + 

and therefore 

^ 2 /i^e = ^ (^1 + ViYi + 2/2 Si + y z d 1 + y^i) 

— hvi—Zv 

Also, as the principal line of the domainal geodesic, with J 7 as its typical direction- 
cosine, is orthogonal to all the principal lines of the geodesic earlier in rank, it is 
orthogonal to the tangent block of the domain, and so is at right angles to every 
direction in that block ; hence 

,=o, 

for j = l, 2, 3, 4. Thus the equation becomes 


= — (Ae 4 - Hr/ 4 - Gi -f Leo ) ; 

Ps 

and similarly 1 

£0= (H€ + Brj +Fi + Men), 

P5 

&= 1 (Ge +Frj +C1+N0), 

P5 

&=-(/* +Mr, + m+Dw). 

P5 

Multiply these equations by e, rj , 1 , cu, respectively, and add the four results ; 
then, as Ae 2 — V} l b 2 — 1, we have 

= £i € + £ 2*7 + 

Po 

the result already established. 

Moreover, resolving the equations for the four quantities e, rj, 1 , a>, we have 
the relations 

6 + + 5^3 + ^4> 


V —h£i + b {; 2 +/£, -fm| 4 , 

> 

-» =fl£i + /f* + «&+»£ 4 , 


-ut — 1%! +m£ 2 + tt£ 3 +<i£ 4 ; 
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~1 = ~ ( e li + + ‘la + “>£*) = 2 n £i 2 > 

Pb Pb 

thus providing another covariantive expression for the fifth curvature. 


Magnitudes of rank greater than five. 

296. Again, we have the relations 

Sy#*«=0, 

for i— 1, 2, 3, 4, where m=6, 7, , 2V, and l m is the typical direction-cosine of the 

mth principal line. 

For all values of m > 6, we have 

M , V'-. (hn + 1 1 \ 

Vi L + 2 j V i 1 — “ „ “ j _0, 

' Pm Pm- 1' 

while, for such values, 
consequently 

V)y/C=o. 


Now 

and therefore 


y/ =■»?»+ yiy 4 + + y ^ t : 

for all the values of i=l, 2, 3, 4, and for values of m greater than 6, while, for 
those values of i, 

the non- vanishing quantities £ being subject to the relation 

€iP'+£tq'+€S+W=o. 

The relation 

V ^ i Vl^m q V^m T ^ j V'dhn jV^m ^ 

is satisfied, being merely the equivalent of V) Y/ m =0. 

We note that the relation 

y,l m =Q> 

for i = 1, 2, 3, 4. is satisfied for all values of m except m— 2 and w=6 ; while 
being two exceptions which are of fundamental importance. 


Partial differential equations of the second order satisfied by space-coordinates. 
297. We can now construct some partial differential equations which formally 
appear to be of the second order and are satisfied by the space-variables of any 
point in the domain. 
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For the general frame of coordinate axes in the plenary homaloidal space of 
the domain, we can substitute the orthogonal frame of any particular geodesic 
drawn in a domainal direction p\ q', /, t! . Also within this orthogonal frame, we 
can substitute, for the tangent, the binormal, the trinormal, and the quartinormal 
of the geodesic, the directions of the four parametric curves in the tangent block 
of the domain ; and in this modified frame, all the axes other than those four 
directions remain orthogonal to one another, while each of these axes is at right 
angles to each of the four directions. 

To this modified frame, any directed quantity can be referred ; and an expres- 
sion for the quantity can be obtained linearly, in terms of typical direction- 
cosines and appropriate coefficients. Thus for any magnitude connected with a 
typical variable y , the appropriate typical direction-cosines now are y u y 2 , y 3 , 2/ 4 , 
together with Y, / 6 , / 7 . ... , l N , the latter belonging to the axes in the modified 
frame which have remained principal lines of the geodesic. Consider, for instance, 
a quantity such as y ll9 connected with the variable y typical of a space-position ; 
for all the variables of this position, there is a relation 

Vll = ?/l a l + yi a 2 + 2/3 a 3 + ?/4 a 4 +Yp2+hp6 ^7 + • • • + 

where the coefficients a, /?, are the same through the set of quantities y n> and 
have to be determined for the set. There are equations 

^Yy t = 0, X Ly t =o , 

the summations being taken over all the space-dimensions, and the equations 
holding for all values of m > 6 and for i— 1, 2, 3, 4. By earlier results, 

for the same values of i, so that 


Oi — Al» a 2~^ll> a 3— ®11> a 4=-0 n . 


Similarly, owing also to the further relations 


we have 
The magnitude 


2 Yl m = 0, 

/^2 ~ Yy n —A lv 

2/u ~ yi^ij ~ y?A u ~ 


has been denoted by r ) tJ ; so that, for the instance considered, 

Vn= YAi l + l B Pt + l 7 fi 7 + ...4-Zjy^jy. 

In the same way, proceeding for all the magnitudes r] tj> we have equations 
Vt) —YAij + l 6 (/8 u ) 6 4- 1 7 7 4- . . . 4* l N (fiij )# . 

Further, we have had quantities X tJ defined by the equation 

A u ^ j kvtj > 
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so that wc can take, as a preliminary form of partial differential equation satisfied 

by y, 

Vv — + l 6 X u + 1 7 (ft u ) , + ... + 


Obviously 


~ ^ 'j Vuhr 


for all the values m= 7, ... , N. As 


Vi ^ VnP' + V*2<j' + w' + W'> 

we have 

for all these values of m. Accordingly, take the foregoing equation for j =1,2,3, 1 ; 
multiply by y', r', t\ for the respective values of j, and add : then, as 

A it p f + A 2 f(/ 4- A ;ii - r' + A 4 ,f' -* v t , 

Aj ,p' + X 2I q + Z 3/ r' + Z 4 / = & , 


with the earlier notation, it follows that 


holding for all the values £=1, 2, 3, 4. 

These equations can be regarded as the definite form of partial differential 
equations satisfied by the space-coordinates of a point on the domainal geodesic 
in the direction p' 9 #/', /, 

Before discussing certain analytical combinations of these quantities rj l% we 
note that, as 

for all the values of k, = 1 , 2, 3, 4, we have 

^viyk=o, 

for all the values of i and k : or the quantities rj n for the different quantities rj and 
any the same value of i , are the spatial components of a magnitude E„ which is 
orthogonal to the tangent block of the domain and which therefore lies in a homa- 
loid orthogonal to this block. The form of the partial equations shews that the 
direction of lies in a plane through the prime normal and the fifth normal of the 
domainal geodesic ; and therefore all the four magnitudes E „ for i— 1, 2, 3, 1. lie 
in this same plane which, connected with a domainal geodesic, is orthogonal to the 
domain. We shall return later to this result ; meanwhile, we note the property 

«T?1 *= ^ aV l + S ft £l 2 



F.I.G. II. 


Y 
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Quadratic combinations of ike non-gremial magnitudes rj. 

298. The sums of the quadratic combinations of the four typical quantities 
771, rj 2 , rj 3 , rji, the sums being taken over the dimensions of the plenary space, 
satisfy certain relations ultimately based upon the aggregate of equations 

Vi= Yv i+k£i- 

To express these sums of quadratic combinations, we write 

for all the values of i and j, independently of one another, with the space- 
summation for m— 1 N. The quantity c u c jj - % 2 , being equal to 

taken for the space-summations m 9 n, — 1, ... , N, is essentially a positive quantity, 
when not zero. We therefore introduce magnitudes m tj such that 

m fj — {c tJ Cjj — c t f) , 

assigning a positive value to the radical, and assuming j > i for the quantities 
m tj , because the value of the radical is here unaltered by the interchange of i and j, 
while m kk ~ 0. Manifestly 

Cjj— e tJ — iVj 

and therefore every determinant of the form 

('la ’ ( J if3 ? ^ J iy > 

( ‘ja j } C jy 
C hai C kp> C ky 

for all values of i, j, k , and of a, jS, y, from the range 1, 2, 3, 4, must vanish : while 
the first minors of such a determinant do not vanish. Accordingly, for the 
determinant 

C IU r 12> C 13> C 14 > 

C 21> C 22> C 23? C 24 

C :n> ( '32 ' c :i3 ? C ?A 
C 4l> C 42’ C 43> C 44 

every first minor vanishes, while the second minors do not vanish ; and there 
are algebraical identities among these second minors. To obtain these identities, 
we introduce angles $1> ^2) ^3> ^4? with the definitions 

=cj cos 6 t , $,= c it * sin 0,- ; 

and for the cahonical case of reference, we shall assume 

6 1 <9 i <0 3 < e 4 . 

c ( , = ViVj + £, £, = ejej cos (d { - 6 f ), 


Then 
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and therefore, with all these assumptions, 

-»»«=(<!.<%)* sin (0,-0,). 

Further, 

ViZi -V t $,= (c tl c„)* sin (0 2 - 0,) = m**, 

when l > i. 

Now let numbers i, j, k, l , be selected * from the range 1 , 2, 3, 4, such that 


i <j, i <h j< Jc. 

Then we have 

Ci,C H - c lk c jl ={v i v j + ^ i ^)(v k v l + ^ k i l ) 

-(v,v k +$ i ^ k )(v i v l + $ 1 $ l ) 

^m„m Jk . 

It follows that all the second minors of the vanishing determinant of four rows 
can be expressed in terms of the six diagonal minors m 12 , m 13 , m 14 , m 23 , m 24 , m 34 ; 
and, because of the manifest identity 

( C 12 C 34 — C 13 C 24) + ( C 13 C 24 “ C 14 C 23) + ( C 14 C 23 “ C 12 C 34) ~ 

these six minors are themselves subject to the condition 

m l2 m 34 - m l3 m 24 + m 14 m 23 =:0. 


The full expression of all the second minors of the determinant of four rows in 


terms of these diagonal minors is 


r 22 c 33 ~ C 23 2 “ w '23 2 

C U r 44 "" C 14 2 ' " W/ 14 2 1 

C 33 C 11 ~ C 13 2 ~ W 13 2 ) 

\ ' C 22 n 44 ~ ^24 2 = m 24 2 | 

C 11 C 22 ~ C \2— m \2‘ J 

*33^44 -^ 2 = fW34 2 j 


C n C 23 “ C 12 C 13 — ^12^13 C 22 C 13 ~ C 12 C 23~" “ ^12^23 

^ 11^24 “ ^ 12^14 ~ ^ 12^14 [“ y ^ 22^14 ~ ^ 12 ^ 24 “ ~ ^ 12^24 


'11 C 34 

!! 

6 " 

n 

o' 

1 

m 13 m U J 

C 22 C 34 ~ 

c 23 c 24 — 

m t 3 m u j 

*33 C 12 

~ C 13 C 23~ 

^13^23 

C 44 C 12 “ 

C 14 C 24~ 

%%' 

J 33 C 14 

“ C 13 C 34 — 

— w?- 13 m 34 

' > C 44 C 13 “ 

C 14 C 34~ 

m u m u 

*33 ^24 

~~ C 23 C 34~ 

— 7)1 23 W?< 34 

C 44 C 23 ~ 

C 24 C 34 r: 

m u m sl 


C 12 C 34 “ C# 23 C 14 = m i3 m 24 

^23^24 ~ ^12^34“ “ ^14^23 ' • 
^13 ^24 ~ C 14 C 23 = ^12 ^34 


* The selection is the same as is adopted in connection with the Riemann four-index 

symbols in § 16. 
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The formal comparison of these twenty-one minors, with the twenty-one Riemann 
four-index symbols of § 16 , is obvious from the formulae 

(“i 8 , y 8)= V (r) av 7) m - 7 / a6 7 / fly ), 
llfl'i j ?tlj = CijCjfi — Cjfc Cj i , 

where there are no limitations of inequality among a, / 3 , y, 8, while the integers 
i,j, A\ /, are subject to the inequalities i ^j, i < Z, j < 7 r. In fact, the Riemann 
symbols are connected with quantities ^ VapVyd > the m-combinations are 
similarly connected with the quantities ( ^ VaVa) ( ^ 


Linear relations among the magnitudes 77. 
299 . Again, owing to the typical relations 

7]i=YVi + Ut 

for 2 , 3 , 4 , there are the conditions 


II ^2. ^4 ||=0, || 7/ 3 , 7/ 4 , 7] 1 ||=0, || 7/4, 7 7l , 7/2 ||=0, || T/j, 7/ 2 , 7/ 3 ||=0, 

holding among the magnitudes 77. Accordingly, there are equations of the type 


Erj^Prji + Qrjz, 


there being one such equation for all the magnitudes rj ly rj 2i 773, corresponding to 
the different space-variables with coefficients E } P, Q , the same throughout. To 
determine these coefficients E , P, Q, we multiply by 77 1 and add for all the space- 
dimensions : then multiply by 77., and add again for all the space-dimensions. 
Thus 


A Cl 3 — Pg *23 — Pc 12 I Qc 2 2, 

so that 

P ( r; ll C 22 “ C 12 2 ) — P (^ 13^22 ~ C 12 C 23 )» 
$( C 11^22 " C 12 2 )~P (C u C 2 3 — C 12 C l;i ), 


that is, by the preceding relations, 

Pw 7 i2 2 — ~~ Em^m^, Qm 12 2 ~-Em 12 m 13 ; 


and thus the foregoing typical equation is 


^ 23 ^ 1 “ ™ 13*?2 + ^12^3 = 0. 

Similarly for typical equations connecting each group of three from the four 
quantities ; the complete set is 

m 23 77i - m 13 rj 2 + m l 2 rj 3 =0 ' 

m 24 r h~ m u r )2 +m 12 rj A —Q 

► 

m 34 7 /i -% 4’?3 + W »i 3 , ?4 = 0 

^"34 ^?2 ^24 V < 1 ^23 7 ?4 . 
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it being remembered that, under the adopted convention, we use positive quan- 
tities m tj such that i <j. Also, these four equations are equivalent to only two 
linearly independent equations, because 

m i2 m 34 ~ ^13 m 24 + = 

Further, in an equation such as the first of them, let the values 77 *= Yv^j- 1 6 ^ 
be substituted ; then we have 

Y {m 23 v x - m X3 v 2 + m l2 v 3 ) + Z 6 - w 13 £ 2 + w 12 £ 3 ) =0, 

holding for each of the space-dimensions. Multiply by Y and add the results : 
then 

m 23 v x - m X2 v 2 + m X2 v 3 =0 } 

and so 

^23^1"” / M'i 2 £ 2 ~0, 

The complete sets of formal relations, thus derived from the foregoing four 
equations, are 

m 23 Vi - m xs v 2 + m 12 v 3 — 0 

m u v 1 - m u v 2 + w 12 t> 4 = 0 

m u v 1 - m u v 3 + m 13 ?’ 4 - 0 

m-M V 2 ~ + W*23 ?, 4 = 0 „ 

m 3i£l ~ m i4^3 + m i3^4 = 0 I ’ 

W&34& - ^24^3 + >«23& = 0 

each set containing only two linearly independent relations because 

m 12 m 3i - m 13 m 24 + m 14 m 23 = 0. 

Expression for the fifth curvature. 

300. Next, the relation 

£i/+&!2 , '+£/+£ 4 f , =o 
has been established ; in it, let the values 

£=c„«sin 0 i 

(for i= 1, 2 , 3, 4) be substituted, so that we have 

CuV sin 0 X + c 22 V {sin 0 X cos ( 0 2 - 0 X ) + cos 0 X sin ( 0 2 - 0 ^} 

■f c 33 V {sin 0 X cos ( 0 3 - 0 X ) 4- cos 0 X sin ( 0 3 - 0 !)} 

+ c 44 * t' {sin 0! cos (0 4 - 0 X ) 4* cos 0 X sin (0 4 - 0 X )} = 0 . 
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On the left-hand side, the coefficient of sin 8 L 


■A f J. , Cin I f C|*> 4-./ ^14 

~ C ll V + C 22 ? “ T + C 33 T - I + C 44 ^ “ i 

( C 11 C 22) 2 ( C ll C 33) a ( C 11 C 44) 

= c ll *( C ll/ + C 12!Z + C 13 r + C 14^)> 

but, from the definitions of c w , 

C n / + <U2?' + w' + 'W' = 2 hi hi/ + W + + *74*')] 

V Y 
= ^7 

t;, 1 i_ _ 

Cu * cos q i • 

P P 

and thus the selected aggregate of terms involving sin 0 1 

= ^ cos 6 X sin 0 X . 

P 

On the same left-hand side, the coefficient of cos 9 X 

JL t IfYt-in i . 1 YI \ ■> • . ^^14 

t- 3 i — l V +c «* < —— ,1 

( C 11 C 22) 8 ( C ll C 33) a ( C 11 C 44) 8 

^Cu"* (mi 2 y'+m 13 / + m u t/). 

Thus the equation becomes 

* cos 0 X sin 0 X + c n ~ a (m 12 q' + m 13 r' *f m u t') cos d x =zO. 

P 

Now, in general, cos 0 X does not vanish ; hence, as 

£i ™ c n a s ^ n ®i» 

— = - - m 13 r' - w 14 J\ 


the equation is 


The value of £ 2 is obtained similarly by making 0 2 (instead of 0^ the dominating 
angle in the analysis : likewise for and £ 4 . The full set of values is 

P 


-m 12 q‘ -m^t’ 


^=m lt p’ 

P 

— =m 13 p’ + m i 3 q' 


£ 

--= m u p' + in 2 i q'+ m 3 i r' 

P 


■ m 33 r' - m 2 i t' 


■ nir,,t’ 
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W? 12 ^34 ~ ^13 ^24 ^14^23 

these values satisfy the set of four equations, linear in tj u £ 2 , f 3 , | 4 , obtained in 
§299. 

By means of these values of £ x , | 2 > ^ 4 ? we can modify the expression of the 

fifth curvature of the domainal geodesic in the equation (§ 295) 

^ 8 ___ £l> ^2> ^4 

a Wj, 1/ 2 j ^3j ^4 

^1, V 2 , V 3> *>4 

W x , w 2 , W 3 , W A 

Let the determinant be expanded in terms of second minors, so that it will consist 
of six terms each of which is the product of two second minors. In a term, such 
as 

w 3> ^4 £l> £2 > 

W 3} w A v Xi v 2 

the minor in the second factor is 


£l> ^2 = ~p{(^127 , + ^13^ + ^4^>2+( m i2?^’-^23» ,, -^240^l} 5 

Vi, V 2 

and we have established (§ 299) the equations 

^23^1- ^13^2 + ^12^3 = 0, 

^24%“ W 14^2 + W 1 2V 4 = 0, 

so that 

fi, U ^-pm l2 (v 1 p' + v 2 q' + v 3 r'\v A t , )=-m 12 , 

Vl, ^2 

because 

v x p' + v 2 q + v 3 r + v A t' = - . 

P 

Hence the selected term becomes 


ffl'12 ^3? ^4 

™ 3 , ?/> 4 

Similarly for the other five terms : the final result is 

Q * 

o- = rn 23 %, u A - m 13 u 2 , u A -f m 12 u 3 , u A 

° r P$ 

w L , w A w 2 , w A w 3 , w A 

+ m u | u 2 , u 3 -m 24 u l9 u 3 +m 34 u l9 u 2 

2 , W 3 U\, W 3 W l9 W 2 


w. 
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Ex. As illustrations of the analysis, it is convenient to adduce the values of 
certain concomitants of the system involving the magnitudes {- l9 f 2 , £ 3 , £ 4 . 

We have had the relations (§§ 289, 291) 

^-(Ae+H-q+Gi+I*)), 

Pa 

— (Ae + IIrj + Gi + Laj)- Uu 1 +Vv x - Ww -z u 


where 


T 1 1 d f d f<j\\ 1 a " vt' 1 

U = -- 2 i \ T y\ ~) ( ’ V ~ ♦ t -o > 

pr 2 (TT US ^ fl.9 V p/ j <7 <7T T 2 


w 2 *' T ' 

IF = — +-; 

T T 


and therefore 


P 5 


- f 1 ==[/w 1 -Fv 1 +IFw 1 --Z 1 , 


or, generally for i = 1, 2, 3, 4, 


As 


or k 


we have 




-0, 

when the values of f/, F, IF are substituted. The result can be obtained more 
immediately ; for 

au } + hu 2 +0 u z + I'U/i = 42p', 
and so for the other combinations : hence 

-Q, 

by the condition attaching to the quantities f t , f 2 , £ 4 * 

Next, we have had the results (§§ 288, 290) 


S"** - a (yi)- 

r , _ (1 </ 2 / 1 \ 1 e / 2 / 1 \ 1 1 

2, a«iZi ^ d.Ap} + a dA a) ~o*t f ’ 


and therefore 


P 5 


_1 ] i A\ 

(o tfo 2 \p/ + <T (is 2 Vff/ O^T / 


= 0 , 
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on substitution and reduction : that is, 


^ 01 ^!= 0 . 

Proceeding in the same way, and using results already established, we find 

^aw^^O, 

1 V- £ 1 

n \ az t si = • 


From these forms, in combination with the forms of the similar concomitants 
obtained earlier, many concomitants can lx*, constructed and their geometrical values 
can be deduced. 


Locus of centres of circular curvature of concurrent geodesics. 

301* One of the configurations, non-gremial to the domain, is the locus of the 
centres of circular curvature of concurrent geodesics. As each centre lies on 
the prime normal of its geodesic, this line being orthogonal to the tangent block, 
the locus in question must lie in the homaloid orthogonal to the tangent block : 
and one form of the expiations of the orthogonal homaloid is 

'£(y~y)y 1 =°> ^(y-y)y 2 =°> ^ (?/-?/).%= °- ^L,(y-y)y*=^ 

But the character of the locus is affected by the dimensional extent of the homa- 
loidal plenary space of the domain. 

When the domain is primary, so that the plenary space is quintuple, the 
orthogonal homaloid is simply the unique line which is normal to the domain at 
a point and is the direction of the prime normals of all the domainal geodesics 
through the point. Definite parts of this normal constitute the range of the 
centres of circular curvature ; but it is not a locus in the customary sense, as a 
single point of the range can be the centre of circular curvature for an unlimited 
number of domainal geodesics. 

When a domain is not primary, the direction of a prime normal of a domainal 
geodesic depends partly upon the direction of the geodesic. Let the direction- 
variables of the geodesic be p\ q\ /, t\ as usual ; and let y c be the typical space- 
variable of the centre of circular curvature of the geodesic, so that we have 

yc-y=Yp, 

and therefore 

p p 

there being as many such equations as there are dimensions in the plenary space. 
The character of the locus of the centre of circular curvature depends upon the 
number of these dimensions. The locus always lies in the orthogonal homaloid of 
the region. All the directions, typified by the quantities 77 ^, lie in the homaloid, 
because the equations 


^ykVn = 0 
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are satisfied for all values of *, j, k ; and there are ten such quantities rj if , When 
the plenary space is sextuple, the orthogonal homaloid is a plane ; thus only two 
of the ten directions, typified by rj tji can be taken as independent, and the required 
locus is a curve in this orthogonal plane. When the plenary space is septuple, the 
orthogonal homaloid of the domain is a flat : then only three of the ten directions, 
typified by 7] a , can be taken as independent, and the required locus lies in this 
orthogonal flat. When the plenary space is octuple, the orthogonal homaloid is a 
block ; four of the directions, typified by rj ih can be taken as independent, and 
the required locus lies in this orthogonal block. And so on : the three specified 
cases will be considered in turn. 

Moreover, it will appear that there is not a proper locus of the centre of cir- 
cular curvature when the plenary space is sextuple or septuple. When the plenary 
space is sextuple, a proper locus is provided only for a set of geodesics originating 
in any superficial orientation in the domain. When the plenary space is septuple, 
a proper locus is provided only for a set of geodesics originating either in any 
superficial orientation or in any regional orientation in the domain. 


The centre-locus when the plenary space is sextuple. 

302. When the plenary homaloidal space of the domain is sextuple, the ortho- 
gonal homaloid of the domain is a plane. As a plane can contain only two organi- 
cally independent directions, we take the directions, typified by 7^ u and r) l2 
respectively, to be axes of reference in the plane. Let x , z, be coordinates of any 
centre of circular curvature, referred to those axes ; then, writing 

a =SW> b =SW> 008 w > 

where c a denotes the inclination of the axes, we have 


with the relation 
Let 

then 


a s (f + z cos w) = 2 7) n (y, - y), 
b * (x cos aj + z)=^r ht (y r - y), 

x 2 f- 2 xz cos oj 4- z 2 —p 2 . 


— a* - b* 

X= — (x + z cos a>), Z=— (xeosco + z) ; 


x ^ £ Vn ^ y -= £ Vn ^ = £ fontS ’liiP'% 

Z= £ £ v„ ' - £ <„,<£ v„r’% 

r r 


where the inner summation on the right-hand side is over the four parameters and 
the outer summation is over the six space- variables. Also there is the permanent 
arc-relation. Thus there are three equations involving the four quantities 
p\ <l\ t'- It follows that, if no distinction is made between real and complex 
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quantities, every point in the plane is a centre for an infinitude of concurrent 
geodesics whose tangents at 0 constitute a conical surface : in real geometry, there 
might be ranges in the plane to the points of which no real geodesics correspond. 
But, in the absence of relations reducing the number of independent magnitudes 
among p', q\ r\ t\ there is no proper locus. If only one condition is imposed, 
still there is no locus : every point of the plane is potentially a centre for a 
finite number of geodesics concurrent in 0. 

In order that elimination of the direction-variables may become possible, there 
must be only a couple of independent quantities in the elimination ; accordingly, 
two conditions must be imposed upon the magnitudes p', q f , r', t\ The simplest 
instance occurs when the directions, of the geodesics considered, originate in a 
superficial orientation which itself may be arbitrary. Such an orientation is 
provided by the assignment of two different arbitrary directions, represented 
by direction-variables p', q', r', t', and P', Q\ R\ T ; and then any direction 
p', <l\ lying in this orientation, has its variables represented by four 

equations of the form 

p'^Ap' + ^P', 

where A and /x are parameters in the four equations such that 

A 2 + 2 A [jl cos e+fi 2 = 1, 

e denoting the angle between the assumed directions. We now have 
* - A 2 X) 1 ?nP' 2 +2A^ ^ 1 hiP' p ' +M 2 S Tin *’ 2 ; 
and the equations, for the determination of the locus, become 

x= 2 (''hi - ) = A 2 £’ 0 + 2 \^F 0 +^G 0 , 

(jilt p) = A 2 '' 0 +2 Wo +MVo » 

where E 0 , F 0 > G 0 , e 0 , / 0 , g 0 , are quantities belonging solely to the quantities 
determining the assumed orientation, and are unaffected by the parameters 
A and (jl determining the direction- variables of any geodesic. 

The elimination is simple. Let 

U — F 0 -X cose, G q -X , W= | E 0 -X, F 0 - X cos e ', 

/ 0 -Zcos€, g 0 -Z I c 0 - Z, /o-Zcosej 

V~ E 0 -X, G 0 -X !, 

e o~ 9o~ % ! 

where U, V, W, manifestly are linear non-homogeneous functions of X and Z ; 
then the required eliminant is 

V 2 — 4UW —0, 

an equation of the form 

k 0 X 2 + 2 k x X Y + k 2 Y 2 + 2k 3 X + 2 i 4 F+A 5 = 0. 
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But 

i x + zcoso> tz i x cos aj-hz 

^ __ K 2 • 

# 2 -f 2#2cos<t>-f z 2 ’ x 2 + 2xzcosoj + z 2 9 

and therefore the equation represents a lemniscate curve in the orthogonal plane 
of the domain, the plenary space being sextuple. 

Ex. Investigate the possibility of a conic-locus arising (i), as the intersection of 
two orthogonal planes at consecutive points of the domainal geodesics, originating in 
an assigned orientation, the plenary space being sextuple : and (ii), as the inverse 
pedal of the foregoing lemniscate curve. 

The centre-locus when the plenary sj)ace is septuple. 

303. When the plenary homaloidal space of the domain is septuple, so that 
any centre-locus must lie in a flat (being the orthogonal homaloid of the domain), 
there are three organically independent directions in that flat. We assume three 
directions, typified by rj n , rj l2 , r) 13 , as constituting three directions of reference in 
that flat ; and we denote by u, v, w, the coordinates of any centre of circular 
curvature of a domainal geodesic, referred to these axes ; so that, if we take 

»- ’hi 2 * f VixVi3= ( bc ) i cos 1 » 

b g=^’hi’ha -(ca)'cosm, 

c =^’7i3 2 , b-^7 ?U Tj 12 =(ab)^cosw, 

/, rn, n, being the angles between the axes in pairs, we have 

U p 2 = a*(u+ v cos n + w cos m) = V 7 y 11 (y c - y ), 

Vp 2 — b® (u cos n + v + w cos l) = ^ Pviiyc-y), 

W p 2 - (u cos m -f v cos l+w) — ^ ^13 (^c ~ y) , 

while 

/> 2 = u 2 H- v 2 -f w 2 -f 2?”w cos l -f 2wii cos ?n-\-2uv cos w. 

We thus have 

u = pi S vn (yc - y ) = ^ vu * = {nu ( ^ w' 2 )} . 

^ : = ~2 ’hz (& - y) = ^ ’hz “ ■ = VJ {t? 12 ( 7y u p' 2 )}, 

r P 

W=-jji'£via(ii'-y)='Zjy = iv is ( S w' 2 )}. 

where the inner summation on the right-hand side is taken over the quadratic 
combinations of the direction-variables p\ q\ r\ t\ and the outer summation is 
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taken over the seven dimensions of the plenary homaloidal space. Also there is 
the permanent arc-relation 

i. 

Thus there are four equations, in all, involving four quantities qi, q, r\ not 
homogeneously. Unless at least one other relation should subsist among the four 
quantities, elimination of all four is impossible : in that event, there is no proper 
locus of the centre of circular curvature of all the domainal geodesics through a 
point of the domain, because every point of the flat is potentially a centre. 

But elimination becomes possible if either two relations, or only one relation, 
be imposed upon p', q , r , t'. When two such relations are imposed, the eliminant 
consists of two equations involving u, v, id, and positional magnitudes of the 
domain ; hence the locus consists of a skew curve (the intersection of two surfaces) 
in the orthogonal flat of the domain. When only a single relation is imposed, the 
eliminant consists of a single equation involving u, v, id, and positional magnitudes 
of the domain ; the locus then is a surface in the orthogonal flat. 

(i) When two restricting relations exist, consider the instance which arises 
when the aggregate of retained geodesics have directions originating in a super- 
ficial orientation in the domain. Such an orientation in arbitrary choice can be 
regarded as determinate by the assignment of two arbitrary directions in the 
domain. When the direction- variables of these two directions are p', q', r', t', 
and P', Q', R', T', respectively, then any direction in the superficial orientation 
thus determined can be represented by direction-variables 

p' = Ap'+/xF, 

with like values for q', r When these values are inserted, the foregoing 
equations for the centre of circular curvature can be expressed in the forms 

U—X 2 A 1 q- 2 A ijlH 1 +n?B l , 

V — A 2 A 12 + 2 Ap, // l2 + ^ 2 J5 12 , 

W — X 2 A 2+2 A fill 2 + tPBz » 
while the form of the permanent arc-relation now is 

1 = A 2 /l 0 + 2Aju// 0 l 

with evident significance for the various symbols A, H, B. 

To obtain the locus, it now suffices to eliminate the two parametric quantities 
A and /x between the four equations. One eliminant equation is obtainable after 
resolving the first three of the equations for A 2 , A ft, /x 2 ; it has the form 


U , 

F . 

W 

U, 

V , 

w 

= 

l V, 

V , 

w 

Hr, 

a u. 

h 2 

A i, 

■^12, 

A, 


Ar, 

Ai2> 

A, 

Hr, 

^12 > 

b 2 

Hr, 

H 12> 

H, 


Hr, 

B u , 

h 2 
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Another eliminant equation manifestly is 


U, 

A x , 

Hi, 

B x 

= 0 . 

V, 

^12’ 

H u , 

B X2 


w, 


H 2) 

b 2 


1 , 

d 0 3 

H 0 , 

Bo 



Owing to the homogeneity of the first eliminant equation in the quantities ZJ,V,W, 
with a common denominator factor p 2 , it becomes a homogeneous equation of 
the second degree in the coordinates u 3 v, w : that is, it represents a quadric cone 
with its vertex at the originating point 0 of the domain. The second equation 
represents a sphere through 0. Both the cone and the sphere lie in the orthogonal 
flat of the domain. Hence the locus is a skew quartic curve lying in the flat ; 
and it is the locus of the centres of circular curvature of domainal geodesics the 
directions of which originate in a superficial orientation lying in the domain. 

(ii) As a simple instance in which a single restricting condition is imposed 
upon the range of variation of the variables p\ q', r', t', consider the effect of the 
requirement that every domainal geodesic through 0 shall touch a parametric 
region 0(p, q, r, /) ~0, so that 

0 x p 4 0 2 q + 0 3 r' 4- 9±t' = 0. 

Effectively, this can be stated as a condition that the directions of the domainal 
geodesics shall originate in a regional orientation with orientation-variables 

02 3 ^3’ ^4* 

The variables p', q\ r', t have now to be eliminated between this condition, 
the three equations expressing U , V, W, and the permanent arc-equation. We 
can use the earlier analysis of § 257, after a preliminary modification of removing 
the quantity t' by means of the orientation-condition. When we substitute 

?=-l~(e lP '+ed+B V), 

we have 

U-Qi, V=Q 2 , W=Q 3 , 

while the permanent arc-relation becomes 

Q 0 =h 

where Q x , Q 2 , Q 3 , Q 0 , are homogeneous quadratic forms in p', q', r' ; and therefore 
we have to eliminate p', q', r', between the three equations 

(/f x - A 0 U, B 3 - B 0 U, C.-C.U, F x -F 0 U, G x -G 0 V, H x -H 0 U$p',q',ry= 0, 
(A 2 ~ A 0 V, B 2 - B 0 V, C 2 - C 0 V, F 2 - F 0 V, G 2 - G 0 V, H 2 -H 0 Vtp',q',ry=0, 
(A 3 -A 0 W, B 3 -B 0 W, C 3 -C 0 W, F 3 - F 0 W , G 3 -G 0 W, H 3 -H 0 Wtp',q',r'F=0, 
which are homogeneous and quadratic in p\ q\ r\ 
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The detailed process of elimination is the same as that used (l.c.) for the deter- 
mination of the locus of the centre of circular curvature of regional geodesics when 
the plenary space of the region is sextuple. The eliminant required is of the type 


where 


„ E 1 E 2 Eft E\ rx 

1?0+ 2 +^ + -8+-J =l0 > 

P 2 P 4 P P * 


p 2 - u 2 + v 2 ~\~w 2 4- 2 vw cos l 2 wu cos m -f 2 uv cos n , 


and for %— 0, 1, 2, 3, 4, the symbol E, denotes a function of u , w, homogeneous 

and of degree i in the coordinates u , ?;, w. 

Hence the locus is a surface, lying in the orthogonal flat of the domain ; the 
surface is of degree eight, and it has a conical point (real or imaginary) of the 
fourth order at 0. It is the locus of the centres of circular curvature of domainal 
geodesics through 0, the directions of which either are tangential to a region 
containing the point 0 or originate in the regional orientation at that initial 
point. 


The centre-locus when the plenary space is octuple. 

304. Similarly, when the plenary homaloidal space of the domain is octuple, 
there is a locus of centres of circular curvatures of domainal geodesics through a 
point 0. The locus arises through the complete aggregate of these geodesics in all 
the possible directions through 0 ; it lies in the block, which is orthogonal to the 
domain ; and, being represented by a single equation, it represents a region in 
that orthogonal block, that is, a primary region. 

Four directions, organically independent of one another, appertain to the 
orientation of the block. We assume that four such directions can be taken 
along lines typified by four of the ten magnitudes r) tj ; and we assume them to 
belong to the magnitudes rj n , r) 22 , ^ 33 , rj u . We write 

12 -Ml; cos 13 + 5 cos 14) = V) Vn(yc-y)^ 

Vp 2 ={y^ ^ 22 2 F(^ cos 12 + v + w cos 23 + 5 cos 24) =~ V) r) 22 (y c - y), 
Wp 2 =(^r]ftft 2 )*(ucos 13 + ?“ cos 23 + W+5 cos 34) ~ ^^ 33 (y r -y), 
^P 2 —(^j r J 44 2 )*(^ cos 14+ v cos 24 + w cos 34 + 5) — 2 ^^{y c -y)y 
where u, v, w , 5, denote the coordinates of a centre of circular curvature referred 
to the chosen axes in the orthogonal block, where cos ij denotes the inclination of 
the directions typified by rj H and r] v , and where 


p 2 = u 2 4 - v 2 + w 2 + 5 2 

+ 2 vw cos 23 + 2wu cos 13 + 2m; cos 12 
+ 2 uz cos 14 + 2 vz cos 24 + 2 wz cos 34. 


Moreover, the permanent arc-relation is 

i. 
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To obtain the equation representing the centre-locus, we have to eliminate 
p', q\ r', t\ among these five equations. It will consist of a single relation between 
u , v, w 9 z, the coordinates relative to the axes in the block orthogonal to the 
domain, the other quantities occurring in the relation being solely positional 
magnitudes of the domain. Hence the centre-locus is a region in that block ; and 
it is the locus of the centres of circular curvature of all the domainal geodesics 
passing through the initial point 0. 

The eliminant obviously can be taken as the eliminant of the equations 

$i~ VuVu) ~ UAi J }x l Xj= 0, 

i 3 

Qt= ^ VnVu) - VA„) xX - 0, 

l J 

Q*= £ £ (CC W») - 

Qr'S'SiQWu)- ZA u Wr t '= 0, 

l j 

which are homogeneous in the four magnitudes p\ </', /, t ! , with i, j— 1, 2, 3, 1. 
There appears to be no reasonably simple process for the formation of the eliminant 
in specific explicit terms. The general theory of elimination indicates that the 
ultimate equation is of degree sixteen in the coordinates ii, t~, w, z , and that 
the region thus represented has a conical point of degree eight at the initial 
point 0 of the region. 

As a corollary, it can be inferred that, when the plenary space of the domain 
has more than eight dimensions, the locus of the centres of circular curvature of 
the concurrent domainal geodesics still is a primary region in a block determined 
by leading lines, the directions of which are typified by rj lv 77 22 , 7733, 77 44 ; its degree, 
and its nature at 0, are the same as when the plenary space of the domain is 
octuple. 

Ex. Determine, for any plenary space of more than seven dimensions, the 
centre-locus of concurrent domainal geodesics which originate either in a superficial 
orientation or in a regional orientation. 
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Geodesic Triangles : Sphericity of a Domain in a Superficial Orientation. 

Sphericity of a domain in a superficial orientation . 

305 . The expression for the Riemann measure of the superficial curvature in 
any orientation is obtained by means of geodesic surfaces in the configuration. 
We therefore, as in § 270, take two directions represented by the variables 
#/, x 2i xf, xf, and z/, z 2 ', z 3 ', z 4 ', in the domain ; if p', q', /, t', be the variables 
for any other direction which lies in the orientation defined by the two directions, 
we have * 



r’ 

=o, 

p’> ?'> 

t' 

*^1 > > 



Xi , x 2 , 

aj 4 ' 

„ t „ ' 

Z l 5 Z 2 ) 

Z 3 


Zl'> V, 

24 ' 


that is, 

*•'$12 ^ fax), *'$12 = - (p's 2 t 4- q's Al ). 


Consequently, for the domainal arcs on the geodesic surface at 0 in the domain, 
the permanent arc-relation 2 Ap' 2 =l , on the elimination of r' and t\ becomes 

Ep'* + 2Fp'q' + Gq' 2 =l > 

where 

2 1 

E = A n — — - (^13^23 + ^14^24) + 2 (^ 33 # 23 ^ 4* ^-<4 34 ‘*23^24 4" ^ 44 # 24 ^)> 

$12 #12 

F = A 12 — _ Ml3 5 31 + ^23 t9 23 + ^14**41 + ^ 21 ^ 24 ) 

$12 

4“ 2 {^33$23$31 4-^34 ($23$41 4" $31$24) + ^44$24$4l}> 

#12 

2 1 

G = A 22 ~~ — (^23 $3 1 4- 24$4l) 4~ 7~^(^33 ,5 31 2 + -^34 $31 $41 4- 

$12 #12 

When these values are substituted in the magnitude j EG - F 2 , and the expression 
is reduced by means of the relation 


we find 


$ 12**34 4 ~ $ 13$42 4 " $ 14**23 ~ 


$12 2 (EG- F 2 ) — (A ik A n - A tl A jk )SijS kl9 

summed for values of i , j, k , l, from the range of these values that are admissible. 
Again, the geodesics at 0 on the geodesic surface are actually the domainal 

* A different process, applicable to a general amplitude, has been given in § 117. 

F.I.G.II. z 
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geodesics in the respective possible directions ; so that the magnitude of the 
circular curvature and the direction-cosines of the prime normal for a superficial 
geodesic are the same, respectively, as for the domainal geodesic in the assigned 
direction. For the latter, we have 

p 

and therefore, when we take account of the values of r' and t f which require the 
domainal geodesic to lie in the surface, we have 

— = VnP ' 2 + 2 WV + ^22?' 2 » 

P 

the right-hand side being derived from ^3 VnP' 2 by the substitutions 

r'*lt= ~ {/>'«23+ <'*12 = ~ (P' S 24+ ?'««)• 

The analysis for the construction of E , F, G , manifestly leads to the values 
of 77n, rj Vi , ^ 22 , by the substitution of r) aP for A aP , for all the values of 
a, /?, =1, 2, 3, 4 ; and therefore 

»12 2 (VllV22 - ’?12 2 )= 13 (V>kVjl-V>lVjk)^J S kf 

When this result is summed for all the dimensions of the plenary space, we have 
»12 2 S (VnV22-Vi2 2 )= 3 l 3 [{13 (v>kV>i - Vrt V>k)}s tJ s kl ] 

= 13 (y> ki)8 u s u , 

on introducing the four-index syml)ols. 

But for the surface, the Riemann measure of curvature, being its sphericity K, 
is given by (§ 113) 

K {EG - F 2 ) - 13 (i?n^22 “ ’?12 2 ) ; 

and this measure for the geodesic surface is defined as the measure for the domain 
in the orientation of the surface. Accordingly, the sphericity of the domain, in 
the orientation defined by the variables .s* 12 , s 23 , s 31 , s u , .9 24 , ,s* 34 , is equal to 

y) (ij, Jd)s tj s kl 

^ j ~ A t iA 

The quantities of the type ^ PiP/ • 

306. In the discussion, alike of small geodesic triangles in a domain and of 
parallel geodesics, certain combinations of quantities such as 



continually recur, the variables and £' being similar to the variables x'. 
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In § 23, we obtained the parametric derivatives of the Christoffel symbols in 
the form 

d 

(fa, fa = ( a fa, fa + S Ufa, (y w > iA + {«y. fa {fa, /*}] 

”'*'a o» 

+ t (fa, y«) + (y8> fa)], 

valid for all values of a, j3, y, fi. Denoting the geodesic direction-variables by 
xj, we therefore have 


j s (fa, fa = V) \{fad, fa x 0 ’\ 

+ jLi ^ fa Ufa, fa{y<*>, iA i- {yd, fa {fa, fa,] 


o) 6 

l 


+ o o 2 X V r (£8, yd) + yS, /»)]. 
5 0 


The result holds for a general amplitude. When it is used for a domain, we 
denote by p k ', q k \ r k //, the directi on- variables of the domainal geodesic along 
which the arc-differentiation ds k is effected : further, by p t \ q t \ r/, t % \ and 
p/ 9 ?/, r j\ t/, the direction-variables of any two directions, which may be the 
same as one another or be distinct. Also, we denote the quantity 



with a corresponding notation for the like quantities involving derivatives of 
A, 0, 0. Then 


+ ( 2 r ui>‘) ( 2 2 r n p/p k ') + ( 2 r n p/) { v v r nP ; Pk ') 
H2 A»p/)( 2 + 24iP.K) 

+ (2A 3?/) (2 2 @ np/K)+ 2 @np,V) 

+ A 2 2 2 2 r ( as, fa) + (fa, mfafa, 

s e An 

where the variables x f are p ki q k \ r k , t k , the variables z r are the variables 
Vi, ?/, j ti, and the variables u f are the variables p/, q } \ r/, t/ 9 while the 
symbols bear the significance 
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for all values of <f> and m, and 


(Aoo i>,>iV)=2 SS(¥, 1KW- 


In the expression for 



the first term is (A z00 pi'p/p k ) y the coefficients in the next four lines involving 
single summations are ^A u p m f y and a 28 takes the place of a l8 in the sixth line. 
Similarly we obtain the expressions for 



It will be found convenient to have the whole quantity in the sixth line, involv- 
ing quadruple summation, set out in somewhat longer form. For this purpose, we 
write 


S ap — U a X P ~ X a U P 9 tap “ U a Z p ~ Z a % 9 


for all values of a and j8, where 

Z 1 9 Z 2 9 Z 3 9 Z 4 9 = Pi 9 9 T\ 9 h j 

Ui, u 2 , u Z9 = p' 9 q/ 9 r/ 9 tj\ 

X 1 9 X 2 9 X 3 9 X \ 9 ~ Pk 9 (]k 9 r k , tj. , 


s af} and being orientation-variables of different orientations. Also we write 

(y8)*<= 2 2 (r 8 » a P) s «fh (r 8 )fcj= 2 2 (r s > a 0) *<.*>> 

a P a p 

K e (t, hj)=p t f (9l) kj + ql (62) kj + r/ («»)* + (04),/, 


for all values of i, j, k , where manifestly (yS) ifc = - (yS),*, and (yS) j7< .= - (yS)„. 

Then, if the whole of the sixth line in the expression for i || j) be 

denoted by ^ Z7 X , we have 

#1=2 a lM [A r M ($, jy) 4- Kf, (j, hi)]. 

The corresponding portions in the expressions for 

«M*. ffl'M- *W4 


respectively are denoted by 

m v °- L v - 

where 

U^'£a^[K lt (i ) kj) + K„(j,ki)l 
for all the values A=l, 2, 3, 4, and a hll is the minor of A Am in Q. 
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Further, as for the similar single summations and double summations which 
arose in connection with a region (§§ 172, 212), we introduce symbols under the 
definitions 

a i =z ^: n pi 12 ?/ + 13 r/ +r u t/ 

Pi=r 12 p/ + r vifti + r*z r i + r uW 

Yt—^izPi +r 23 q/ +r 33 r t ' +r u t/ 

8 t =r 14 Pi +r 24?* f +r 34 r/ +/^ 44 ^/ 



4>i = '£ J ®nPt' 

*< = S ^llK 

Vt ~ 

Xi = S 

A 

ii^AnVi 


^i=S^13P/ 

ro .= ^ 4 u?/; 

">«=£) 0 14?>/ j 

V, = £ ^147>/ . 


where the summations in the last three groups of magnitudes are similar to those 
in a u f3 if y i} 8 t ; and, for the double summations, 


*,p/+fii9/ + yt r /+ 8 A-SS r n PiP,'=V„ 

^iPi V7 t tj ^ j 

+Xi9i +^^1 + U) i t > = S ®n Pips' = *u 

K tP ; +X,q ] ’-\ fi,r/ + v t t;=Yj S *11 Vi Pi- +n 


Manifestly 

Y n~ Vi > ^ii~ ~ ( 1 7 ) 

Then the results become 




(d9fc 0 * d^) = ^ 3 °o Pip/Pk)+ a *Yjk + Pt$jk + YiGjk+ ^I^jk 
+ + a oYik + pj $ik + Yj @ tk + 

0 i D £iYjh + y i §jk+ tifyk+^tfak 

+ ^ 2 + ^•y/fr+ 7 7^tfc+ +**>&*■ 

d * Hj)“(®300 Vl'Pj'Pk) ^$tYjk + Xi$jk+tiQjk+oj,<i> 3 k 

1 

+ 7jT£) ^3 + ^ + xA, +'l J jVzk + (x) j<f> l i c 

jj * jj i) = (® imPi P/Pk ) +K,Yjk + K$jk 4 P'Jjk + vrfjk 
+ ^QU i + K J y lk + \j$ lk [ ix , 0 tk + Vj(fi lk 

The numbers i, j , jfc, may be different from one another, or equalities may subsist 
among them ; in the latter event, simplifications occur in the expressions of the 
quantities U l9 Z7 2 , U Z9 (J A . 
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307. In connection with the same investigations concerning small geodesic 
triangles and adjacent parallel geodesics, we require similar combinations, of the 
first and the second arc-derivatives of the primary magnitudes A ih with sets of 
direction- variables for directions not along the geodesic. 

In addition to the abbreviating symbols already used, we use (for the domain) 
the definitions (§ 31) of u v u 2l a s , ?/ 4 , so that 

u 1 <"=Ap l '+Hq i '+Gr i ' + Lt! 
u^=H Pl '+ Bq;+Fr; + Mt; 

(,) =®K+ Fqi + Vr % ’ + Nt % ’ 
u^=Tjp;+Mq;+Nr;+ nt; 

Also, with the convention 

—'P > *^2 “(if > **3 ^ > '^4 ^ > 

we define quantities P^, 7 7 ;i , by the relations, for a = 1 , 2, 3, 4, 

P - J - 9 f V V V r r 'r v 'A 

3 ' V i 1 aPv J a J P J V h 


d 


R —4 . _ r V v „ a- '■) 
•S’ -.1 _ 9 t\' V V <fi r V V 

3 / \ . . i ^u/3y , ‘* cx **-'0 **y b 


with the implied assumption that, in P tt , @ a , P„, N„, the direction-variahles a;' are 

p\ q’, r', t'. 

Now (§ 208) 


dA 


A v 


PpA^/il m hA e ^A^2~^ ®exA f 43*4 & e \A n 


eA* 3 /zl ~ JJ eX* 1 ft2~ T v ^pA^ 3 ;il} ‘ ^pA-* 1 /^ 

+ Pp (2 ^Al^ ^P/i-^A2 + ®p/j-^A 3 +^p/j-^A 4; 

for all values of A, p, e. Hence as 

d 

ds' 

and as we shall take the quantities xj (for the values of e) to be p', q' , r' , t', we have 
dA dA , 


, d 

e dx’ 


ds ds 


U = 2M+ £H+ <f>G+ kL), 


dB 

ds 


;=2QS H+ r/B+ xP+AM), 
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jn 

^=2 (yO+ IF+ jC+^N), 
d £=2(8L + u,M-\-wN + vI)), 
(pG+ v Fl- x C+W)+( y H+ CB+fF+ixM), 
-( yA+ \ ifiG+ nL) + (aG+ £F+ <j>C v «N), 

(olH + £B 4- <f>F \-kAI) + (fiA + 7]H t- \G AL), 
~-(8 A + mH+wQ+ vL) f (aL+£M+<f>N + kD), 
= (S H + wB+u>F + vM) + (fiL + -qM + xN + A D), 
— (8G+ mF +a>C + vN) + (yL+ £M + ipN -1- pD). 
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dF 

ds 

dG 

ds 

dH 

ds 

dL 

ds 

dM 

ds 

dN 

ds 


Consequently 


and also 


,dA ,dH ,dG ,dL 

Pi -j- + q, - y- +r/j-4 // -j— 

ds, 1 ds, ds, ds, 

=•• (^Yu + H$o+ GB i} + L(j> lj ) + {a J u 1 ii) + |jM 2 (,) + ^jM 3 (,) + /CjM 4 ( ‘ ) }, 
,dH ,dB ,dF ,dM 

,h ds s +q ' ds, +Tl ds / U ds, 

= (Hyu+ B$,,+ F8 i) +M$ lj ) + {p,u 1 M+ 7j ; « 2 (i) + x> u a (i) + 

,dG ,dF ,dC ,dN 

Vi ds, + <l1 ds, +Ti ds, + *' ds, 

-(G%+ FS„+ CB„+ N$ i ,) + {y,u l (, '>+ ^u 2 {<) +ifi,u 3 (,) +fi,u 4 M }, 
, dL ,dM ,< IN ,dD 

Pl ds+ qi ds, + ds, + t ‘ ds, 

— ( I J Yu + MS„+NB„ + D<j> u ) + { 8, Wj (t > 4 • m, w 2 (1 > + a>., W3 < ' > + e,w 4 ( ‘ ) } ; 

dA 

5 ^ fa P»'Pt’= ^Ya+Ut^K + 

+ U l (i) Vej + W 2 (,) S eJ 4- «,«>*„ + 


308. We shall also require quantities of the type 
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both when p /, q t \ r/, t/ } and p/> q /, r/ 9 </, denote different directions and when 
they denote the same direction. Now 

d 2 A^ S 2 Axfj, / / v-\ SA 


ds 2 


V V — X *L r 'r '4- V r " 

V Y * ' + V 9*. ' ’ 


where a*/, a* 2 ', a* 3 ', 

a*/, as 1 

We had 

d A^ 


dx e 

and therefore 

djA Am 


dx,dx f 


+ S { C ^> A} + ;4 *„{//*, Aj] 

+ A} + 4 fto {/A, /*}]• 


The parametric derivatives of {e\, a} and {e/z, a} are known (as found in § 306), 
and are to be substituted on the right-hand side. 

With these values, the second arc-derivatives of the primary magnitudes 
assume the forms 


(l*A }1 _<l*A 
ds 2 ds 2 


- 1 2 S l f) x »' x t 

* f 

4 2 (AI\ -f HQ, + GR, 4 LS,) 4 2 (A , . . . , /> $ a, £ <f > 9 k ) 2 
+ 4:a(Aa 4 //£ 4&£ 4/^) 4 4£(^4/34//i7 4 6?x 4 £A) 
4 477(^4y 4ff^ 4&Vr 4£ja) 4 4/c(.484//tff4 6 y a>4//v) ; 


d 2 A^^B 
ds 2 rfs 2 


-IS^(2e,2MV 

+ 2(ffP 2 +£<? 2 +i’tf 2 +M£ 2 ) + 2(,4 ) ... , Z> i)8, ij, x , A) 2 
\-A/3(Ha +B£ +F<f> +Mk) + (Hp+Br) + Fx +MX) 
+ 4 x (//y + ££ +ity + M/i,) + 4A(ff8 + £ro+.Pa> + A/v): 


dtA„_dW 

ds 2 ds 2 


e f 

+ 2 (<?P 3 + J’Qa + C7<, + 2V5,) + 2 (A, , D $ y, fi)* 
+ 4 y(Ga +F$ +C<f> +Nk) +±£(Gp+Fr] +C x -\-N\) 
+ iip(Gy + F '(, -• Cifi +Nfi) +4/x(G8 + Fm+Cto + Nv ) ; 


« PA M= dH) 

ds 2 f/.v 2 


-I wx:*/ 

+ 2 (ZP 4 + M<2 4 + NRi + DS t ) + 2 (A , . . . , D f 8, m, a>, v) 2 
+ 48(£a +Jff + Aty + Dk) + + M-q +N X + DX) 

-t-4 a)(Ly + M£ +Nip + D/j.) +4 v(Z8 + Mm -I A’ to -f Dv ) ; 
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^ = - i £ £ [ (2-. 3/) + <3«, 2/)] *. V 

(ffp 3 + 5(? 3 + pj? 3 + s.) + (<?p 2 + p<? 2 + cr 2 + nr,) 

+ 2(^4, ... , Dfyf}, rj, X ,A$y, J, ifj, p) 

4-2y(#a +F<f> +Mk) + 2j8(flk+Pf +C</> +Nk) 

4-2£(tfjS 4-Bt? 4-P* + j|fA) +2r}(Gfi+Frj +C X +NX) 

+ 2ifj(Hy 4-B£ 4-ZV 4-Mp,) 4-2x(6y4-P£ 4-Cty 4-iV/z) 

4-2 p(HS -\-Bm 4 F(o 4 -Mv) J r2\(GS-\-Fm 4-C T a> +Nv), 


with similar expressions for ^ = 


ds 2 ) 




ds 2 



and 


d^= d? - - * £ S [fl* 4/) 4- (1/, 4,)] * # V 

4- (^4P 4 + HQ 1 4- GRi 4- LS a ) 4- (LP^-h MQi-\-NRi~\-lJSi) 

4- 2 (A ... ,DJa, £,<£,/< $8, C7, a>, y) 

4-28 (4a + //£ 4 6^ + £*) 4* 2a (Za-f Af£ 4-ity 4-Zk) 

+ 2m(Afi +H7) + G X 4- BA) +2 {(Lp+My + N X +DX) 

4" 2o) (4y 4" H t, 4- Gifj 4- L[x) 4~ 2(f) ( Ly 4- M. £ 4- Nifj 4- DfJL) 

-\-2v (AS 4 ~ Hvj 4- G(x> 4 - Lv) ~\~2 k(LS NL w -\~Nuj 4 -L)v), 


with similar expressions for 


dm 

ds 2 


( 


_ d 2 A 2 A 

ds 2 ) 


and 


d 2 N 

ds 2 



^A<y\ 
ds 2 ) 


Then, with the notation of § 306 for the significance of the symbols s aj3 and 
t afj as the orientation-variables, framed by the combination of the direction 
Pk> ?//» tk i with the directions p t \ q t ' 9 r/, £/, and p/ 9 q/ 9 r/, t 3 \ respectively, 
we have 


SS 


= -f ]l 

4- V’HAoo/VV) 4- W 2 ( °(^30oK*p/) + ^3 (O (@300 ,?*' V) + U^>(0 ZW) Pk 2 I>/) 


4 V ;) (AooP*' 2 Z>/) 4- w 2 a) (^300Pfc ,! V) 4- ^ 3 0) (®3ooP*' V) 4- u^(0, oo p k 2 p/) 
4 2 (^1, , Z) $ y Ai , 3^, # At , <£, a $ y fr; , 8^, B kj , <f> kj ) 

+ 2u l ( l ^a k y kJ + f3 k $ kj + y k Bj l} -\- 8 k <j> kJ } +2ii 1 ( ‘ j) {a k y kt + f3 k B kl 4- y k B kl 4 S,V A? } 
4 2w 2 (0 lf J ty fc ,-hij fc 8^+ £*0 W 4 

4- 2u :i ^[<j> h y k j 4- X jc$hj 4- ift k B kJ 4- to k <j>kj\ 4" 2 U 3 (^{<f> k y ki 4- Xk B kt 4- i/f k B hl 4 o>aVa-*} 
4 2u^ l) {K k y kJ 4- A a B kJ 4- p k B kj 4- 4 2w 4 6){tf A y A . t 4- X k B kt 4 [i k B kt 4- v k <f> k ? s . 


holding for values of k , that may be different from one another or may be the 
same in any combinations. 
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When i and j are the same, the orientation- variables s and t are the same ; 
and then the first line becomes 

-!2(yS, a £)w v5 > 

which (except as to a factor) is the Riemann measure of curvature of the domain 
(§ 305) in the superficial orientation defined by the variables s u/3 . If k—i , the 
variables s aP vanish ; if k~j, the variables t afi vanish ; in either of these events, 
the first line vanishes. 


309. In the immediately preceding formula, the second arc-derivatives of the 
primary magnitudes (as, initially, the second arc-derivatives of the parameters) arc 
effected along the same domainal geodesic in each instance. Another formula of 
the same type is required for the evaluation of certain expressions connected with 

d 2 A 

the parallelism of geodesics : it involves second arc-derivatives, such as > 

taken concurrently along different geodesics. So far as immediate applications 
are concerned, the fundamental necessity is a knowledge of the changes in the 
direction-variables of a set of domainal geodesics, drawn parallel to one geodesic 
G 2 at various points along a different geodesic G l9 which serves as a basic line of 
reference. The complete expression of those direction- variables depends on the law 
of parallelism adopted. But all the diverse laws suggested have one rudimentary 
property in common which, for any direction-variables at a point along G x for a 
geodesic parallel to G 29 provides the same first two terms, being the finite part 
and the part which is of the first order in the length of the arc-distance along G x . 

Thus if ds x denote an element of arc along G x , the direction- variables of which 
at 0 are p x , q x \ r X9 t x ; if G 2 be a different domainal geodesic through 0 w r ith 
direction-variables p 2 , q 2 , r 2 > U \ and if through a point P on G x near 0, the 
small geodesic arc OP being denoted by x , a geodesic be drawn parallel to G 2 
under any of the suggested laws of parallelism, a direction variable P 2 of this 
new geodesic is given by 

1*2 —$2 n p x p 2 ' + 0(P 2 ) 9 

where 0(P 2 ) is an aggregate of terms of the second and higher orders, the form of 
0 (P 2 ) depending upon the particular law adopted. If then we define -jp- as given by 

CIS j 


we have 


= Lim<(P 2 '-y 2 ') • 


-yp 


ii Pi P 2 — -yi2> 


w r ith the preceding notation ; and similarly, under this convention, 

dq 2 _ k dr 2 __ ^ dt^ y 

ds x ~~ dl2 ' ds x -~° 12 ’ ds 
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We likewise can take 6? 2 as a basic geodesic and can draw, through successive 
points Q along Cr 2 , domainal geodesics parallel to G x . Let the direction- variables 
of a geodesic, thus drawn through Q , be denoted by P/, Q x , R x , T x , and let the 
small arc OQ be denoted by y ; then we have 

Pi — 2h " V ^ ^iiPi Pi ^ (^ 1 ) , 


where 0(P X ), like 0(P 2 ), is an aggregate of terms of the second and higher order in 
small quantities, its precise form depending on the law of parallelism adopted. 

dVi . 

If, as before, we define a quantity - as given by 

a,s* 2 


we have 


and similarly 




dp\ v t -» / / 

~ 7 ; 1 — ~ ri 2 , 


r fyi __ $ ( h\ _ n ^1 _ / 

• - 0 12 , ^ — - ( 7 12 , ^ - ~<p 12 . 






Hence, with this definition of successive differentiations, the geodesics G x and 
G 2 being organically independent of one another, we have 

drz d-z 
ds x ds 2 ds 2 ds A ’ 


where z is any one of the domainal parameters. It follows that, if ip denote any 
function solely of position in the domain, we have 

d 2 ifj _ d 2 ifs 
ds t ds 2 ds 2 ds l * 


But this commutative quality of operations is restricted solely to two such 
differentiations, each of the first order : it does not extend to higher orders. Thus, 
with the foregoing formulae, we can establish a result 


d$2 


fd 2 p\ d 2 I dp\ 
\ds L 2 / df> x 2 \ds 2 ) 


=^{oMl,V2)}, 


and so for other instances. 

After these explanations, and using the earlier analysis of § 308, it will be 
sufficient to state the result. We denote four arc-derivatives by direction- variables 
z/, z/, z k ', z/, for z=p, q, r, t , and the elements of arcs by ds h ds n ds k9 ds t ; we 
denote orientation-variables, s af3 from directions ds k and ds t , s u/3 from directions 
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ds t and ds ti t af3 from directions ds k and ds jf and t af3 from directions ds t and ds jt 
Then we have 

a d 2 A 

Hj ^s k ds t P'Pi ^ [ftafityd + Saptys] 

+ S K (0 (Aoo p*'pM)1+ s [^^(AioftW)] 

+ {A $ y« 5 y is) + (A $ y kj $ y h ) 

+ \ u i^( a kyij+ fik$ij+yk@i}+&k<t>ij)] 

+ [% (t) ( a zyw + A8 w + y,# w + 

+ [^1 0) ( a fc7ii + At + y* B u + hjcffru)] 

+ ]L l U l i}) ( a iyki + Pl$ki+YlBki + &l<l>ki)], 

the summations in the last four lines being over the four quantities Uy- X \ u 2 ^\ 
<\ m 4 (a) > each with its appropriate factor as in the formula at the end of § 308. 


Small geodesic triangles in a domain. 

310. To consider the form of a domain in the vicinity of a point 0, we 
draw two geodesics, OA in a direction j» t ', q/, r/, </, and OB in a direction 
p 2> q 2 , r 2 , t 2 ' 5 along OA we take a small arc OU, =x, 
and along OB we take a small arc OF, =y, where x and y 
are small quantities of the same order ; and we join VV 
by a domainal geodesic SWT. The direction- variables of 
the geodesic UV , at U in the direction UV, are denoted 
by p', q', r', t' , and we shall find it convenient to take 

]>'=Po+P, q'=qQ+Q, r'—r 0 ' + R, t'=l 0 ' + T, 

where p 0 ’, q 0 ', r 0 ', t 0 ', are finite, while P, Q, R, T, are small 
quantities. The arc-length of the portion OF of the geodesic is denoted by w, 
and we shall find it convenient to take 

w=w+ W, 

where w definitely is of the same order of small quantities as x and y, while W 
will be proved to be of the third order of small quantities. 

To investigate the nature of the domain near 0, we use the obvious property 
that a point V can be reached, either by a direct geodesic path OV or by a broken 
geodesic path made up of geodesic arcs OU and UV ; and the values of the para- 
meters at F must be the same, by the two paths. Earlier investigations, for a 
surface and a region respectively, have indicated that quantities of the third order 
must be retained and are sufficient in the initial stages. Thus the value of the 
^-parameter at F, when that position is attained by the path OF, 

-p + vPi + ly 2 Pz" + e yW + — , 
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and, when the position is attained by the path OF and UV, its value is 

= p 4- xpi 4 %x 2 Pi” 4- i x*Px" 4 . . . 

4- wp’ 4- \w 2 p n 4 \w*p’" 4 ... , 

where, in estimating p n and p ,ff , it must be remembered that these magnitudes 
belong to the geodesic UV at U. The equality at F of the two values of p 
therefore gives an equation 

wp' + iw s p" + iw 3 /" = ypt - xpi + 1 (y 2 p 2 " - x^p,") + 1 (y a p 2 " - x?pi"), 
up to the third order of small quantities inclusive ; and, similarly, the equality 
at F of the respective values of q y r, t, gives the similar equations 

wq' + %w 2 q" + iw>Y" = yq 2 - xq,' + \ (y 2 q 2 " - x 2 q^’) + k{y a q 2 " - zV")> 
wr'+^wV +lw 3 r"' = yr 2 '- »r/+ HyX” - x\")+ - x\'"), 

wt ' +\wH" + = yt 2 - xt,' + i(y%" - x%'')+ i(y%"' - x%"'). 

We require to make approximations, up to the third order of small quantities 
inclusive, to the values of all the quantities on the left-hand sides of these equations. 

(i) Let the foregoing values be substituted for p\ q f , r', t' , and w, with the 
further limitation 

Z A P o' 2 =l, 

which implies that p 0 ', q 0 ', r 0 ', t 0 \ are the variables of a direction * through 0. All 
the magnitudes involving x 2 , y 2 , x 3 , y 3 , w 2 , id 3 , are of the second order or higher ; 
as also, in fact, is part of w ; hence, equating terms of the first order in the four 
equations, we have 


- x Pi, wqo'^yq* - wr o - x h\ wto^yt* - 
We denote by 12 the angle UOV measured positively from OU to OF ; then 10 
similarly will be an approximation to the angle A UV, and 20 similarly will be an 
approximation to the angle BVT , both measured positively. Thus 

cos 12= ^ ApiPz, cos 10= ApiPo, cos 20= ^ Ap 2 p 0 ' ; 
the angles tt - 10, 20, are approximations to the internal angles U , F, of the 
geodesic triangle OUV , the angle 0 being 12. We easily find 

w 2 —x 2 + y 2 - 2 xy cos 12, 

w~y cos20-a?cos 10, x—y cos 12- wcos 10, y~x cos 124wcos20, 


x y w 
sin 20 sin 10 sin 12 

being relations of a plane triangle with linear sides x , y , w , and angles 
12 , tt — 10 , 20 . 

* It will appear that a domainal geodesic in this direction is parallel to the geodesic 
UV at U , the parallelism being estimated along QUA. 
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(ii) For the next approximation, we retain terms of the second order of small 
quantities ; and therefore, as p ', q ', r', t', are multiplied by id on the left-hand 
side, we can regard P, Q , P, T, in the values 

P'—Pq+P, q'~q 0 ' + Q, r'=r 0 ' + R , £' = £ 0 ' + P, 

as being of the first order for this approximation ; also, W can be regarded as of 
the second order. 

The values p\ q\ /, t', are the accurate values of the direction-variables of 
the geodesic U V at U : thus, in the expression 

«V'= -Wl'ZfnW*], 

we must take the values of the magnitudes r i5 at U . These differ from their 
values at 0 by small quantities of the first and higher orders ; here, they are 
multiplied by w 2 , itself already of the second and higher orders ; consequently, 
in the second-order approximation, we can take 

tc=w, (r„) t ;=r,„ p'=Po, q'=q», r'—r 0 \ l'=t 0 ', 

in the right-hand side, and therefore, for the present purpose. 

The term involving w 3 can be neglected, here ; and 

wp' = (w -I- W) (p 0 ' + P) = wpv + Wp 0 ' + wP, 

the term WP being of the third order and consequently also negligible. Thus 
the second-order approximations give the relations 

Wpo + wP + i w 2 Po" = i (tfp-i -x z p t ”), 

Wq 0 ' + n’Q+Wqo' - W'h ~ *V), 

Wr 0 ' +wR + l-w % r 0 " = i( y l r i " - oc 2 /-/'), 

TF< 0 ' +wT+lw%" = 1 2 (y%" - x\"). 

But 

w2 Po" - - w 2 V) Tu p 0 ' 2 

= - 'Iji'iAyih -j'Px ) 2 
=?/W+* 2 pi" f-2^(Vr u p 2 >/) 

- * % P\" + '2x{Y l r nPl ’ (yp 2 - xpy)} 

=y 2 pi' - x 2 Pi' + 2®w( v r u pip 0 ') 

~ y 2 Pi" - X 2 Pi" + 2 xwy 10 , 

with the former notation ; and so the first equation becomes 


Wp 0 ' + w(P + Xy 1Q )=0. 
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Similarly the other three equations become 

^7o' + « , (Q + *S lo )=0 > 

Wr 3 + w ( R + x 0 1O ) = 0, 

Wt,Q + w (T + x<j> 10 ) = 0. 

Also, account has to be taken of the fact that p', q', r' , t' , are direction-variables 
at the point U in the domain, so that the permanent arc-relation 

y i A v p ' i = 1 

must be satisfied ; and here, for the present approximation, it is sufficient to take 
account of small quantities of the first order. Now 

, . dA 

A(j=A + x - , 

up to the first order : while, up to the same order, 

p' 2 ^p 0 ' 2 + ‘2p 0 'P , p'q' =p 0 'qo +Po'Q+ q 0 'P, 
and so on. The arc-rclation thus becomes, to the first order, 

v A „p 0 '2 + P(j '^ + 2 ( Ml ( 0 )p+ uJ°>Q + u 3 W) R f u^T) = 1 . 

But ^H 0 p 0 ' 2 — 1 ’ *md taking e— 0, i=0, j= 1, in the value obtained (§ 307) for 
'Er^gPe'Pi, we have 

?V 2 = 2 K (0) yoi + m 2 (0) Soi i- M3 (0, ^oi+«4 (0, ^oi} ; 

the arc-relation therefore requires a condition 

< 0) {P + y 01 } + V°W b B»i} + + ^o,} + <°HT + 4} -= o. 

Let the four earlier equations be multiplied by w, (0) , w 2 (0) , u./°\ u± (0 \ respectively, 
and the results be added ; when the last condition is used, as well as the relation 

Ui (0) Po + « 2 <0 V + w 3 <0) r 0 ' + ?< 4 <° V = ^ /kp 0 ' 2 = 1, 

we find 

If- 0, 

that is, up to the second order of small quantities. 

Hence W is of the third order of small quantities at least : we shall use the 
symbol to denote the part of the accurate value which actually is of the third 
order. Also, when this inference is used in connection with the four equations, we 
have 

P+xy io=0, Q-fz*8 10 =0, A!-f £# 10 =0, T+x<j> 10 =:Q , 
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accurately up to the first order inclusive. Accordingly, we may write 

p'=p 0 '-xy 10 +P 0 , 

? =?o' ~ x $io + Qo> 

T =T 0 — X^i 0 +R 0> 
t =t 0 —%(f>iQ +T 0 , 
w = w + PF, 

where PF is of the third order, and P 0 , Q 0) R 0 , T 0 , are of the second order. 

It may be noted, in passing, that the relations 

P' ~ Po = - zy 10 , q' -? 0 '= “ *8 10> / ~ r 0 ' = - z# 10 > - « 0 ' = “ *£* 

satisfy the primary conditions (§380) that the geodesic at £/, with direction- 
cosines jt>', /, t\ should be parallel to the geodesic at 0, with direction-cosines 

Pot ?o> r o> to'i parallelism being estimated relative to the geodesic OUA . 

(iii) For approximations up to the third order of small quantities inclusive, we 
neglect all quantities in the four parameter-equations which are of order higher 
than three, and we neglect all quantities in the permanent arc-relation at U which 
are of order higher than two. Moreover, as the terms of the first order in the 
equations have balanced, and likewise the terms of the second order, we need now 
retain only terms of the third order in the parameter-equations ; and, similarly, we 
retain only terms of the second order in the arc-relation. 

We have 

wp' — (w+W) {p 0 f - xy 10 + P 0 ), 

and therefore the terms in the ^-equation to be retained from the quantity wp' 

= Wp 0 ' + wP 0 . 

In the term \w 2 p’\ the quantity w 2 , PF) 2 , is equal to w 2 , up to the third 

order inclusive. The quantity p" is to be taken at U ; and therefore 

-p"=Z(r uhp* 

accurately. But p" is multiplied by w 2 , so that we need take only its terms of the 
first order of small quantities, in order to obtain the third-order approximation. 
Now, to this first order, 

(r n )u=r n + x ~ “ , p' 2 ~ 2xp 0 'y 10 , 

and similarly for the other combinations ; hence the terms to be retained in - p " 

dr 

~ x llj ~J s Po 2 — 2as(a 0 y 10 + ^0^10 + yo^jo + ^o^io)* 
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By taking i=j~ 0, &=1, in the result of § 306, we have 

^ j p 0 2 = i 300 P 0 2 Pi ) d* 2 (a 0 y 10 4- ^o^io "h Vo^io d~ ^o^io) d* > 

where, in the present instance, 

10 ). 

V 

Consequently, the terms of the third order in the p-equation, to be retained out of 
the term %w 2 p", 

— — \ w 2 X j” ( T 300 Po 2 Pl ) d" ^ j (0, 10)] . 

In the term \w 2 p nt the quantity w* } = (w-\- IF) 3 , is equal to w 3 , up to the third 
order inclusive. The quantity p' n is to be taken at V, and therefore 

-p'"='E(r»)uP*> 

accurately. But p ,n is multiplied by w 3 , so that we need retain only the finite 
terms in order to obtain the third-order approximation. Thus 

(^300 )u z= ^' 3005 P = Po 5 

for this approximation ; and the whole contribution of the term 

= “ iwP(r< 300 P 0 3 )« 

Now 

w*Po*=(yP2 ~ x Pif 

= y 3 p 2 ' 3 - &P 1 * - &eyp%Pi (yp* - x Pi) 

=y 3 p 2 3 - x 3 Pi 3 - teywpoPiP* ; 

and therefore the terms, to be retained out of \w z p"\ 

= *{y 3 P*" ~ w*Pi") + liywiTdMPoPiP*)- 

When these values are inserted in the ^-equation, to obtain the third-order 
approximation, it becomes 

WpQ 4 - wPq — \w 2 x j^(I^ 300P0 2 pi ) d* {L ^)j > ] 

+ i *yw {r m poPip 2 ’) = o. 

But 

-wpo+ypz^xpi ; 

and therefore the equation is 

w Po ' + wiPo+^r^M 2 )] = 10 »- 


F.I.G. II. 


2a 
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Similarly, the equations connected with the other three parameters of the 
domain become 

Wqo' + w[Q 0 + %x 2 (A aoo p oPl ' 2 )]=~ 2 {aM 0 . 10 )}, 


lljOb 

Wr 0 ’ + w[R a +^(@ 3Ml ' 2 )]=-^ 2 K^(°> 10)}, 
Wt 0 f +w[T 0 +ixH^ m p oPl '^^^{aM(\ 10 )}. 


It remains to take account of the corresponding approximation to be derived 
from the arc-relation 

2^' 2 = i 

at V ; and, here, we require the second-order terms. The finite terms have 
balanced ; the first-order terms likewise have balanced ; and we therefore need 
retain only the actual terms of the second order on the left-hand side. Now, up 
to this order inclusive, 

dA x d 2 A 

A “= A+X i,+ 

p' 2 ~Po 2 ~ % x PoYio + VPo'Po + x2 Yio 2 ) J 
and therefore the terms to be retained provide the condition 

£{^( 2po'Po+* 2 Yio 2 )} 

>'•'’) =c - 

In this equation, the terms arising out of the first line 

= 2 {«i (0) ^ > 0 + u 2 m Q 0 + u s (0) R 0 + u^ 0) S 0 } + x^Ay v „*). 

For the terms in the second line, the coefficient of - 2x 2 

( ,dA ,dH ,dG , dL\ 

~ yo1 \ Po ds~ + % J Sl +r ° d. h +to dsj 
, ( ,dll ,dB ,dF ,dM\ 

+ So1 \ Po di+ q ° ** +T ° ^ + dsj 
s ( ,dG ,dF ,dO ,dN\ 

+ Sn \ Po d h + % ds\ +r ° ^ + t<1 dsj 

T ( ,dL , dM ,dN ,dD\ 

+K [ Po ds l + ?0 d. h +r ° ds\ + t<> dsj ■ 

The values of the coefficients of y ov S 01 , S 01 , <^ 01 , are derived from the results in 
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§ 307 by taking i=0, ^'=1 ; when these values are substituted, the aggregate of 
the second line in the equation 

= -2* 2 V)4y 01 2 

- 2cc 2 [ V 0) {“i Yoi + Pi §oi + Yi K + §x 4>oi } 

+ w 2 (°){^ y 0 i + Vi § 01 Y £i$oi + ^i^oi) 

+ m 3 (0) {^i yoi + Xi §oi + *Ai B u + <*>i<£ 0 i} 

+ M 4 (0> Kyoi + AiS 01 + /*i#0l + VifoJ]. 

The coefficient of ix 2 in the third line is obtained from the value of 


v X 1 d 2 YL , , 

^^ds/ PiP3 


in § 308 by taking i=j= 0, k=l ; the variables s and t in that expression are the 
same; and we use the variables s a $, with the directions p 0 ', q 0 ', r 0 ', t 0 \ and 
p/, <//, r,', ti, in the sense 


S 12 Z — 

Po> 

„ f 

So 

SC 

s 

II 

r 0 ', to 


p l. 

?1 


ri, h! 


and like expressions for ,<? 23 , .s* 31 , .<? 24 , s u . The actual value of the coefficient in 
question 

= -IS ( a P> y§)-v s y«+ 2 S^yoi 2 
+W 0) {(r 3 ooPoPi i )} + W 0) {(A 300 poPi 2 )} 

|-2m 3 (0) {( ®zooPaPi 2 )} + 2w 4 ( °){(0 3OO J? o , ;p 1 2 )} 

+ 4Mj< 0) {«i y 0l + S 01 + yi S 01 + Sj^m} + 4 w 2 (0) {£i y 01 + ij x S 01 + Ci 8 01 + m i<f>oi} 

+ 4m 3 (0) $ x yoi + Xi §oi + *Ai 8 m + oii <£ ot } + 4 m 4 (0) {/c x y 01 + A x S 01 I- ^ 8 n + Vif 01 }. 

When all these values are inserted in the condition that emerges from the 
second-order approximation in the arc-relation, it can be expressed in the form 


V 0) (2P 0 + x2 ( r oooPoPi 2 )} + U 2 w \ 2 Qo + x 2 (d m j> 0 'pi 2 )} 

+ u 3 «»{' 2 R 0 + x* {@ aw PoPi' 2 )} + m 4 (0) {‘2$ 0 + x 2 (0 4OO P0P1' 2 )} 
=& 2 '£i(aP,y8)s al3 s. y «. 


311. Thus there are five relations, composed of this condition and of the four 
equations arising out of the four parameters, for the determination of the five 
quantities W, P 0 , Q 0 , R 0 , S 0 . Let the four parametric equations be multiplied 
by u^°\ m 2 (0) , w 3 (0) , respectively, and the sums be added ; on using the 
condition from the arc-relation, and also the further relation 

«1 W Po + W 2 (( V + M 3 (0 V 0 ' + V°V = S A Po' 2 = 1, 
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we find 

W + 1 wx 2 £ (a/?, yS) s afJ ,v 

1% (0, 2>i,a„(o, 10 )h^ (0, Ska;(o, ion 

+m 3 ( 0 ) 2 K,a;(o, 10)} +<«> ]>>*,, a, (O, 10)}] 
^xlpo’K^O, W) + q 0 ’K 2 (0, 10)+r 0 'A' 3 ((), 10) + « o 'A 4 (0, 10)}. 

But (§ 306) 

Kn((\ 10)= p 0 (^l)io + Qo (^2) 10 + r 0 (/x3) 10 -f - ^0 (/^io, 
and, for all subscripts, we have 

(^A)*.;= - (A fi ) kJ ; 

consequently, the right-hand side of the equation in W is zero, and we have 
W=- i»a; 2 ^(aft y&)s a0 s yS . 

Also 

«» m “ pi, qi =y pi, qi =y£u, 
npo, w, li pi, qi 


and so for the other orientation- variables, these variables £ 12 , £ 23 , £n> £24 > £ 34 » 

now being the orientation-variables for an orientation determined by the two 
directions OUA and OVB at O. Hence 


y3)M y a. 

The Riemann measure of curvature of the domain, denoted by I \ , has been 
expressed (§ 305) in the form 

K= '£ i (* P>yS) L {i£y8 

^ j ( A ay A 08~ A ad A $y)£ap£y8 

and the denominator in K 

= ( S A Pi 2 ) ( A lh f2 ) ~ ( 1] A PiP2 f ) 2 = sin 2 1 2, 
where 12 is the angle ^40J5 between the directions ;?/, g/, r/, $/, and p 2 ', <y 2 ', r 2 ', / 2 ', 
in the domain. Accordingly, we have 

W= - Kx 2 y 2 sin 2 12, 

accurately up to the third order of small quantities ; and so, up to this order 
inclusive, the length of the third side of the geodesic triangle UOV, which has 
sides of lengths x and y at an inclination 12, is 

# 2 iy 2 sin 2 12 \ 

x 2 -\-y 2 -2xy cos 12 J 
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w 2 =x 2 + y 2 -2#y cos 12. 

If we denote by p the perpendicular drawn from the vertex to the base of 
plane triangle, with linear sides x and y including an angle 12, (alternatively denoted 
by c), the foregoing expression for the length of the third side of the geodesic 
triangle becomes 


w being the length of the third side of the plane triangle. 

Further, when the value of W is substituted in the equations derived through 
the parameters, we have 


P«^ - ^ 2 ( AoolVK 2 ) + i V* K X ~^ sin 2 e + 

Qo=-W(^30oPoPi a )+UoK X ~ sin 2 e 4- 
R 0 = - ^(©aooPoPi 2 ) + % r o' K sin 2 e + 
&o— ~ 'i x2 { ( ^-.m\lh) V\ 2 ) + is h) K s ' n2 6 + 


12 )}, 

3 |SW(0,12)}, 


and the direction- variables of the domainal geodesic UV, at U in the direction UV, 
are 


V — Vo ^701 + ^ 0 ) ( 1 — $0 *^^01 ^“^ 0 ? ^ — ^0 ^ 01 + Hoi L — ^0 ” *^^01 *1" ^ 0 J 

where 


w Po = yp* - x Pi> W( io ^ yq* ~ X( i^ wr o = y r * ~ x h\ l < = yh' - x k'- 

The direction- variables of the same domainal geodesic UV, at V in the direction 
VU, are 

-Pu' + yfo 2 + [Po}> -?o' + yS 0 2+r<?«], -r 0 ' + yB 02+ L^ol. -V + «/[? 0 2 ] K&o], 

where 

[P 0 1= ly 2 ( r'lmpo pi 2 ) ~ iPo'K ~ ^ s hi 2 e + v^Q ^ 21 )}, 


L#oJ= - blo'K Sin 2 e + V { a M 0, 21 )}, 


312- 

xy 


nr 

\R 0 ] = h/ 2 (&3ooPoP2 2 ) ~ « r o K ~~sin 2 e + ,^ ^{^3 ^^(0, 21)}, 


ZQ 


•ZQ 


L«o]= m&Mh 2 ) - Ho’K sin 2 e + £ K,/V(0, 21)}, 


with the same significance for the actual symbols w, p 0 ', / 0 ', as before. 



374 


ANGLES OF THE 


[CH. XXVI. 


Small geodesic triangle and the sphericity of the domain . 

312. To complete the elements of the geodesic triangle XJOV> wc require a 
knowledge of the internal angles at U and V ; we denote these angles by U and 
V respectively. 

The direction-variables of the geodesic OUA at TJ in the direction UA are of 
the type 

Pi+*Pi" + i&Pi"> 

up to the second order of small quantities inclusive, while those of the geodesic 
SUVT at U in the direction UV are of the type 

Po ~~ x Voi + p o> 


with the foregoing significance of the quantities Po, also up to the second order of 
small quantities. Moreover, the angle U is estimated at the place Z7, where the 
values of the primary magnitudes are of the form 


dA 3 d 2 A 
A+x -i, l + 

again up to the second order of small quantities. Hence 


- cos U — cos A U V 


= S A p ( Vi + m" + &W) (Po - zyoi + P 0 ) 

■= £ + iPi + x Pi" + MPi") (Po ~ x 9m I Po) 


and having regard to the magnitudes involved, we can deduce the value of cos U 
to the second order of small quantities. 

The finite terms on the right-hand side, together, 

= '£j a p iPo, 

which we shall write - cos Z7 0 , so that 

U q—tt - 10 ; 

and U 0 is the finite part of U. 

The terms, of the first order of small quantities, are the complete coefficient of 
x in the expression for cos U and therefore are xZ , where 


z ='L£ i PoPi + 2 A Popi" - S My «• 

The value of the first term in Z is derived from the formula for PePi hi 

§ 307, by making e=0, i= 1 and therefore 1 

- “i (0) yn + W 2 (0, S 1 1 + M 3 (0) ^u + w 4 (0, fn 

-t «1° ’yoi + M 2 (1) S 0 1 + M 3 (1) ^01 + «4 (1 Voi 

- - - W 4 «%" 

+ M 1 (1 } yol + M 2 (1 } ^01 + M S (1 } ^01 + M 4 (1 ^01 

~ - ^ A PoPi"+ L M'y oi ■ 
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that is, Z vanishes. Thus the terms of the first order of small quantities in the 
expression for cos U disappear. 

The aggregate of the terms of the second order of small quantities in the 
expression for - cos U 


x2 '£ a Pi"yoi - * 2 S^?i'y»i 

fJ2 A 

+ S ApiPo+i^ Ap 0 'pi" + . 

For the first of the six sums, we have (by § 307) 



= Pi" l A Yoi + H$oi + GB n + Lcj> 0l + + ^u 2 < 0) + + « 1 m 4 (0) ] 

+ 7i "lHyoi+ FB ol + FB 01 r ~ |W 0) + rj{U.^ S)) + XjM 3 (0) + A 1 ?<4 <0) J 
+ r"\Gy m +FB 01 +CB ol +N$ n +y 1 u J i ®>+ +M> (0, +Fi« 4 (0) ] 

4- t l "[Jjy n +MS n +N6 n +D$ 0l + S 1 M 1 (0) + m 1 « 2 (0) -l &» 1 m 8 (0) + i' 1 m 4 <#) ] 

~ 2 A Pi "Yoi^ u i m ( a iPi " + yi r i” + ^ih") 

+ m 2 <0 (HiPi' + Vifa'^ £i r i” + m ih") 

+ v» m (4>iPi" + Xi?i" + I / J 1 r i" + <Vi") 
t- m 4 (0) + p t r " + v t 


The second term in the first line of the expression for - cos U is left unmodified. 
For the sum in the third term of that first line, we have (again by § 307) 


v ■ -\ dA , _ 

^J Sl Viy °' 


= yoil - Ap” - Hq" - Gr-l’ - Lt x " + a 1 V 1) + £i« 2 (1) +&w 3 (1) + Kl u^} 
+ S 01 [ - H Pl " - Bq /' - Fr’’ - Mix" + /W x, + W (1) + Xi«a (1) + W>] 
+ B n \ - G Pl " - Fqx " - CW - Ntx " + y lMl «>+ W 1 ’ +Ms (1) +/W 1 *] 
+<M -Lpx" -Mq 1 "-Nr 1 "-Dt 1 " f 8 1 « i < 1) 4-i»i« i (1) +c«>iW, (1 > + >W >] 

= - 2^i"yoi + M i (l) ( a iyoi + ^iSoi + yi^oi+ 8 i<t>oi) 

+w 2 (1) (liyoi+^oi+ £i$oi+ ®i^oi) 

+ «a a H^iyoi + X Ai + <Moi + cu/oi) 

+ W 4 (l) (/Ciy 0 i+ A 1 S O1 + ^ 1 0 O1 + v^ox). 


For the present, the first term in the second line of the expression for - cos V 
is left unaltered. For the coefficient of %x 2 in the second term in that second 
line, we have 


2 Apo'pr^w" + « 2 «v" + « 3 «v" + « 4 » v" 

= - V 0, (AooK 3 ) - M 2 (0) (^300?h' 3 ) - «3 (0) (©300?l' 3 ) ~ 
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Finally, for the coefficient of in the third term in the second line of the 
expression for - cos U, we use the result of § 308, making i=0, j = 1, Jfc= 1, so that 
all the variables vanish ; and we have 


,<PA 

1 dsj 2 


P 0 P 1 


= V 0) (AooK 3 ) +u^mPi a ) +« 3 <0) (©3oo^i' 3 ) + < 0) (&™Pi 3 ) 

+ u i {1) (r 'aooPo'Pi'*) + ^(^mPoPi 2 ) -* « 3 (1 H^mPoPi' 2 ) + V 1 K&mPoPi*) 

-2(S^"y«) 

+ 2«i (1) {a 1 y 01 + &S 01 + y 1 S 01 + 8i<^oi} “ 2M 1 (0) {a l j) 1 " + Pi ( h" + Y\ r \' + <Mi"} 

+ WHSlYn. + vAi + ZAi + Moi) - W 0) {£ip" + Vi q" + W' + ®A"} 

+ 2« 3 (1) {^ 1 y 01 + Xj^oi + Mu + aj i c /’oi} - 'W 0) {<l>iPi" + Xilx" + t l i i r i' + w ih") 

4 2«/ 4 (,) K>'oi + XA\+P-Ai+ v i<l>ov -% u i (0) { K iPi' + K<h” +P-i r i" + <Vi")- 
Let these values of the various sets of terms be substituted in the foregoing 
aggregate of terms of the second order, which (to that order of small quantities) 
is equal to - cos U -fcos U 0 ; then, after reduction, we find 

- cos U + cos Uq= ApiP 0 

+ lA^Kr.ooPolh' 2 ) + ^2 (1) (^300^0>i' 2 ) + «. (l X&zooPoW 2 ) + u 4 (l K^sooVoPi 2 )} • 

Let the values of the magnitudes I\, Q 0 , R Q) S 0 , be inserted in the first summation 
on the right-hand side. The terms involving quantities of the type /^ 300 
disappear. The aggregate of terms involving K 

sin2e ) X A PiPo 


or, as 


= - J K sin 2 e cos Uq : 


x sin €=w sin F 0 , y sin e = w sin U 0 , 


this aggregate of terms 

= - \Kxy sin U 0 sin V 0 cos U 0 . 

Finally, the aggregate of terms involving the quantities /i M (0, 10) 

=S2[' 4 ft'{£ B “ K *< # - 10 )}] 

=i«w{/» 1 , ir 1 ( 0, 10)+ ?1 'A' 2 (0, lORr/A^O, 10) + </A 4 (0, 10)} : 

or, when the values of K lt (0, 10) are inserted and the terms are collected, this 
aggregate 

— \ wx £ (a/3, y8) s a pS yd 
~ * WX yj 2 X Yttfafityg, 
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with the former notation for the orientation- variables £ aj3 of the orientation of the 
domain at 0. When the Riemann measure K is introduced, this becomes 

fty 2 

K sin 2 e= \Kxy sin € sin U 0 . 

Thus the equation becomes 

- cos U + cos (J 0 =\Kocy sin e sin U Q ~\Kxy sin U 0 sin V 0 cos U 0 , 

accurate up to the second order of small quantities inclusive. 

It follows that V - U 0 is a small quantity, the most significant part of which 
is of the second order ; and therefore, as 

cos U - cos U 0 — - (U - C/ 0 ) sin f/ 0 
up to this second order of small quantities, we obtain 

U - U 0 =^Kxy sin e ~ \Kxy cos U 0 sin F 0 , 

as giving the most important term in U - U {) , for a small geodesic triangle in the 
domain. 

We immediately infer the corresponding result 

V - V Q —\Kxy sin c - \Kxy cos V 0 sin I/ 0 . 

Now the angles of this small geodesic triangle are 6, U, V ; and, for a domain 
as for a region, we use the phrase angular excess of a geodesic triangle to denote the 
excess of the sum of the angles of the geodesic triangle over the sum of the angles 
of a plane rectilinear triangle. Thus the angular excess of the geodesic triangle 

~ e -\~ U -I - V — 7T 

^u-u 0 + v-v 0 

— \Kxy sin e, 

because €+ ?7 0 -f V 0 =7r ; and therefore it follows that the area of the small 
geodesic triangle in the domain 

= (angular excess of the triangle). 

Having regard to the corresponding property of a sphere in triple homaloidal 
space, we call K the sphericity ; or the Riemann measure of curvature of the 
domain in any orientation is the sphericity of the domain in that orientation. 

In this result, the quantity K denotes the Riemann measure, at 0, of the 
superficial curvature of the domain estimated in the orientation at 0 determined 
by the directions of the two domainal geodesics OUA and OVB. The sphericity 
is a variable magnitude depending upon position in the domain as well as upon 
orientation at any position. At [/, for an orientation determined by the directions 
of the two geodesics U A and IJV, there is a double variation from 0. Were the 
orientation at U the same as at 0, the magnitude of K at U would differ from its 
value at 0 by an amount, the most significant part of which is a small quantity of 
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the first order. But, as will appear later (§ 381 ), the orientation at U differs from 
the orientation at 0 ; the domainal geodesic VV meets, in U and in F, the surface 
which is geodesic at 0 to the domain, but it does not lie in that surface ; and thus 
the surface, which (through the directions TJ A and UV) is geodesic to the domain 
at V , is not the same as the surface VOU which is geodesic to the domain at 0. 
The differences are small magnitudes, because the domainal geodesic triangle UOV 
is small ; and they do not enter into the obtained expression for the angular 
excess of the domainal geodesic triangle, because ultimately only the most signi- 
ficant term in that excess has been retained. 

Should the approximations be carried further, to the next order of small 
quantities, such differences would appear in the results. Even without further 
approximations, the matter has to be considered in connection with the parallelism 
of geodesics in the domain (Chapter XXXII). 


Principal values and principal orientations of the sphericity at any place . 

313. To find the maximum and the minimum values of the sphericity of a 
domain at a place 0 , among those which are provided by all the possible superficial 
orientations of the domain, we make K, where 

K= ^ (ij, M)s it s kl , 

a maximum or a minimum for all the variables s, J3 which are subject to the organic 
condition 

1 = U— ]> j (A ik Aji~ A it A Jk )s t] s k i~ ^ {(ij, kl) A s ir s kl }, 
and to the identical relation 


*23*34 + *31 *24 + *12*34 = 

the existence of the latter affecting the possible forms of K which are equal to 
one another. 

There are six critical equations * : 


bk_ 

a BU 

BK 

ds 23 

9 3s~ +tlS 14 ’ 

3s u 

BK 

a 3U 

BK 

II 

1 r” 

9-—+^, 

os 31 

ds 2i 

BK_ 

a BU 

BK 

ds 12 

9 3T + ^’ 

0*12 

Bs 3i 


+ M*23> 

^*14 

Q dU 

=e to: + i**’ 


24 


,du 

+flSl2 ’ 


* If we had to deal with mixed concomitants of the system, involving line- variables, 
surface-variables, and region- variables, the critical equations would have a different 
form. Utilising Lie’s method of continuous groups, we should obtain the small 
variations of the variables s {j consequent upon the general continuous variations of 
the magnitudes of the type p\ the general continuous variations of the magnitudes of 
the region-variables being contragredient to those of the line- variables. Where the only 
variables, which occur, are the surface-variables, it is sufficient to proceed as in the text. 



313 ] 


VALUES OF THE SPHERICITY 


379 


where 0 and jjl are multipliers left undetermined in the construction of the critical 
equations. 

The value of 0 can be obtained at once. Multiply the six equations by 
# 23 j # 31 , # 12 , # 14 , # 24? # 34 , respectively, and add the products : when account is taken 
of the conditions and of the value of K, the result is 

K=0, 

so that the quantity fi remains for consideration. 

The persistence of the identical relation allows a magnitude, which involves 
the surface-variables, to assume a variety of expressions, apparently distinct in 
form, intrinsically equivalent in value. Thus a quantity such as K can have the 
form 

+ A (#23^14 + ^31 ,S *24 4' S 12 S 3*)> 

where A is entirely arbitrary, without altering its value. To avoid the lack of 
definiteness in form, it is convenient to choose that form of a quantity E which 
satisfies the universal covariantive differential equation 

d 2 E d 2 E d 2 E 

9#23 9# 14 ds 3l ds 24 3# 12 9#34 

and the form, thus selected, is taken to be central form of reference for the value. 
It happens that K satisfies the equation, because 

( 23 , 14 ) + ( 31 , 24 ) + ( 12 , 34 ) = 0 , 

and that U also satisfies the equation, because the relation 

(23, ]4) 4 -f(31, 24)^ + (12, 34) x =0 

is satisfied identically. 

Accordingly, we can take K 4 - A(# 23 # 14 f #ai# 2 4 + # 12 * 34 ) as the form instead of K 
without affecting the value of the sphericity, where A is quite arbitrary, though 
free from the variables #„• ; and in this form, the critical equations for the 
maximum or the minimum of the sphericity become 

dK , yr dU 
^ Xsu ~ h ds~ +flSli ’ 

with five others of the same type. As A is an arbitrary quantity at our disposal, 
we choose A ; and now the critical equations are 

dii r eu n 

-- A — =0, 

06 tj ds t) 

for all the six significant combinations of i and j. 

The six equations are homogeneous and linear in the six variables s tJ . It 
follows that K is determined by the sextic equation 

|| (ij, kl) - K (ij, kI) A ||=0, 
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the coefficient of K 6 in which is Q 3 ; and therefore there are six principal values 
of the sphericity of the domain. 

Moreover, each principal value of the sphericity belongs to a particular orienta- 
tion ; and therefore the domain has six principal orientations. Any two of these 
superficial orientations are perpendicular to one another ; for if s h denote the 
variables for a principal value K l9 and if t l} denote them for a principal value /v 2 , 
we have 


But 


and therefore 


V, SK v dU a 
u a.s- Kl ‘-' t,i ds IJ ~ 0, 

v, 5 L a -v s *?.. o 
— ' lJ dt' 2 ~ J lJ dt 

VI tJ VI n 


— ' a;;,— — ' k ' r>s,> k, ~ — < ,9,; * 


dU 




ac/ 

"a,/ 


(y. A7)#„/ lf =0, ^ [(y\ 

the second of which inferences shews that the superficial orientations and t l} 
are perpendicular. 

The six principal orientations determine four principal lines which are ortho- 
gonal to one another, the whole set constituting an orthogonal system of coordinate 
axes and coordinate planes within the tangent block of the domain. 

Before proceeding further with the properties of the sphericity in a domain, 
we require the properties of regions (especially geodesic regions) and of surfaces 
(especially geodesic surfaces). 
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Regions in a Domain : Geodesic Regions 
Parametric region : its tangent flat . 

314. When a region is wholly contained in a domain, one simple analytical 
representation of the region is provided by a single relation 

*(/>, 0 = ° 

between the parameters of the domain, as in § 269. We shall now consider some 
of the properties of such a region, not now regarded as a configuration in the 
plenary homaloidal space of the domain, but regarded as a configuration within 
the domain. 

Any direction in the region, being a direction 

dy=y 1 dp 4- y 2 dq -4- y 3 dr+y^ dt 

in the domain with increments restricting the range to the region, must have 
these increments subject to the relation 

() = e 1 dp + € 2 dq 4- dr 4- e 4 dt. 

Consequently, any point on the line through 0 in the specified direction is given 
by the typical equation 

y-y=0dy 

=% i+Mi+m+ K y*> 

where 

A —9 dp, fjb = 9dq , v—Odr , K=6dt , 
that is, the parameters A, p, v , k, are subject to the condition 

A 4- e 2 p 4- e 3 v 4- e 4 K = 0. 

Now the equations, typified by the foregoing equation in y- y, are those of a triple 
homaloidal space, that is, of a flat ; it is the locus of lines through 0 touching the 
part of the domain given by the region, and therefore it is the tangent flat of the 
region. The equations of the tangent flat are typified by 

y-y^ty pyz+vyz+Ky A , 

the four parameters in which are subject to the single condition 

€ x A 4- € 2 p 4' € 3 v 4- € a K = 0. 
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Let a perpendicular, of length 77 and of direction-cosines typified by Y 0 , be 
drawn upon this tangent flat from a point Q of the region, with coordinates 
fi> ••• > typified by £, near 0 and at a small arc-distance 8 along a regional 
curve OQ ; and let the foot of this perpendicular be the point with the foregoing 
typical coordinate y. Then 

Y o n=£-y 

=£-(y+tyi+ py t + m + xy*), 

and 

{£' (y+ %1 tM 2 + vy 3 +Ky t )} 2 . 

Because the line thus drawn is perpendicular to the tangent flat, the length of 
the line will be obtained by selecting the values of A, /z, v, k , which will secure a 
minimum value of 77 2 , these values of A, /z, v, k, being subject to the foregoing 
condition. Hence the critical equations are 

2 y, {£ - (y + %i + M2 1 vy-i -+■ K ih)) = , 

for i— 1, 2, 3, 4, where Q is a multiplier left undetermined in the construction of 
the critical equations. 

In the first place, the equations can be written in the form 

n'EiV.Y <>=&.; 

and therefore 

n['^{Y 0 (y 1 X+y 2 fi+y 3 y.+y i v)}]=Q(e 1 X he 2 /i+e 3 v+e 4 /f)=() : 

or, as j/iA-f y 2 fi + y^fi + y^v is the direction in the flat, the perpendicular is at right 
angles to that direction. 

Again, the equations can be transformed so as to become, for i=l, 2, 3, 4, 

A u A+ A 2t y, f A 3 , v + A 4i k + Qe t = y) {y t (£ - y ) j . 

Now, for the point Q in the region near 0, we have 

£-y=y'S i-£y 0 "S 2 +..., 

where the unexpressed terms contain powers of 8 higher than the second, and 
where y 0 " implies continued arc-derivation along the curve drawn in the region in 
the direction y'. We have 

tf=yip'+yd+yzi'+yj\ 

and therefore the coefficient of 8 in the value of V {y t (£ - y)} 

=A lt p' + A 2l q’ + A , it r' + A it t'. 

Again, denoting by p 0 ", q 0 '\ r 0 ", £ 0 ", the second variations of the domainal para- 
meters taken along the regional curve, we have 

yo"=y i/V' ^y2 , h”+yAo" t »y 4 ^"+ X) 
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with the customary convention x k —p', q’, r’, t', according as k ~ l, 2, 3, 4. Hence 
the coefficient of JS* in the value of ^ {y< (£ - y)} 

= AxiPo' + A 2i q 3 ' + A 3i r 0 " + A 4i l 0 " + ^ ^{(^y,yj k )x/x k } 

=■ Aii{p 0 "+ £ £ (*»*/ V)} 

+ -^ 2 j { 9 ' o ,, + 

+ ^3 1 W'+^^(0»X,V)} 

+ ( £ > ]k X i X k}- 

Consequently, when powers of 8 higher than the second are neglected, the equa- 
tions become, for i— 1, 2, 3, 4, 

^i,[A-p'8-*8»{j> 0 " + X £ (*»*')}] 

+ .4 ai r/x- ? 'S-l-8*{? 0 "+ £ 

\-A 3l [v-r ' 8 - * 8 2 {r 0 "+ £ V (©,**/**')}] 

J * 

+ ^ 4! [^-<'8-iS 2 {V'+ S £<<P, fc *,V»]= -<fc. 


When the four equations are resolved, they give 


Q 


*-p'S-}.& 2 {p 0 "+'£ i y t (r jk x J 'x k )}^ - ^ (ae x + 1ie 3 + ge 3 \- fc 4 ), 
P~ ?'S-|8 2 {y 0 "+ V (J } *as, '**')] - - o ( /ie i + be 2 +fa 


j * 


12 


V- r'S-iS 2 {r 0 " + 2 X) ~ - 0^1+ / e * + Ce 8+ ri6 <)> 


j * 


12' 

0, 


a: - £'S-'!S 2 {/ 0 " +2^(®^/ a? * / )}““^( fc i + ^a+ W€ 3+ <^ 4 ). 


/ * 


Now the ])arameters A, /z, v, k , are subject to the condition 


e x A+ € 2 /x+ e 3 v +€ a k = 0 ; 

and the direction p\ q\ r\ touches the region e(p, q, r , /) — 0, so that 

€ i V Jr€ 2 ( l' + € a r ' + €4^ — 0. 

Hence, when the four resolved equations are multiplied by e x , e 2 , e 3 , e 4 , and the 
products are added, we find 

P 2 ^=|l>i 2 > 

where 


x , -€ 1 { ? v'+ 2 £ (r«*/**')}+«.{?o"+ S £ <4**/**'» 
+«.K"+ S ^(®^V)}+e 4 {< 0 "+ £ 
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As the second arc-derivations are effected along a curve lying in the region 

e(p, q, r, t) = Q, 


we have 


eiK , + € 2?o" + € 3 r 0 , '-f€ 4 V'+ ^ y^€ )k x/x k '=() ; 


and therefore, with the symbols defined in § 269 by 

^jk — € jk ~ jk~ € 2^Jk~~ ~ ^i&jk > 


we have 

Also (§ 269), 
and therefore 




f. J § 2 V"\ - , , 

Q — 2 g 2 j . ^ Gjk'Tj > 

€ n j £ 

thus a value for the undetermined quantity Q is obtained. 

Consequently, the values of A, fi, v, k, Q , can be regarded as known, up to the 
second order of small quantities. Now 

Y o n= £-(y+y l \+y a p+ y 3 v + y t x) 

=y'& + jy 0 " sz - (yJ + ViV- + y s + y**), 

when powers of S higher than the second are omitted. When the values of 
A, /x, v, k, are substituted in y^^-y^ i-y^v + y^K, the term involving the first 
power of S 

= (yiP’ + yi<l' + y 3 r' + y i t') 8 =y’S ; 

the term involving 8 2 has, for the coefficient of l 8 2 , the quantity 

yi{v <>"+ S -i) ( r ik x >' x k')}+y*{qo "+ S ( 4 *®/®*')} 

j k j k 

+y 3 {v o"+ V; v; (@ lk x;x k ')}+ yi {t 0 " + v v { & ]kXj %')} ; 

j k 3 k 

and the term involving Q 

= ^y i ( a ii e l + a 2i e 2+ a 3i e 3 + a ii e i) 


= -Q< n (; 


dp da dr 
dy . 


,U )--O e dy 
■dn)~ V<? ” dn ’ 


by the formulae in § 269, where ^ is the typical direction-cosine of the domainal 
normal to the region. Hence 

Y 0 n=myo " - yiiPo" + Y, v (/»*')} - y 2 { ?0 " + v v V)} 

j k j k 

-yAr 0 " + ^^ l (0 tk x/x k ')}-y i {t o " + ^ J ^£ l (0 lk x;x k , )}] + Qe n < ^ . 

3 k k 
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Along the curve in the region, in the direction p', q', r', t', we have 

yo'=yiPo" + «/ 2 ?o" + 2/3 V' + Vik" + £ ^ &**/**'> 

so that the coefficient of ^S 2 

= £ £ i(yt* - yi r >k - y* A ik - y 3 @,k - y*^*)®/**'} 

i * 

^ 

x k — > 

i k P 

where Y is the typical direction-cosine and p is the radius of curvature of the 
domainal geodesic in the direction p\ r\ t\ We write 


£ £««*/**'» 
y i A; 


and shall obtain later (§316) the significance of this quantity y ; and thus the 
equation for Tl becomes 


Y„n=is» 


( Y + idy\ 

\p + ydnj' 


Let the limit of the magnitude 2/7/S 2 , as 8 diminishes to zero, be denoted by 
] /p 0 ; then 

Y 0== Y + ldy 

Po p y dn ‘ 


Geodesics in a domainal region. 

315. To obtain the intrinsic equations of geodesics of a region 


e{p, r, t)=0 

contained in the domain, we have to make the integral 



a minimum, for all values of p, q } r, t, subject to the parametric equation e— 0 
defining the region. There are four critical equations which, after the customary 
march of the analysis, can be expressed in the form 

ft" + £ Ai/ 2 = wy; «* l= wc n n& , 

? " + £ AnP' 2 = ik £ ** 1 - > 

(1 r 

r" + £ ®nV'^ W £ g ei = We n Q ^ , 

t<" + £ ^nP' 2 = / €l = Tf6.fi ^ , 


K.I.O. II. 


2k 
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with the notation of § 269, the quantity W being the multiplier left undetermined 
in the construction of the critical equations ; while the quantities p c ", </ c ", r c ", t", 
are the second arc-derivatives of the parameters along the geodesic of the 
region e = 0 drawn in the direction p', q , /, 1\ 

To obtain W , we take the second arc-derivative along a regional direction, so 
that 


tip' t-e 2 q' + € s r' -\ €^'=0, 

€i7^ ,, + € 2 ^ e /, 4-€ 3 r e "H-€4^" -f X £j e )lc x ) x k ~ 

j Ir 


with the convention x/=p', q', /, t', according as i= 1, 2, 3, 4. Let the four 
intrinsic equations of regional geodesics in the domain be multiplied by e l? e 2 , 
respectively, and let the products be added ; then with the definitions of the 
quantities i Jk on p. 254, the resulting relation, by the use of the second derivative of 
the c-equation, becomes 





or if we write, as in § 314, 


1 1 v v - „ / , / 

— — ~ Jj 2Lj d ' k > 

y 

we have 

W€„Q=~. 

y 

The significance of y will be determined later (p. 388) ; meanwhile, the intrinsic 
equations of a regional geodesic in the domain become 




1 dp " 
y dn 


C+S 0 nP' 2 - 


1 dq 
y dn 
I dr 
y dn 
1 dt 
y dn , 


dp dq dr d 

the quantities 7 , ~ 9 - 

dn dn dn di 

normal to the region. 


being the direction- variables of the domainal 
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These equations, apparently four in number, amount to only two independent 
equations, additional to the equation 

e(p, q, r , t )= 0 

of the region and to the permanent domainal equation 

each of which can be regarded as a permanent integral of the intrinsic equations of 
the geodesics of the region €=0 in the domain. 


Domainal flexure of a regional geodesic . 

316. We define the domainal flexure of a regional geodesic in the domain as its 
arc-rate of deviation from the domainal geodesic drawn in the same direction, the 
two geodesics thus touching one another. 

Along the domainal geodesic through //, q\ /, t\ at 0, take a point P at a 
small arc-distance 8 from 0 ; and along the regional geodesic in the same direction, 
take a point Q at an equal small arc-distance 8 from 0. The desired result can be 
obtained in two ways : by orbicular representation : and by space-deviation. 

The directions of the two geodesics at 0 are the same : their common typical 
direction-cosine is y . At P, the typical direction-cosine of the domainal geodesic 
is y' hy"8, when squares and higher powers of 8 are neglected ; and at Q, the 
typical direction-cosine of the regional geodesic is y ' -f y" 8, to the same approxima- 
tion. Hence, in an orbicular representation (that is, in a configuration Y) y' 2 — 1), 
the components of the deviation of the regional geodesic from the domainal 
geodesic are typified by 

8 (y "-*")• 

Let l/y e denote the magnitude of the domainal flexure, and let Y temporarily 
denote the typical direction-cosine of the deviation, so that, as the deviation, by 
definition, is connected with the flexure by the relation 

1 = \ (deviation), 
y £ o 

we have 


Y 

y"= ~='£'£y>kXj\'+y iP" +y 2 q" +y 3 r" +y i t", 

r j k 

y" =X ^ y* x i' x k + yiv" + m<" + ys” + y ^" ; 


But 
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and therefore 


Y 

Y< 


= Vi ip" -p")+Vi fe" -q'')+y 3 ( r "-r")+yt ( t t - 1") 


= yi(A"+ S Ai/ 2 )-i-y 2 (? f "+ £ Ai?' 2 ) 

+y3( r <” + ^ p' 2 ) 


1 

y 


( dp dq 
{ yi dn + yi dn + y * 


dr 

dn +y ‘ 


dt\ __ 1 dy 
dn) y dn * 


As this equation is typical, we have 

yjy 

dn 


as typical of all the direction-cosines : that is, the direction of the domainal 
flexure of a regional geodesic is along the line of the domainal normal to the 
region. We also have 


1_ 1 
y Yl 
1 


1 XT' X ^ - / / 

— ZjZj € * x i x k ; 

€ n j k 


and therefore the quantity , in the intrinsic equations of a regional geodesic, is 
the domainal flexure of that geodesic. We thus have 


y< -y = 


^1% 

Ye y £ dn * 


Let I r € denote the typical direction-cosine of the radius of circular curvature of 
the regional geodesic and 1 fp € denote the magnitude of that circular curvature, so 
that 


y/>c=v € . 


Also we have y n p = Y, for the domainal geodesic in the same direction^', q\ /, t' ; 
and therefore 

Y e Y 1 dy 

pc p Yc dn 


There is another mode of obtaining the same result without reference to the 
orbicular representation, though ultimately using the same analysis. The typical 
space-coordinate of the point P on the domainal geodesic is 

y+y'8+W'B 2 , 

when powers of S higher than the second are neglected ; and, to the same order of 
approximation, the typical space-coordinate of the point Q on the regional geodesic 
is 
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Hence the typical component of the space-deviation of the regional geodesic from 
the domainal geodesic at points P and Q i at an equal arc-distance S from 0, is 


=i(y"-y' r ) 8 2 . 

Let the space-deviation be denoted by V, and the typical direction-cosine of its 
direction be denoted by Y ; then 


and therefore 


YV=-}(y € ''-y'')8\ 

8 2 =2y e V, 



the same central equation as before, leading to the general characteristic relation 


Y c Y 1 dy 
Pe p Y< dn 

Various inferences can be derived from this general relation. 

(i) In the first place, the domainal normal to the region lies within the tangent 
block of the domain ; the prime normal of a domainal geodesic is orthogonal to 
the block, and is therefore at right angles to every direction in the block ; hence 




As 2 = ^ ft follows that the circular curvature 

of the domainal geodesic is connected with the circular curvature and the domainal 
flexure of the regional geodesic by the equation 


J__ I 1 

pr P * + vy 


(ii) In the next place, it now appears that the quantity y in § 314 is the same 
as this radius of domainal flexure of the regional geodesic. Hence a comparison of 
the results yields the relation 

y^y 

Po Pc ’ 

typical of all the directions : that is, 

Pe~/V 

It therefore follows that the limiting position of the perpendicular, drawn from Q 
upon the tangent flat at 0 to the region, coincides (as the small arc QO tends to 
zero when Q draws near to 0) with the direction of the prime normal of the regional 
geodesic drawn in the direction OQ . 
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(iii) Further, the relations 


Y t , 




are satisfied by the direction-cosines of the prime normal of the regional geodesic, 
of the radius of domainal flexure of that geodesic, and of the prime normal of the 
domainal geodesic ; and therefore these three directions lie in one plane. The 
last two are perpendicular to one another : hence, if ip denote the angle between 
the prime normals of the geodesics, we have 

cos *=2yy„ sin 
Consequently, we have the relations 


cos ip 1 sin ip 1 

p t ~P ’ Pc 7 e’ 


r € = Y cos ip+ sin 0, 
an 


1 

P€ 


cos 0 sin 0 
P Ye 


all derivable from the equation 

Y^Y+ldy 

Pe P Y< dn ' 

A simple geometrical construction is immediate. In the plane containing the 
two prime normals of the geodesies and the radius of 
domainal flexure of the regional geodesic, let OC 
represent (in magnitude and direction) the radius of 
circular curvature of the domainal geodesic ; and let 
01\ represent (also in magnitude and direction) the 
radius of domainal flexure of the regional geodesic : 
thus the angle COF e is a right angle. Let a perpen- C ^ 

dicular OC\ be drawn on the line CF e ; then OC € 

represents (in magnitude and direction) the radius of circular curvature of the 
regional geodesic. 



317. We shall require a knowledge of the angles between the gremial principal 
lines of a domainal geodesic touching a region, and the domainal normal of 
the region (that is, the direction of the radius of domainal flexure of all regional 
geodesics at a point). 

da 

(i) The typical direction-cosine of this normal is . The tangent of the 
domainal geodesic is in the same direction as that of the regional geodesic, and 
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therefore it is at right angles to the domainal normal : we easily verify the analy- 
tical condition 

The prime normal of the domainal geodesic is orthogonal to the tangent block 
of the domain, and therefore is at right angles to every direction within the block. 
One such direction is the domainal normal, and therefore the prime normal of the 
domainal geodesic is at right angles to the direction of the radius of domainal 
flexure of the regional geodesic in the same direction. The analytical relation is 

o, 

dn 

at once verified. 

(ii) Let X 3 denote the angle between the domainal normal and the binormal of 
the domainal geodesic touching the region, the direction- variables of the geodesic 
being //, q', r', /' ; then 

7 dy 
COS 


Now (§ 284) 


where 


Hence 


X ])' p. _q’ v 2 v r' v 3 m t' v 4 

o p Q’ o p Q’ or p } a p Q’ 

du dp dn dr dt 
dn ^ yi dn + - h dn + y *dn + yi dn ' 


cos x 3 - 


2(A {A^ + H%G d ; + L^ 1 - 

" \ dn dn dn dn 


we have 


-(<r 1 A + € 2 /z + € 3 i' h€ 4 ro), 


€ yP + € 2 q + € 3 T + €±t — 0 , 


COS * 8 = 


- Mi + e-A + e 3 V 3 + e 4 «' 4 ) 




which accordingly gives the inclination between the domainal normal and the 
binormal of a domainal geodesic touching the region €= 0 . It also assigns a 
geometrical significance to the concomitant 'S) av^. 
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If, in particular, the direction of the domainal geodesic be one of the principal 
directions which (p. 326 ) provide a maximum or a minimum among the values of 
the circular curvatures, then 

cos ^3= -1 : 

that is, the binomial of the domainal geodesic in question lies along the domainal 
normal and therefore coincides (in direction) with the radius of domainal flexure 
of the regional geodesic drawn in the same direction. 


(iii) Let X\ denote the angle between the trinormal of the domainal geodesic 
touching the region and the domainal normal to the region ; then 

= V.i dy 


C0S 


dn ' 


Now (§ 286 ) 

h = yi a +y'iP+y3y+y^> 

the values of a, y, 8, being determinate ; and therefore 


cos X 4 


-M A t 


+ ,l¥ + G d ' + L 

an dn 


dt\ 

dn) 


1 


But (he.) 


= — (eja + ej/S+esy+c^S). 


a „/ d ( a \ *"i ' 

iAp)- n° 


with corresponding values for jS, y, 8 ; also e^' + e 2 q r + e 3 / + e 4 £' = 0 ; and therefore 
1 


.“•’““'a; 




O O 

y^^i-^rZj aw i € i 


fie 


^ C0S X3 - 


so that 


cos x*= 

or as 




We thus have an expression for cos y 4 and, concurrently, a geometrical significance 
for the covariant ^aw x e lm 


(iv) Let %5 denote the angle between the quartinormal of the domainal geodesic 
touching the region and the domainal normal of the region ; then 


C0S X5=^X 


dy 

dn 
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k = e o2/i + VVi + ‘2/3 + ^2/i. 

the values * of e 0 , q, 1 , to, being determinate ; and therefore 


cos 




1 


(e^+e^ + esL + eiCj). 


When the values of the coefficients in / 5 are substituted, we have an expression 
for cos hi the form 


a e 


Q* -- cos X 5 = 


1) 

€ 2i 

e 3, 

*4 

>1. 

^2, 

W 3» 

^4 


«’i. ‘’a, ”4 

Wi, w 2 » w 3> W i 


Ex. By using the values of the coefficients in l 5 as given in § 289, shew that 


1 d ( 1 

a ~ Cm ^ + a dA^rJ 


~X ) <,<)S ^ + [t 0 - X} C ° S »~£S “Vi- 


This result, and the result in the text, provide 4 the geometrical significance of two 
concomitants of the complete system. 


318. Now consider the tangent flat of the domainal region and the domainal 
normal to the region. The flat naturally possesses three leading lines, which may 
be taken to be the directions of the three parametric curves, connected with the 
variations of the parameters p } y, r , as retained in § 332 to be the parameters of 
the domainal region ; and the domainal normal is at right angles to each of these 
three directions. Hence the four directions, thus constituted, are four directionally 
independent lines : they lie, all of them, in the tangent block of the region ; and 
therefore they are directionally equivalent to any set of four leading lines in 
that block. But four such lines are provided by the tangent, the binormal, the 
trinormal, and the quartinormal of any domainal geodesic : and therefore, in the 
present connection, by the specified four principal lines of a domainal geodesic 
touching the region. Accordingly, the typical quantities 

dy 

2/i, 2/2, 2/3, f n , 

must be linearly expressible in terms of the typical direction-cosines y\ i 3 , Z 4 , Z 5 , 
the coefficients in each individual set being the same throughout the members of 
the set. 

* To avoid possible confusion with the functional symbol € of the region, e 0 is 
substituted here for the symbol € of § 288. 
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Expressions for y x , y 2 , y 3 , in terms of y\ Z 3 , Z 4 , Z 5 , have already been given 
(§ 292). There is no change in the form of the expressions when the domainal 
geodesic touches the region € = (); there is, however, the limitation on the 
variations of p\ q\ /, due to the condition 

+ e 2 q' + + € 4 ^= 0 , 


which does not affect the form of the expressions. 

( 1 y 

In order to represent ~ linearly in a like form, we assume 


d ^=Py' + Ql 3 +Rl,+Sl 5 , 


where P, Q , It, S, are the same for all the equations of which this relation is typical. 
Manifestly 


y v ' d l =P 

^ y dn ’ 




s kt 


~ =S: 


that is, 


Q= cos^a, R= cosx 4? $=cos 


where the values of cos y 3 , cos y 4 , cos y 5 , are to be regarded as known. 

Consequently, the values of y } , y 2 , y 3 , remain as obtained in § 292 ; and we 
have 

"f n = l a COS X 3 + h COS Xi + h cos Xs. 


with the foregoing values of the cosines. 


Pmwipal valves of domainal linear flexure : principal directions of 
flexure in a region. 

319. The domainal flexure of a regional geodesic, drawn in the direction 
p\ q\ r, touching the region in the domain, is given by 

~ ” ~ y] yz €jk x / x k> 

these direction-variables x f (—]/, q\ r, t’) being such as to satisfy 
^^4p' 2 =l, € x p' te 2 y'4-c 3 r'f € 4 i'= 0. 

This flexure has principal directions and principal values, associated with 
the maximum and minimum values of l/y c and the directions determining 
those values. To determine these values and directions, we have to make the 
expression 

ZfJ € }k x j X lc 

a maximum or a minimum, among the values obtainable through quantities 
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p\ q\ r', t', satisfying the two conditions. When, in accordance with the notation 
of p. 255, we write 

h = hiP' + hrf + hi r ' + hi 1 '* 
for i— 1, 2, 3, 4, the critical equations are 

€ t = 

for the same values of i , the quantities A and \i being left undetermined in the 
formation of these critical equations. Let these be multiplied by ]/, </', r', t\ 
respectively, and the products be added ; then we have 

Thus the four equations become 

€ n 

«.+ ~Ui = fX€i, 

7e 

for i= 1, 2, 3, 4 ; and there is, in addition, the relation 

€ip ; € 2 9 f/ + € 3 r +€4 1 = 0 . 

There are therefore five equations, linear and homogeneous in the five quantities 
V * 1* r '> I'* H' > when these are eliminated, they lead to the cubic equation 


hi+~A, 


h s + e ~o, 

- , r 

€i 4 H — L , 

*1 

= 0. 

Ye 

Ye 

Ye 

V* 



hi + € ” h, 

h, + €n B, 

e*+-F, 

€24+ ~M, 

€ 2 


Yt 

Ye 

Ye 




hi+ e -o, 

h2 + e, ‘f', 

h 3 + e - n c. 

h^ € ~N, 

€ 3 


Y* 

Ye 

Ye 

7e 



hi+~L, 

i a +-M, 

h 3 + € "N, 

*u+Z D ' 

*4 


Y< 

Ye 

Ye 





e 2 » 

«3 . 

*4 

0 



Let E denote the determinant 

I ^ 22 ? *33 * *44 l> 

similar to Q when represented in the form 

\A, B, C\ D |; 

and let c u denote the minor of in E, as a l} denotes the minor of A tj in Q. The 
term in the foregoing equation independent of l/y c is 



the term involving 1 /y e 3 is 
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which is equal to 



are 


and the coefficients of and of respectively , 

"^1 \_^J ^ C u € i € P\ j ^j a i) € t € iJ > 


* j 


t 3 


where d x and d 2 denote symbolical operators such that 


l m 


Im 


l in 


Im 


Hence the equation has the form 



i 



[SS c « e * e# + }h e * + ^ri =0 

u i 3 Ye L i j J Ye 


which accordingly gives the principal values of l/y € , the domainal flexure of 
regional geodesics. 

The direction- variables of the principal directions are then given by the three 
equations 






)■ 


combined with the permanent relation ^ A p' 2 — 1. 

(i) The cubic equation can be expressed simply, when the quaternary quad- 
ratics ^ jk x ) x k aud ^ € jk Xj'x k ' are expressed in umbral notation. For 

j k j k 

this purpose, let 

dj -a x p + a 2 q f + a 2 r A a A t' 


with umbral significance for the quantities a h such that 


% ^ V' A nf * if * — . ft 2 — h , 2 — /” , 2 

j J-k — u x u x “ c 'x > 

where the symbols 5, c , are equivalent to the symbol a. Also let 
'V = hp’ + H ?' + e 3 r' + e A t' = ^ e t x{, 
with umbral significance for the quantities e t > such that 

where the symbols /, g, are equivalent to the symbols P. Then the cubic equation 
is expressible in the umbral form 


e (^€) 2 + i^(«/ac) 2 +i € %(MSc)Hi--%(a6c6)*=0, 


Ye 


Ye 


Ye 
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the quantity (efge) denoting the umbral determinant 

fi> € i > 

fl) §2> € 2 

&3> Jzi 9 3 1 € 3 

^4> Jte 9ti e 4 

and so for the other like quantities, where e l9 € 2 , e 3 , € 4 , are not umbral. 

It follows that, as there are three principal values of y €9 there are three regional 
measures of domainal flexure of geodesics. We take these to be E l9 E 2) E 3l defined 
by the equations 

_ 1 1 1 _ 1 1 1 „ 1 

Ei — — h -~\ — , E 2 — — I — '1 , E 3 — — * \ 

7i 72 7s 7273 737 1 7 i72 7x7273 

and the values of these three regional measures are given by 

E '= 2 

(ii) Further, there are three principal directions of domainal flexure in the 
region, belonging respectively to the three principal values of that domainal 
flexure. Let any two of such principal directions have x{ 9 x 2 \ x 3 , x / ; and 
z/, z 29 z 3 ', z 4 ' ; for their direction- variables ; with l/j3 c and /x l9 l/8 € and ja 2 , 
respectively for the corresponding values of the domainal flexures and of the 
quantity /a. Then we have 

(for i=l, 2, 3, i) in connection with the first direction, and 

(y, (y, d {j z; s j =ix. 2 €i 

(for the same values of i) in connection with the second direction. When the 
equations for the first direction are multiplied by z/, z 2 ', z 3 ', z 4 ', respectively, and 
the results are added, then 

^ «»»*/**') + =Mi + *2^' + e 3 2 3 ' + «*»«')■ = 0 ; 

and when the equations for the second direction are multiplied by x x r 9 x 2 \ x 3 \ 
respectively, and the results are added, then 


j *jk x i z k^j + S A ok Xj'z k ^j —P2( € 1 X 1~ 


-f € 2 X 2 + e 3 x 3 + e 4 x 4 ') — 0. 
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Now, in a general configuration subject to no special intrinsic conditions, the 
principal domainal flexures at any point of a region are unequal, so that /3 e and 8 f 
are unequal ; we therefore have 

]>] e ik x/z k ' = 0, 2 ^ A Jk x,'z k ' = 0. 

The second of these inferences shews that the selected directions are at right 
angles — a conclusion which establishes the stated property. The first of them is 
a relation satisfied by any two of the principal directions of domainal flexure in 
the region. 

The three principal directions in the region, which provide the principal 
domainal flexures of regional geodesics, make an orthogonal set of lines within 
the tangent flat of the region ; when combined with the domainal normal to the 
region, they constitute an orthogonal set of lines within the tangent block of the 
domain. Also, we note that, along any one of the three principal directions of 
domainal flexure of regional geodesics, the equations 


*1’ 

*2> 

^3> 

*4 


*2> 


*4 

Wl, 

§5 

to 


u 4 


are satisfied. 


Ex. Prove that the value of /x, to be associated with a principal direction, satisfies 
the equations 


1 


V' 




320. The preceding results, as regards principal directions and magnitudes of 
domainal linear flexure of regional geodesics, can be expressed in a different (but 
equivalent) form. Instead of retaining the relation 

€ iP / + € 2? , d ^r-he^t' — O 

concurrently with the other relations, and thus maintaining a symmetry among 
V i i r > we use ^ f° eliminate one of the direction-variables t'. Then if 

€ 4 2 A o = € 4 2 A - 2e 1 € 4 £ } € 4 2 F 0 =- € 4 2 F - € 2 € 4 N ~ € 3 € 4 M + € 2 € 3 D 1 

€ 4 2 B 0 — € 4 *B - 2 € 2 € 4 M 4 - € 2 2 D, € 4 2 6 t 0 —€^0 - € 3 € 4 L - €^€ 4 N + €3 € 4 D l , 

€ 4 2 C q = € 4 2 C - 2 € 3 € 4 N + € 2 D, € 4 2 H 0 = € 4 2 II - € X € 4 M ~ € £ € 4 L + € 1 € 2 Z) J 

and, for all values of i,j, — 1, 2, 3, 

the permanent relation for arcs in the direction p ', q\ /, (now the direction- 
variables in the modified expressions) in the region is 
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while the domainal flexure of the regional geodesic in that direction is given by 

= Vll P' 2 + 2i?12?>y + *?22?' 2 + %3 V V + 2^ 2 V + *? 3 3**' 2 - 

The principal values of the domainal flexure of geodesics are the roots of the 
cubic equation 

I ZT * ^ I 

= 0. 


i an 

o 

VU + -&0, 

yu+ € - n Vo 


ye 

y< 

— H 

12 Qi 

^22 + ~^0’ 

yz>+ en Fa 

y< 

y* 

ye 

€ n f'i 

^23 + 

Vntyo 

7c 

7e 

Ve 


The inferences, connected with this result, follow as before. 


Superficial measures of dominal flexure . 

321. The preceding investigation provides the measures of linear domainal 
flexure of a region. There are also superficial measures of the domainal flexure 
of regional geodesics ; and they arise in the same way as the superficial measures 
of curvature of a region in a plenary quadruple homaloidal space *. 

Consider a superficial orientation in the region. It may be constructed by 
means of two domainal directions touching the region ; when the variables of these 
directions are xf 9 x 2 \ xf xf and zf z 2 , zf zf there are orientation- 
variables s l} as in § 270. Or it may be provided as the intersection of the parametric 
region € = () with another parametric region v(p, y, r, /)=(); and then there are 
orientation-variables l tj 



e 2> 

*3> 


Uo, 

V*, ^4 


the relations between the two sets of variables (when they represent the same 
orientation) being given on p. 257. 

To obtain the maximum and the minimum values of the domainal flexure 
of regional geodesics which, in direction, originate in the specified superficial 
orientation, we have to make the quaternary quadratic 

2 «u2 /2 ’ 

which is the value of -e w /y c , a maximum or a minimum for values of 
p\ y', r\ t\ satisfying the three conditions 

^ J Ap’ 2 =l, 

tip' + I" fe i j£ , =0, Vip' + vX + vX =0. 

* G.F.D., vol. ii, §§ 318-323. 
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The critical equations for the maximum or minimum are 

€ t -f 0Ui -f- Ae t * + fJ'Vi = 0, 

for i= 1, 2, 3, 4, the values of the multipliers 8, A, /x, being undetermined in the 
formation of the critical equations. 

The value of 8 is at once obtainable. We multiply the four equations by 
p\ q f , r\ t and add the products : the result is 

8 = 0 , 

Ye 

on using the conditions. Thus there are four equations 

e t + — Ui+ Xe^uvi—Q, 
re 

and these are linear and homogeneous in the six quantities p f , q', r\ t f , A, fj , ; also 
there are the two conditions 

€i p' -f € 2 q' + € 3 r' + e 4 ^ — 0, v x p' + v 2 q' + u 3 r' 4- v^t' — 0, 

likewise linear. When the six magnitudes are eliminated determinantally among 
the six equations, we have 



ei2+y - 

H, 

*is + C - d 

Ye 

- _L 

*14 + “ 

re 

L, 

6 1» 

”1 

=() ; 

««+-//. 

y< 

“ y t 

B, 

e 23 + €n F, 

re 

- , 

624 re 

M, 

*2> 

"2 


t 13 + in G, 

v< 

- . e * 
€ 23 + ~ 

re 

F, 

*33+ ^ C, 

Vc 

*34 + ~ 
Ye 

N, 

*3> 



iu+ r. L • 

- 

€ 24 + 

re 

M, 

^ + ~N, 
Yc 

- . € « 
" + ?, 

A 

€ 4> 

”4 


i c i > 

*2 

5 

€ 3 

*4 

j 

0, 

0 


1 ”i > 

»2 

J 

V’3 

”4 

) 

0, 

0 



manifestly a quadratic equation in y € . When expressed in expanded form, the 
equation has the form 

^ ~ * il*3k) s tj s kl 

4- (A ik €ji- Au€ Jk - A jk € u + Ajii lk )s i} s k i 

Ye 

2 

+ y 2 ^ (AtkAji — A il Aj k )s lJ s kl ^=0, 

where only the ratios of the superficial variables occur. The coefficient of c„ 2 /y t 2 is 
sin 2 co, where co is the angle between the two guiding directions in the orientation ; 
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and it can be made unity if the orientation- variables are taken in their canonical 
form (§ 270). 

Thus there are two principal values of the domainal flexure of those regional 
geodesics which originate in any superficial orientation in the region ; and there 
are corresponding principal directions of such flexure in the orientation. These 
two directions are at right angles. Denoting their direction-variables by 
Pi> r i> ail( l Pz, 72 > r 2 > \ respectively, we have, on multiplying the 

equations for the first direction by p 2 q 2 , r 2 , t 2 , and adding, 

s «i (i )r Pt + /— v- s u ‘ (i w +^y^ e iPi pi = 

that is, 

^pipi-=°- 

Similarly, multiplying the equations for the second direction by p x ', q/, r /, 
and adding, we have 

5 «11 pi pi + ^ ApSpi^O. 

Hence Apip 2 ^=Q, as the principal domainal flexures arc unequal in general: 
consequently the two principal directions are at right angles. 

Manifestly there are two measures of domainal flexure of regional geodesics 
originating in the orientation, being the product and the sum of the principal 
domain flexures for the orientation. They correspond to Gauss’s measures of 
curvature of a surface in triple homaloidal space : and they can be denoted 
by K s and H 8 , where 

__ JL — *il*jk) s ij s k 1 _ 

e n ^ J [AtkAjj — A l iAj k )s iJ S kl 

Moreover, there are principal values of these measures, defined as the maximum 
and the minimum of K s and of H s respectively, among all the values which can 
arise through the various admissible orientations. By analysis, similar to that 
used for the corresponding investigations * in circular curvature of geodesics in a 
primary region (so that the domain is a block), it can be proved that 

(i) for K s and for H s , the principal orientations in the region have, for their 
leading lines, each pair out of the three principal directions of domainal 
flexure of regional geodesics : and 


F.I.U.Il. 


* G.F.D., vol. ii, 320-322. 


2c 
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(ii) the principal values of K t are 

JL 1_ 1_ 

YiYa ’ YaYi ’ YiYz ’ 
while the principal values of H s are 

UI), -U + Y 

v* yJ \ys 7v 
where y l5 y 2 , y 3 , are the principal radii of domainal flexure of geodesics 
in the domainal region. 

It is almost superfluous to note that the principal directions of domainal flexure 
of regional geodesics are quite distinct from the principal directions of circular 
curvature of those geodesics * . 




Sphericity of a domainal region in any superficial orientation. 

322. The investigation of the sphericity of a domainal region in any orientation 
within the region can be made by the method of § 320. 

We write 

ei + c 1 € 4 =0, £ 2 -fc 2 e 4 = 0, €3 + 0364=0, 

so that the direction- variable t ', when connected with a region e -0 in the 
domain, is given by 

-C\p' - c 2 q' - c 3 r f , 

the variables //, q\ r', being retained for direction in the region. Similarly, for 
orientation- variables of an orientation in the region (and therefore for orientation 
in the domain), we retain s 23 , s 31 , s 12 ; and the other orientation- variables in the 
domain are given by 

6*14= — C 2 S 12 d - C 3 S 3V ,S *24~ ^1 ,? 12 “ C 3 5 23j 6 34~ C 2 ,S 23 “ C 1^31* 

Now the circular curvature of a regional geodesic and its domainal flexure are 
connected with the circular curvature of the domainal geodesic in the same 
direction by the typical relation 

Y c ^Y + ldy 
Pe P y dn ‘ 

When we take account of the direction-variables of the regional geodesic with 
special reference to the region alone, we have a typical equation of the form 



W' 2 + 2£ 12 py + ^/ 2 + 2S 13 pY + 2^V+ £33^. 


* Even for the simpler instance of geodesics on surfaces within a primary region, 
the inclination of a principal direction of circular curvature to a principal direction 
of flexure is a covariant of the whole configuration : see G.D.F. , vol. ii, § 362. 
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“ = 2 ’Ju?' 2 ’ 

or, again including only the regional direction-variables, 

Y 

~ = W'* + 2 W'?' + i?22?' 2 + 2 ^13? V + 2^23 ?V + ^33^' 2 , 

where 

Vii Vil ^iTb'4 Wit “b Gi^jV 44 > 

for all the combinations =1, 2, 3. Similarly, we have 

€ n V - ,o 

~~~~^j e nV 

- #n?>' 2 + 2^, a »Y + A’ 22 r / 2 + 2E 13 p'r' + 2E 23 qY + A’ 33 r' 2 , 

where 

lh lJ ~€ tJ — Cj-e^ — 4" c ; e 44 , 

for all the i-j combinations. Finally, the permanent arc-relation becomes 

^A u p' 2 -l 

where 

A-ij — +4-U — — CjA.j£-hCjCjj4 .££ . 

Thus the equation connecting the curvatures becomes 

and there is no homogeneous relation among the three direction-variables jo', </', r', 
so that we have 

CiJ-7?u e„ tin Jj>i ’ 

for all the combinations i,j, =1, 2, 3. 

Let /i r denote the sphericity (the fiiemann measure of curvature) of the 
region in the orientation with variables /? 23 , %, 5 12 , so that 

K 

(An A 22 - A 12 2 )s 23 - 

If ^i', # 2 ', a; 3 ', # 4 ', and s/, z 2 ', z 3 ', 2 4 ', are two directions defining the orientation 
$23 > ^3i > $i 2 » where 


we have 


— ”"Ci^i — c 2 ir 2 — c 3 a/ 3 , £4 — — ~c 2 2 2 — c 3 s 3 , 

(AiiA 2 2“ Ai 2 2 )5 23 2 = Au^i An^! - (^Li ^n x i z i ^ • 
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But with the values of A, we have 


S ^VL X 1 Z 1 
1 


~ ^ v ^11^1 Z l> 


where, on the right-hand sides, the summation extends over the four direction- 
variables in the domain ; and therefore 


]L/ (^li^aa"" ^12 2 ) 5 23 2 — (2L/^ii^i 2 )(^^ii 2: i 2 )“ j^n x i z i ) 2 

= 'jZj A iiAj k )s v S kl }, 

i j k l 

the summation now extending over all the orientation-variables in the domainal 
expression of the orientation. 

Again, with the definitions of the quantities £ 4i , we have 


DWv* e n dn Eal3 ) e n dn EyS )’ 


the summation extending over all the dimensions of the plenary homaloidal space. 
But, because 


ty-y iP+y d( l 

dn yi dn V2 dn 


+y 3 


dr dt 
dn +y *dn’ 


and because 


for all values of /c, A, /x, we have 


2^ 



y 


(»?6v - c-eVt* ~ c vV*e + c g c v r] M )=0, 


for all values of 6 and v . 


Hence, as 



2 

= 1, we have 


^safi^yd ^ j 2^ a&^ybi 

€ n 


for all values of a, /?, y , 8. Consequently the numerator of the expression for K r 
becomes transformed so as to give 

2 { 2 (fnk-W)}«.* 

= hj Wll^22“ ^12 2 )} 5 23 2 "i" ~ 2 IfiL/ (^11^22“ *®12 2 ) S 23 2 * 
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The second term on the right-hand side 

(£* W 2 ) - (£e u x’z ') 2 

also 


'£ l E 11 x 1 ' 2 ='£e 11 x 1 ' 2 , 

J 




^ E 11 x i z x — ^ 2 /, 


where, as for the permanent arc-relation, the summations on the right-hand sides 
extend over the four variables in the domainal expression of each direction ; and 
therefore the second term on the right-hand side 

2 )(L<-n*i “) ~ j € n x i z i ) 2 J 

— ~2 ~ *a*jk)$ij s Jcl} 

€ n 

where (§321) the quantity K s is the Gauss (specific) measure of domainal flexure 
of regional geodesics in the specified orientation. Moreover, this Gauss measure 
of circular curvatures of geodesics on a surface in triple homaloidal space (as also 
for geodesics in any primary amplitude) is the simplified form of the Riemann 
measure for the surface (or the primary amplitude) ; and we therefore regard this 
quantity K a as a Riemann measure of domainal flexure. 

For the first term in the numerator of the expression for K r , which 

“ ^ J (^ 11^22 ~ ^ 12 2 )}^ 12 2 » 

we have to proceed in a different manner, because the internal summations, such as 
S( 7 ?h 7 ?22 ~ ^i 2 2 )> extend over the dimensions of the plenary space. When account 
is taken of the values of the quantities rj,j in terms of the quantities 77 ^, we find 

^i(VikVn-V,iVnc) 

-(ij, kl)-c,(4j, Jd) - Cj (ii, kl) - c k (ij, il)-c t (ij, M) 

+ o,c t {4j, ll) -f (CjC k ) (i4, 4i) + (‘ t Cj(4y, ki) + c/: l (i4, M), 


a general relation which expresses the values of the regional quantities 
A- u , A\ 22 , /c 33 , A* 23 , i 31 , & 12 , of § 162, in terms of the Riemann four-index 
symbols of the domain. Let these values be substituted in the coefficients of 
,v 23 2 , s 31 2 , ,s- J2 2 , .s\ 31 s 12 , 6* 12 .9 23 , s 23 .<? ;n , and let the coefficients of the different four-index 
symbols be collected. Obviously we at once have 

(12, 12)* la * + (23, 23)s 23 2 + (31, 31 )s 12 * 

+ 2(31, 12)s 31 s i2 +2(12, 23)^3 + 2(23, 31).s 23 s 31 , 

as the aggregate of terms, free from the quantities c and free also from any of the 
four-index symbols where the number i occurs. 
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The coefficient of (12, 14) 

— - 2 c 2 s 12 2 , out of the term in s 12 2 , 

-f 2c 3 $3 1 s 12 , 5 31 5 12> 

— 2s 12 .9 14 , 

and so on for all the four-index symbols. The complete value of the term 

= X (ij, kl)s u s kl , 

with complete summation for the numbers i, j, k, l : that is, it is 

~ h d { (AikAji — A , 

where (§ 275) the quantity K D denotes the sphericity (the Riemami measure of 
curvature) of the domain in the specified orientation. 

When these values are inserted in the expression for K r , we find 

K r =K D +R s : 

or the sphericity of a domainal region in any orientation in the region is the sum 
of (i), the sphericity of the domain in that orientation and (ii), the Riemann measure 
of domainal flexure of the region in the orientation. 

The corresponding theorem, concerning the sphericity of a parametric surface 
in a region, has already (§ 219) been established. 

Regions geodesic to a domain at a place. 

323. Among the regions contained by a domain, one special class demands 
detailed consideration : it is the class which, on the analogy of geodesic surfaces, 
are called geodesic regions and which are defined in a manner analogous to that 
used for the surfaces. Let OA, OB , 0(7, be any three domainal geodesics such 
that their three directions at 0 do not lie in a plane ; and take the aggregate of 
all the domainal geodesics through 0, the directions of which originate in the flat 
determined by the tangents to OA, OB, 00, as leading lines. This aggregate of 
domainal geodesics through 0 determines a region which is said to be geodesic to 
the domain at 0. Manifestly every regional geodesic of this region through 0 is 
the same as the domainal geodesic through 0 in the same direction and its domainal 
flexure is zero ; but we cannot assert, and it is not a general property, that regional 
geodesics of the region, which do not pass through 0, are domainal geodesics. In 
order that a parametric region €=0 may be geodesic to the domain at 0, it is clear 
that conditions will have to be satisfied. 

Certain preliminary results are necessary, supplementary to those (§ 269) 
already obtained. The direction- variables of the domainal normal to the region 
are 
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with corresponding values for ~ ^ , where the dilatation c n is given by 

fi€ n 2 =N^O€ 1 2 . 

We have had quantities , such that 

- e 2 A a - e 3 0„ - € 4 0 t ., 

for all values of i and j ; and have proved that 

dp _ dq _ dr _ dt 
dp €n dn + €l2 dn + 6x3 dn + 614 dn 9 

with like values for ~ ^ , so that 

dq dr dt 

(d v y 

€nrt dn*~^ €ll \dn) 9 

d(: v _ dp dp 

ds ” — ' €±1 dn ds 9 

whether the domainal direction ds lies within the region or not. We have had 
(§ 209) quantities 

*1-* \lV' + ^2 itf + *3 


for i— 1, 2, 3, 4 ; and we shall find it convenient to have quantities v l9 e 3 , i/ 4 , 
defined by 

- dp _ dq _ dr _ dt 
Vi " eii (hi + e ' 2 ’ rZw + t3i rfu + £li dn ’ 

Differentiating the relation 

dp a h g l 

en dn^Q ei + Q €i+ G €3 + ti €i 

with respect to p, and using the results of § 268, we find 


d ( dp 


dp \ 71 dn) Q 
and similarly 
d ( dp\ 1 


* (o^+^+^+m-^a, d £+ r li ^ r u ^ t- -A^); 


dq G" S = Q {ain h hi ^ + ^ + ~ e « ( ri2 £ +r22 £ +r23 £ +ra4 £) ’ 

3 l dp\ 1 . _ . ... f d-p „ dq dr n dt\ 

dr V**d»J = fl ( “ M+ k» + ^» +fc “>“ e * r “rf»/ ’ 

d ( dp\ 1 . f „ dp „ dq — dr „ dt\ 

dtY n M"^ aiu+hiu+9lii+leM) ~ en \ ru dn +rM dn +rM dn +ru dn) * 
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Consequently 


dn (*• dr) ~ Q (a 1 ~ V ' + h ^+9^+ I5 *> - e " 2 Ax ( J) > 


and therefore 


d 2 p 1 


= o“(«5i+ Kz+g*9+ ^)“ 


rfw 2 


^ r* 



Am dp 
€ n dn * 


Similarly 


$= nr ('».+ W.+ A+-;.) - Is Jn ©1 ■ - •„■= % . 


dn 2 

<Z 2 r 1 


= 0~ (fl ri 'l+/ r '2+ Cy 3 + W? 4 )-< 


O/a ( d P 


dn 2 ^€„ Vi/ 1 ' ' >2 1 1 

dn~ s=Z Je +mi ’t +n *’3 + rfi; 4)-{S^ 



fnn dr 

e„ dn ’ 


(d]>\ 2 \ e nn dl 


As a verification of these values, we have 

d 2 e J (dp\ 2 \ d 2 P d 2( l d 2 r d 2 t 
dn 2 ^f 11 \dn) j €l dn 2 + €2 dn 2 ^ € * dn 2 + € *dn? 



. ( d 2) 

11 \dnj 


■■llMsr, 





;+ 24 


£+{2*..©*} 


which, on substitution for quantities in the last four terms, leads to the former 
result 

- € -v/i ( d J } Y\ 

A r * j l n U/ y 

Also, with the convention jc t — p, </, r, t , for ? — 1, 2, II, 4, 

rfj('"i») = B < '“ I+ W ‘ +Se * + *'}" 


l («-2) - 5 <*>■ + * +*■+•«■> - {? ? • £ 5} ■ • 

l (*■ £) ~si <* * A+ “» 1 •«.> -.{S£ 9.. & A 

d ( dt \ 1 . , _ _ _ f v~> jl dx i due* 

dA en dn) = £i (lei+me ^ ne3+ d€i) - e Yl'^ 0 "dnds 


dn ds f 9 




and therefore as the value of ~ w is known, being ^ ^ , we have 

tto n rt WM/ tv 1 ^ 



323] 


DOMAINAL REGIONS 


409 


s( s)=i ( ^ + “- +! "‘> + 

I (£)=fl7» (9 *‘ + /, '- + “* + ”•>■ ? £ {( 

i(a)= 


€ n dn 

e„ 


-Tw + 

4#+- , 

e„ aw 


tjj dr 


€ n dn 


0 +in ( H 

" e« dn 



where, again, denotes any domainal direction whether lying in the region or 
not. 

Next, 

e tJ - e„ -€ t r„- e 2 J tJ - e 3 0 o - e t <Z>„ ; 


and therefore differentiating with respect to x fc , and using the values of the 
derivatives of jP, A, ©, 0, obtained in § 279, we have 


dijj 

dx k 


€ i]k ^2 h'^ij ^3k®tj c 4 lc^7) 

- «i jn»* + r, (kj) + r, (U) - yj ®i„r(MM&) + (p.j, i&)lj 

- € 2 4(*?) + ^ «2/xl(^i^)+ (w, »*)] j 


3 j + & i (fy) b tt 3,J ^ ft) + (W’ **)] 


- j + (kj) + (ki) ~ 3^ S a 4/xT(^ jk) + (fij. ik ) J j> , 


with the significance of the symbols r,(kj) as on p. 277. Let quantities E nk be 
introduced under the definition 


Eijk ~ ik ~ € i {r 1 ) k 'b r t ( jk) + F } (ki)+ r jc ( ij)} 

- e 2 { A l]k -1 A , (jk) + A, (hi) + A k (ij) j 

- e-ii&uk + 0, (fi) + ®, (k<) + (*>■)} 

- Cn{® llk + $, (jk) f- 0, (ki) + 0,, (ij )} , 

where manifestly A 7 /; - fr is unaltered by interchanges of i, j , A\ among one another ; 
then we have 

- hk*n - hk®„ - «« + bn X + («, »*)], 

the summation being taken for fi= 1, 2, 3, 1. On the right-hand side, the integers 
i and j (if different) can be interchanged without affecting its value. 
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We shall require the sum 


fejk t 3ikj di ty 
dx { dXj dx k * 


dx LL 


The coefficient of - 7 - on the 

an 


right-hand side 


= [ (M7» ki) + {nk, ij)] + [ (fik, ij) 4 - (pi, Icj)] + (fit, jk) + (jij, ikj], 
which vanishes identically. If then, by analogy with the symbols r { (jk), we write 


we have 


^ a {$Y ) ^la-^/3 y ^2 a^fiy "t" ^3a ^y/3 ^/3y > 


fejk d*ij _ o T? 

dx t dxj dx k 




324. The preceding analysis can be used for the construction of a result which, 
holding for any region and not relevant to the consideration of geodesic regions, 
will be required later in connection with other issues. We have 


and therefore 


dy dv dq dr dt 

*r»s. + *s + *s + ** ! 


Now 


d (dy\ , dp , dq , dr , d 
xAdv)~ yi dn + y * dn + y * dn hy * d 


dt 

dn 



Vi - VnV' + 2/i2?' + Vm?' + 2/h*' 

- + w' 

+y\<*'+y> z i;+y z <l> J i ihK 

=■ >7i + 2/i a + 1h t + 2/a^ + y^, 


using the symbols of § 300, and so for the others ; hence the first line in the 
foregoing relation 


dv dq dr dt 
T ^dn ^ ^ 2 dn^ ^dn+^^dn 


Also we have, by the result on p. 408, 
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and similarly for the like derivatives of q , r, t. When these values are inserted, 
and the results are re-arranged, we have an equation 

d (dy\ € n * dy dp dq dr dt 

ds \dn) * € n dn ^dn^^dn^^dn^^dn 

+ £)~ *2> ^3j V2> ft, Va)' 

The analytical similarity, to the corresponding result (§ 208) in connection with a 
regional normal to a surface contained in the region, is complete. 


Arc-variation of the domainal flexure along a regional geodesic . 

325. The domainal flexure of the regional geodesic in the direction 
p\ q\ r\ t\ (=#/, x 2 \ xf 9 xf), has been obtained in the form 


■-=:s 2 

Y* i 3 


and therefore 


-i (?>$? $ (£<*/*')+??■ *****%•% 

where the second arc-derivatives x" and x" have to be taken in the region, 
because we are dealing with variations along the regional geodesic. We therefore 
have 




1 dx x 

y« dit ’ 


by § 315, with three similar results. Thus 


* 3 

= V V 

i 3 






so that 


= V 

i j 


-l fe) - - i - ? ? ? ik ^ v ) - ? ? < + «»- 
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The total coefficient of x t 'x 3 'x k ' on the right-hand side 

(d*jk d£ kt di i3 \ 

- 2 \~dx i + dx , + 'dxJ 

““4 (e u r i* + ei 3 JT A . l -he lfc J T fJ ) 

“ ^ (^3 i®jk "b ^3 )®ki ^3 k®i)) 
~ ^ 4 i^‘fc+* 4 J^At + * 4 fc^ij) *' 

the sum of the last four lines is 


~ 4 1€ # - (jk) 4 - ij (ki) 4 - e k (ij )} ; 

and therefore, when we substitute the value obtained in § 323 for the expression 
in the first line, the total coefficient of x t 'Xj'x k ' becomes 


- 6 {i t (jk) 4 - ij (ki) 4 - € k (ij)}. 
We denote this total coefficient by 6e 2;fc , so that 


€ uk x i x j x k 


We now have 


as \yj y e as Y j V 
e„k=E,)k ~ «/ 0'*) - i (**') - My) ; 


when the value of E ijk is substituted on the right-hand side, the value of e ljk 
acquires the form 

M = ~ «i (jk) -e,(ki) - e k (ij) 

-M r, Jk + r,(jk) + rAk*)+r k (ij)) 

-e 2 {J ljk~\ (jk) + A J (ki) + A,,(ij)\ 

-%{©»* + ®i (jk) + @,(ki) + @ k (ij)} 

- h <*>, (jk) + <f>, (ki) + <P k (ij)\. 


Also, with this relation between E ljk and e l)k , we have 


d d e ^ t ,k+h(jk)+iAki)^ k s£ M r (v,jk)+(w,m 

where, on the right-hand side, x l9 x- 3 , x 4 , =p, q , r, f : and, for convenience of 
reference, we repeat the definition 

<A« (jk)=<Pi t r ]k + <p 2 i A ]k + <P 3 t ®,k + tu ®,* . 


for ifj — r, J, ®, 0, and €. 

Modified expressions for € {jk can be obtained by introducing the symbols € i} 
instead of Z l3 in the portion (jk) 4- e } (ki) 4- i k (ij). But all the modified expressions 
are equivalent to one another ; and the magnitudes € {j recur more frequently than 
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e ij9 just as the symbols ^ recur more frequently than y i5 in connection with the 
circular curvature of domainal geodesics. For all forms, the arc-variation of 
the domainal flexure is given by 


Again, we have 

and therefore 


c L 4( e t)=SSS *ijk x i' x j' x k • 

*** \Yt' i j k 

-v- W 2 
e " n “^ en U/ ’ 


d?€ _(U nn __ /_ _ d 2 </ _ d 2 r - d 2 A 

dn 3 dn \ 1 dn 2 + riw 2 + 1/3 dn 2 + dn 2 ) ^ ^ dn \dn) 


(i) To evaluate the first set of terms, we write 


1 


and therefore 


d 2 p d 2 q d 2 r 


N - a , <2-, Vf; 


dn 


Vl dn* +V *dn* +V *dn* +v Un*~ N 


--.{2i’u(|)'}-,{2^© ! 

2 ®,, (£)}-. {2«n(0 


which may be written 


-2 


(ii) For the summation, we use the relation 

= 1 Cut - + e, (jk) + e, (ki) + y n S £ [0 «. jk) + (fij, ki)] ; 
and therefore, in that term which can be taken in the form 


v ^r-> d^ij dXj dXj d'Xjc 

7 j X dx k dn dn dn 9 


the total coefficient of the combination 
from 


dx t dx , dx k -.o.i 

dn ~dn ~dn consis ^ s °* ^ ee P arts > arising 


2 - J - i + 2 ~- 1 + 2 d J ~ . 

ux k oXj dXj 
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The part arising from the Riemann four-index symbols has, for the 
coefficient of 

|e ^ 

S " dn ’ 

the sum of the quantities 

(pi, jk) + (pj, Jci), (file, ij) + (pi, kj), (pj, ki) + (pk, ij), 

a sum which is zero : hence this part vanishes. 

The part arising from the quantities i a (py) is 

2 R {jk) + €j {ki)} + 2 R (ij) + €, (kj)} + 2 R (ki) + i k (ij)} 

= 4 R (jk) + c, (ki) + e k (ij)} 

= [*tl{jh l} + € H {ki, l}+e kl {ij , Z}]> 

the summation being for 1=1, 2, 3, 4. 


The part arising from the quantities e tJk is be iok . 

d 3 e 

Consequently, the summation in the expression for ~ is 
^ _ dXi dXj dx k 

. ' a / j ; j “t ■» 


t j k 


dn dn dn 


j. 0 V V V; r 4 v 7\ ^ ^ 

+ 0 **'*;£• 

where the summations on the right-hand side are over the values of i, j, k, 
independently of one another and not in combination. 

When the values thus obtained are substituted, we find 


: + 2 — — V av, 2 = V V V j 

1 ** Qe n ^ aVl 


i j k 


dXi dXj dx k 
dn dn dn y 


with the convention x lf x 2 , x 3 , x±=p, q, r, t, and the definition, for i= 1, 2, 3, 4, 

- . dp . dq _ dr . dt 

V '^ u fa +eii fa +e3i dn +eu dn- 


Ex. The values of the quantities 

d /dz\ d fde\ d 2 fde\ 
ds \dn) 3 dn ' dn ) ’ d^ 2 \ dn) 

have been given in the text, because they are required in subsequent investigations 
that occur. The determination of the values of 

d ( d (de\\ d (d fdeY\ d 2 / <U\ 
dn [ds dn) j 3 ds [dn ' dn ) J ’ ds 2 \dn) 3 


is left as an exercise. 
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Parametric region touching a geodesic region . 

326. Consider any domainal region represented by a parametric equation 

e(p, ?, r 9 1)= 0; 

directions in this region are subject to the sole condition 

€ iP' 4* 4" €4^ =0. 

Let a domainal geodesic be drawn through 0 in this direction ; at any point O', at 
an arc-distance 8 from 0 along the geodesic, the parameters P, Q , R y T, are given 
by expressions of the type 

P=p+p ' 8 

all the magnitudes on the right-hand side belonging to the domain, so that 
-r"^r llP '\ - P '"=^r in p'\ 

and so on, with like values for the arc-derivatives of q 3 r, t. If the domainal 
geodesic lies wholly in the region, the coordinates of O' must satisfy the para- 
metric equation of the region ; and then the relation 

e(P, Q > R, T)= 0 

must be satisfied for all values of 8. If the domainal geodesic has only contact 
with the region, the order of that contact is measured by the number of successive 
powers of 8, the coefficients of which vanish. 

Let the parametric equation at O' be expressed in powers of 8, in the form 

E 0 +E 1 8 + $E t 8*+lEt&+... “ 0 ; 

we have to determine how far, in successive powers of 8, this equation is satisfied. 

(i) The first term E 0 always vanishes, for it is e(p, q, r, /). 

(ii) The second term also vanishes ; for 

E l = e x p r 4- e 2 q' + e 3 r' -f £4 t' 9 

and we are discussing domainal geodesics in any direction p\ q' 9 r' 9 t f 9 touching 
the region. If, in particular, the region is to be geodesic to the domain at 0, so 
that p' 9 q\ r' 9 t ', denote any direction contained in the flat, which is defined 
by three non-complanar directions of domainal geodesics and which has 
P 0 , Qq> Rq> To, f° r variables of regional orientation, the equation 

Z=P 0 p' +Q 0 q' +i? 0 / +T o t'=0 

must be satisfied ; and the two equations E x = 0, Z~0, then are the same. In 
any event, the equation E x =0 is the condition of tangency to the region. 
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(iii) As regards the coefficient of |S 2 , we have 

E 2 — € iP" + € 2 ( l" + € 3 r" + € 4 i" + V) € u p ' 2 

=ss*«,*.v. 

i i 

with the notation (p. 254) for the symbols i tj and the convention as to variables 
# 1 ', x 2i x 2 , xf=p', q' f r', t'. xAccordingly, the domainal geodesic has contact of 
the second order with the region, along the direction q r\ t', under the condition 

* J 

The condition may Jbe satisfied in two different ways, both subject to the 
linear condition £^=0. It may be satisfied only for those values of the direction- 
variables which simultaneously satisfy the two equations 

#! = (), E 2=0; 

that is, there * are four single infinitudes of directions, constituting a four-sheeted 
surface, along any one of which a domainal geodesic has inflexional contact with 
the region. Or the condition £ 2 =0 ma y be satisfied for all values of p\ q\ /, t' } 
satisfying E x = 0 ; the residuary relations, expressing this property, will be 
developed later (§ 327). In either event, the equation £ 2 =() is the condition that 
the domainal flexure of the regional geodesic, drawn in the direction p\ q\ r\ t\ 
shall vanish. 

As our main concern is with geodesic regions, and with possible orders of 
contact between a parametric region and a geodesic region in the same orientation 
P 0 , Qo, T 0 , we shall not discuss in any detail the significance of the first mode 
of satisfying the condition E 2 =0. Obviously, any region within the domain 
possesses surfaces of the type indicated : they may be called the inflexional 
surfaces of the region. 

(iv) The coefficient of is given by 

e 3 = y , *&'" + 3 v €uP ' P " + v €mP '*, 

with the customary significance for the signs of summation. When the values of 
quantities such as p ,n and p" are inserted, the total coefficient of 

6 , , , 
t! j\ k\ XiXjXk 

on the right-hand side 

— € uk~ ( € n^jfc + € ijE ja -t € lk r u ) 

~ (*2 i^)k "t € 2)^ki € 2 k^tj) 

“ (tii&jk + tij&ki + eik&v) 

~ ( € l -*r€ 2 A tjk + 63 ® tJ j c + 

* See footnote, p. 417. 
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which is one of the transformed values of the quantity e ilk in § 325. Hence 

•®3 = j*tik x i' x j' x k • 

l j k 

Accordingly, the domainal geodesic has contact of the third order with the region 
(the conditions for contact of the second order being supposed satisfied) for 
domainal directions which touch the region and satisfy the equation 

y Xi s «»«*/*/**'=<>■ 

i j k 

Taken in association with the preceding necessary conditions, the condition 
may be satisfied in various ways, partly dependent upon the alternatives arising 
in connection with E 2 =0. 

(a) It may be satisfied when the quantities E v E 2 , E 3 , are not subject to rela- 
tions among their coefficients. Then there are six sets of values of p\ q\ r\ (\ 
satisfying all these conditions : or, in any parametric region in the domain, there 
are six directions along which a domainal geodesic has contact of the third order 
with the region, and they lie on the inflexional surface of the region. 

(b) If the equation 2? 2 = 0 is satisfied for all directions touching the region, so 
that E 2 --- 0 is now not independent of 2^=0, then the requirement is satisfied for 
all values of p, q\ r', t\ which simultaneously satisfy the two equations 

= 0, E 3 ~0 : 

that is, there are * six single infinitudes of directions, constituting a six-sheeted 
surface, along any one of which a domainal geodesic has triple contact with the 
region. 

(c) If the equation E 2 ~Q is satisfied for all directions, touching the region and 
therefore satisfying E x — 0, the equation £’ 3 =0 may be satisfied for all these 
directions ; residuary relations, expressing the property, will be framed later. 

The foregoing inferences relate primarily to a region which is postulated by a 
parametric equation. But the analytical expression of a geodesic region can be 
framed otherwise. The parameters of a current point O' on a domainal geodesic 
are given by the quantities P, Q , 72, T , as on p. 415. On the assumption that 

* The result is obtained by using the expressions for q\ /, t\ of the type 
V* — ^Pi ■+ H'Pi VPs ' » hi terms of any three sets of directions of the region. These 
parametric forms, involving A, /*, v, satisfy the equation 2^ = 0 unconditionally. An 
equation 2£ 2 = 0 then becomes a homogeneous quadratic relation in A, p,, v ; and an 
equation E 3 — 0 becomes a homogeneous cubic relation in A, p, v. There is also the 
(non-homogeneous) quadratic relation in A, p, p, arising from the arc-relation ; so that 
E 2 = 0 then leads to an equation of degree four in the two parameters A and p, after 
elimination of v ; and E 3 — 0 then leads to an equation of degree six, in like 
circumstances. 

2i> 


F.I.G. II. 
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the geodesic region is to be defined in connection with the regional orientation 
Po. Qo , T 0 , the equations 

^Ap' 2 = 1 , Z—Pq'p’ +Q 0 q' +R 0 r' + T 0 l'=^Q, 

render the direction-variables p\ q\ r', t', equivalent to two independent magni- 
tudes. Hence the parameters P, Q , ft, T , of the current point O' involve these 
two magnitudes, as well as the variable 8 of length along the geodesic : that is, 
three independent quantities. The locus of O' is therefore a region : it is the 
geodesic region of the domain in the orientation P 0 , Q 0 , ft 0 , 7 \ ) ; and its equation 

G(P , <?, ft, r)=o 

can be regarded as the result of eliminating the five quantities p\ q\ r', 8, from 

the six equations. Moreover, when the stated values of P, ft, 7\ are substituted 
in G— 0 and the equation is then arranged in powers of 8, the coefficients of all 
powers of 8 vanish. 

The eliminant equation G — 0 and the earlier parametric equation e=0 may be 
functionally equivalent to one another : in that event, the e-region is geodesic to 
the domain. When the two equations are not equivalent, there still may be a 
partial agreement between them, arising from vanishing coefficients of successive 
powers of 8 in the expanded form of the equation e = 0 ; and the vanishing of 
such terms in the parametric equation can be taken as indications of orders of 
contact between the two regions. 

The vanishing of the term E 0 merely expresses the fact that the parametric 
region contains the point. O. 

The vanishing of the term in the first power of 8 gives 

E \ + €27 +€4 1 — 0. 

When this relation holds for all values of p\ tf, r', t', that satisfy Z— 0, the two 
regions have the same tangent flat ; and this geometrical property can be called 
contact of the first order between the two regions. But if the relation does not hold 
for all such values, the three equations 

£Ap'*= 1, E\=0, Z=(K 

are the parametric equations of the tangent plane at O to the surface of inter- 
section of the parametric region and the geodesic region *. We shall assume that 
the two regions certainly have contact of the first order, so that they have the 
same regional orientation. 

The vanishing of the term in the second power of 8 gives 

When this relation holds for all values of //, 7', /, t\ in the assumed regional 

* This analytical possibility, with a different significance for Z, occurs in the 
discussion (§ 344) of geodesic surfaces in a domain. 
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orientation at 0, it expresses the property that every domainal geodesic through 
0 in the geodesic region osculates the parametric region. This geometrical 
property can be called contact of the second order between the two regions. 
But if the relation does not hold for all such values, the three equations 

0 , E^ 0 , 

can be regarded as equations of the cone of contact to the surface of intersection 
of the two regions at 0 which is a conical point on that surface. (Ail special or 
degenerate forms of the cone are included in the phrase.) 

Similarly, the vanishing of the term in the third power of 8 gives 

E 3 =^j € m 7 >' 3 = 0 . 

When this relation, as well as 2? 2 = 0, is satisfied for all values of p\ q\ r\ t\ in 
the regional orientation at 0, it expresses the property that every domainal 
geodesic through 0 in the geodesic region has third-order contact with the 
parametric region. This geometrical property can be called contact of the third 
order between the two regions. But if the relation does not hold for all such 
values of p\ q', r\ t ' , there are various possibilities : thus, in the extreme 
instance, the equations 

£A P '°=1, E x = 0, E 2 =0, E,~ 0, 

would determine those six generators of the tangent cone of the intersection of 
the two regions, which are the directions of domainal geodesics having inflexional 
contact with the parametric region. 

In effect, this mode of estimating the relations between the two regions 
establishes, for a regional orientation in the domain at 0, the geodesic region as 
the uniquely determinate region of reference for all regions with the orientation. It 
is the further extension of the mode which establishes (§ 210) a geodesic surface in 
a region as the surface of reference for all regional surfaces in the same orientation. 

We proceed to the analytical significance of these conditions of contact of 
successive orders between the geodesic region and a parametric region. 

Conditions for orders of contact between a parametric region 
and a geodesic region . 

327. I. The first and governing equation is 

E]~€ip ~\~e 2 q +63 r'-{-€±t =0. 

Let p/ 9 7/, r/, t/, for i— 1, 2, 3, be three different non-complanar directions in 
the domain ; when the domainal geodesics are drawn through 0 in these directions, 
and (as in § 323) lead to the construction of a region geodesic at 0 to the domain, 
the foregoing equation /? x — 0 must be satisfied by each of the three directions 
when € — 0 represents this geodesic region. Accordingly, if P 0 , Q 0) i? 0 , T 0 , denote 



CONDITIONS OF 


420 


[CH. XXVII. 


the regional variables of orientation defined (§ 269) by three such directions, 
we have 

- 1 -5 2 — 63 — fi = ni € ” 

Po~Qo Ro To 3 t’ 

where 

2=1- cos 2 23 - cos 2 31 - cos 2 12 4- 2 cos 23 cos 31 cos 12, 
the symbol ij denoting the angle between the directions p/, q/, r/, t/, and 
Vi » > r i > i , ■ 


II. The second-order condition is 

-^2= ^ «u/ 2 =0 ; 

and it is to be satisfied for all directions p', q\ r\ t\ in the regional orientation. 
Let the value of t ', given by 

//= - € v- -V- € v, 

e 4 e 4 e 4 

be substituted in the condition, which then becomes a homogeneous quadratic 
relation in the linearly independent quantities p\ q\ r'. The condition, thus 
modified, is to be satisfied ; hence the coefficients of the various combinations 
of p\ q\ r\ must vanish. Consequently there are six relations among the 
coefficients l X) ; and they can be arranged in the symmetric form 


0 *ti . *jj 

* — + ~ 2 ’ 

€ J 


for the combinations i , j, =1, 2, 3, 4. 

In the first place, these six relations at 0 are necessary to secure that the 
second-order condition is satisfied for all directions in the orientation. Conversely, 
when, by means of them, substitution is made for the six coefficients e l} in E 2 , we 
have 


V ,2 =(*iP' +*2?' +«./ +e*0 \*fp' +S' A 33 r' ^A 

\ € 1 € 2 e 3 e 4 ' 


identically ; thus the relations are also sufficient to secure that the second-order 
condition is satisfied for all admissible directions. 


Ex. 1. Prove that, when the six relations for contact of the second order between 
the parametric e-region and the geodesic region are satisfied, the equations 


£i\p' + £ l2 7 ' + € i3 r' 4 - € ti t' — - l > 


(for t = l, 2, 3, 4), hold for all directions in the orientation. 


Ex. 2. Verify, for the six relations of second-order contact between the parametric 
region and the geodesic region, their invariantive character under all functional 
transformations of the parametric equation in the form 

E = /(< e) = constant. 
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In the second place, owing to the six relations, not merely does the determinant 
V vanish, where V denotes the discriminant of the quaternary quadratic ^e n p' 2 
and is given by 


* 11 > 

* 12 > 

* 13 > 

*14 

*21 > 

* 22 > 

* 23 > 

*24 

* 31 > 

* 32 > 

* 33 > 

*34 

* 41 > 

*42 > 

* 43 > 

*44 


but also every first minor of V vanishes. Now V has ten such minors ; their 
simultaneous vanishing requires only three independent relations, which can be 
taken to be any trio of the set E ti = 0, where E u denotes the minor of e H . 

These three relations are the conditions that the quaternary quadratic form 
y] € n p' 2 should be the product of two factors, each linear in the variables 
p\ fj\ r\ The whole set of six relations becomes necessary, in order that one of 
these linear factors should be e/ +e 2 t /' + e 3 r' +e 4 £'. 

The foregoing relations are essentially the same as the analytical conditions under 
which a quadric surface in homaloidal triple space becomes special or degenerates. 
We may regard p\ q', r\ t', as homogeneous coordinates of a point in a three- 
dimensional space : then E x — 0 represents a plane, and E 2 ~0 represents a quadric, 
in that space. When V—0 is the sole relation satisfied, the quadric is a cone. 
When the three independent relations hold, by means of the vanishing minors of 
V, the quadric degenerates into two planes. When all the six relations hold, E X M) 
is one of the planes into which the quadric has degenerated. 


Ex. 3. Verify that the relations among the quantities e tj can be expressed in the 
form 

— ae 33 4- ^e 34 , — ye 33 + Se 34 , 

€ 14 — a€ 34 + e 2 i = + ^ 44 > 

€ n -a 2 € 3 3 + 2a^€34 + ^ 2 e 4 4, 

€12 -aye 33 + (a8 + £y)e 34 + £Se 44 , 

*22 = y%3 + 2y8e 34 + 8 2 6 44 . 

Ex. 4. For the special class of parametric regions, which have contact of the 
second order with the geodesic in the same regional orientation, and which are defined 
by the equations 

€ 11 € iJ _ *44 

€ 4 2 €,e, e 4 2 ’ 

for all combinations i, j, =1, 2, 3, 4, prove that the common value of these equal 
fractions is 

£nw 
€ 2 ’ 

and that the normal dilatation of the region, so defined, has a vanishing first arc- 
derivative for all directions in the regional orientation at 0. 



422 


CONDITIONS OF 


[oh. xxvii 


III. The third-order condition is 

Z? 3 ~ 0 ; 

and it is to be satisfied for all values of p\ q' 9 r' 9 in the regional orientation. 
Let the value of t' 9 given by 



be substituted in the condition, which then becomes a homogeneous cubic relation 
in the linearly independent quantities p', q\ r'. Proceeding as before with the 
second-order condition, we now find that ten relations must hold among the 
quantities i lJk ; and these can be expressed in symmetric form, by the six relations 

o __ «» * i mm __ ^r nrnm q 

° *2? 2 % 3 ’ 

*i *m *i*m *m *1*171 

for the combinations i 9 m, — 1, 2, 3, 4, and the four relations 

for the combinations 7 , 7,*, — 1 , 2, 3, 4, where the symbols £ are defined by the 

values of the respective pairs of equal quantities in the first six relations. 

These ten relations are necessary, in order to secure the third-order condition ; 
it is easy to verify that they are also sufficient to that end, by shewing that the 
quaternary cubic E 3 contains ^p' +€ 27 ' -fe 3 r' +€ 4 /' as a factor when the ten 
relations are satisfied. 

The analogy (p. 421), between the second-order condition and a quadric in 
triple space, can be extended to the third-order condition. With the same inter- 
pretation assigned to p' 9 q' 9 r\ we can regard the third-order condition as the 
equation of a cubic Stirface in triple space which, on account of the factorial quality 
of E 3 , degenerates * into the plane E x = 0 and a quadric in that space. 

Ex. Prove that if a quaternary cubic form C is the product of a quaternary 
linear form L and a quaternary quadratic form Q y the Hessian of C contains L as a 
factor. 

Hence or otherwise shew that, when a parametric region and a parametric region in 
the same orientation have contact of the third order, the equation 

*Tl » C 12> ^13? r i4 

C 21> C 22> C 23> ( 24 

C 31> C 32> c 33> r 34 

C A\ > c 42> c 43> c 44 

* For properties of cubic surfaces, see Baker’s Principles of Geometry (1923), 
vol. iii, chap. iv. 
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is satisfied for all directions in the orientation, where 

c . = i ** 

” t dx l 'dx;' 

with the customary convention as to the variables x. 


Note. The umbral notation can be used for a simple construction of these condi- 
tions in the same manner as for the construction of the corresponding conditions of 
contact between parametric surfaces and geodesic surfaces in a region (p. 64). 

We take sets of umbral symbols a, b , e, ... associated with E 2 , and sets of umbral 
symbols a, y, ... associated with E 3) so that 

^ p ' 2 = Kp' + «.//' + a 3 r' + «/) 2 = <!%■, 

= S hit P' 3 = (“i P' + + a a r ' + “ 4 O 2 = <V ; 

and we write 

e \V' + «■//' + e 3 r ' + = ^ e 4> 

the symbols e being non-umbral. Then 

'V ^$ 1 / + + 6r 3 /+a 4 Z, a y -A/ +r 2 r/ +r 3 /+a 4 Z, 

where, for i = 1 , 2, 3, 

6r f ~a t — ~ a 4 , A ~ a, — 2 a 4 ; 

€ 4 *4 

and the quantities 2£ 2 > A 3 , acquire the forms 

E 2 = (G 1 p' + G 2 q' +G s r' + a 4 Z) 2 , E 3 ^(r i p' +r 2 rj' fi>' + a 4 Z)3. 

The directions, in the regional orientation at 0 which is common to the parametric 
region and the geodesic region, are given by Z = 0. 


(i) The condition for second-order contact between the two regions is 

(G lV ' + G 2 q' + G 3 r')* = Q, 

to be satisfied for all values of the three independent quantities p\ q' f r . Then* are 
six necessary relations. Tn umbral form, they arc* 

GJ = 0, G m G n — 0, 

for all values ///, w, =1, 2, 3. When (*xprc*ssed in terms of the coefficients i tr they are 


€ £ 2 

2 9 w ; _i_ "L ^ _ n ; 

^ fc m4 ' 2 fc 44 — *mn 


€m - _()• 
*m4 ' 2 e 44~ u » 


t n4 " 


and these can be modified to the forms in the text. 

Moreover, when the six relations are satisfied, we have 

F — 7 + 2 7 2 


identically ; and therefore the six relations are sufficient to ensure that- the condition 
E 2 — 0 for second-order contact is satisfied for all directions in the regional orientation, 
as given by Z = 0. 

(ii) Similarly, the condition for third-order contact between the regions is 

(Ap'+A?'+A0 3 =<>, 
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to be satisfied for all values of the three independent quantities p\ q /. There are 
ten necessary relations. In umbral form, they are 

rj= o, rjr n = o, /yy>o, 

for all values m, n , =1, 2, 3. When expressed in terms of the coefficients of E 3> they 
are 

- _ o - , o - _ c rn_ - 

*mmm u _ t 7 n?w 4 ' u 2 *^44 ,3 t 444~ _ ' J » 


1 . 

(“ £ m £ ww 4 "b £ n £ ' 
£ 4 

1 


2 (^ £ w £ « £ m44 "b £ «44) ~ ^4- 


3 c 444 


= 0, 


£ 123 " ~ ( £ 1 £ 234 + £ 2 £ 314 + € 3 £ m) 


1 / — — — v q q _ .. 

+ “ 2 V e 2 £ 3 £ 144 b ^3 € x € 244 + € x ^ 2 € 344/ ~3~ £ 444 “ “ I 

£ 4 £ 4 


and these can be modified to the forms in the text. 
Also, when the ton relations are satisfied, we have 




identically ; and therefore the ten relations are sufficient to ensure that the condition 
for third-order contact is satisfied. 


Quadruply orthogonal families of regions in a domain. 

328. As a triple system of orthogonal surfaces can exist in a region (or a flat), so 
a quadruple system of orthogonal regions can exist in a domain (or a block) ; and 
just as no one of the families of surfaces in the triple system can be assumed 
arbitrarily (§ 262), so it will appear that no one of the families of regions in the 
quadruple system can be assumed arbitrarily. 

Let a possible quadruple system of regions in a domain be represented by the 
equations 

a(p,q,r,t) = a, e(p, q, r, i(]h q, r, t) = i, K (p, q, r, t)=x, 

where the right-hand magnitudes a, c, t, /c, denote the parameters of the four 
families : and, as before, let 

aaq-f hco 2 -\~ goj>y\- lcu^ = Q 1 , 
hw l 4- hco 2 b foj, + wa> 4 — Q 2 > 

gw x + /a> 2 + ccu 3 + nw^Q 3 , 

Ioj 1 4* nun 2 -f na> 3 + dco A — ,f3 4 , 

for cu, Q, —a, A ; €, E ; i, / ; /c, K ; in turn. The six conditions of orthogonality 
of the system can be written in the forms 

^aa^ — 0, ^acqij^O, '£aa l tc 1 =0 9 
^ai 1 »c 1 =0, ^ o,k 1 € 1 —0, ^ae 1 i 1 =0, 



425 


328] FAMILIES OF REGIONS 

and also in the equivalent forms 

o, 1 - 0 , 

^AE l S l =o 9 ^AEJ, =o. 

All these primary conditions are of the first order ; and they relate solely to the 
directions of domainal normals to the regions at their point of intersection. 

For further conditions, which are to express continued orthogonality along 
intersections, we differentiate the primary conditions with respect to the domainal 
parameters. Proceeding from the relation 

® /-V 

and differentiating with respect to p, we have 

2/ q ( a i £ n+ e i a ii) ~ 2 ( 2 ar 1 1 + %hr 12 ■ t 2 gr j 3+2 ir ^) = 0 , 

each summation extending over the ten terms corresponding to the combinations 
of the type a 1 e 1 , a x e 2 f a 2 € x , ... , a 4 e 4 . When this relation is re-arranged, it can be 
expressed in the form 

2 A m £\ m + '^jE m a lin - 0 , 

m m 

with the customary significance 

=ojij - c - co 2 A tj - a» 3 @ u - co^t> ih 

for co — a, e, i, k. When the same relation is differentiated with respect to r/, to r, 
and to t , in turn, we similarly obtain the successive relations 

^ j E m a. 2m — 0 , 

m m 

^ j A m €% m “f~ ^ j A m cl 3 rn • 0 , 

m m 

^ m ^4m d" ^ m m ^ • 

m m 

Let these four relations be multiplied by I x , I 2 , respectively, and the products 
be added ; then 

2 2 (Uy+S 2 

x n Xu 

Similarly, when the same four relations are multiplied by K x , K 2 , K 3 , Jf 4 , respec- 
tively, and when the results are added, there follows the relation 

S S (AVU,.)+ v x (UiJ=o. 

Xu A 11 

Thus there are two relations of this type, linear in second derivatives of a and €, 
and otherwise bilinear in the first derivatives of a, e, i, k ; and they are obtained 
by combining the derivatives of the single relation 2 aa 1 € 1 =0 of orthogonality. 
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Similarly, from the other five primary relations of orthogonality, we obtain 
the corresponding pairs of secondary relations 

£ 2 + y V (Ej lt dj =<n 

£ 2 (EAA.IJ + v; S (KJM =0j ’ 

V V (EJ li K Xtl )+ y 2 (J A £ M d AM )=o'i 
y £ ChA.Kj + v V (hK^dJ =0j ’ 

S D (-W*.) + S £ ( WJ =oi 
y y + s y (^a^h,) -oj ’ 
y v (A,K lt ij + y v (J a ^k a j-o| 

S ^ (^A',e A „) + v; v (7 a ^k a J = 0 j ’ 

2 V (A.EJJ + y v; (%«*,) =01 

V y {K.ejj + y y (A a /,c a j -oj ■ 


These lead at once to the twelve simpler forms : 


y ^ (/>>j -o, 

SS(**4AJ = ». 

y 

VV(£ A 7 (( ^).0, 


V^(A^d A ,)=-0, 

v = 0 , 

v;v;(A’ a av a J--o, 

'S'ZVaKh j =o. 


S2(* a W)=o; 
vS(WJ=o ; 
S^(«»^%)=0: 
y y(, 4 A £> A j-o. 


Now consider the nine equations, in the two groups, 

\ a 2 Ai — 0, ^ ctj^/^O, VcqAj — 0, 

V^A^o, 'ZAK l E 1 =o, ^AEJ X = o, 


these six being the primary conditions, and the three secondary conditions 


V V (7 1 A 1 a- u )=o, y y ( A 1 A 1 d u )= o, y v ( ^ 1 7 1 d u )=o. 


They involve nine magnitudes in all, made up of the three sets of ratios of the 
quantities E A to one another, of the quantities 7^ to one another, and of the quan- 
tities A a to one another ; the coefficients of the nine magnitudes involve the 
quantities a t) a t „ and the primary magnitudes of the domain ; and therefore the 
equations are potentially sufficient to determine each of these nine ratios. Thus 
we shall have relations __ 

E y E 2= E^E, 

P~ Q R~ T ’ 

(with a like set of relations for 7 2 , 7 2 , 7 3 , 7 4 , and a like set of relations for 
A 1? A 2 , A 3 , A 4 : their exact form is not immediately material for the present 
purpose) ; and so there are relations 


e i __ € 2 __ __ 64 

P~ Q~ R~ T ’ 

where P> Q , A, T, are functions of the quantities a* and a t) , for i, j, =- 1, 2, 3, 4. 
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Consequently the Pfaffian equation 

P d p + Q d q + R dr 4- T dt = 0 , 

which is equivalent to de=0, must satisfy the conditions of being an exact 
equation, which arc 



being three linearly independent conditions in all. 

Each of these conditions, when substitution of the values of P, Q, P, r l\ is 
made in terms of the quantities a t and d i} , becomes a partial differential equation 
of the third order satisfied by the magnitude a ; and therefore the parameter of 
the family of regions satisfies three partial differential equations of the third order. 

A like inference would follow from the consideration of the ratios : J 2 : J 3 : Z 4 , 
and also from the consideration of the ratios of K 1 : K 2 : K 3 : A 4 . The symmetry 
of the whole system suggests that the three sets of equations, in each of the 
combined inferences, are equivalent to a single set of equations. Such a trio of 
equations can be obtained by an entirely different process, as follows : they arise 
in connection with the third-order conditions associated with the continued 
orthogonal intersections. 


329. We proceed from a relation 

A ju 

and operate with where 


a _ a ^ i a ^ + A ~ A - — A 
^ a Al dp A *dq A *dr ' A *dt '~ jAk dx k 


with the usual convention, cr 2 , x 3 , x A , — p, q , r, /. 

From the definition of we have 

^ («m,€ ml ) + E* § - S 2 A} + « uA {\u, m}] 

Op m M u m 

= v; (a mA e ml ) + £* % " 2 2 K«» ro {l«, A}1 

m ^ m 

= 2 (<W, h1 )+£a o 1 - S A}. 

m M u 
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Similarly for derivatives of E A with respect to q, r, t; and therefore 
fra m = a m\ (Aii ml 4- A 2 i m2 4 A 3 € m3 4- A 4 i m4 ) 

m 

+ E x & a (\ogQ)-Z^A l E i {ij, A} 

» j 

_ (-^1 E 3 d m:i 4 It/ 4 CL 7n4 ) 

m 

+ E A » a (hgQ)- 

< j 

= - V v K A £ J a“j4^fr a (logi3)- ^ £2J,{y, A). 

t j i i 

In the same way, we find 

fra(^)^ ““ ^ S + 4 fra fag &) “ S S fab A*}- 

l m l m 

Accordingly, when we operate with # a on the selected relation so as to obtain a 
third-order relation in the form 

L^A^/ifra(dA M ) + ^/x^A/ i fra(^A) + A 1 A a AM '9' a (/ At )] = 0, 

A n 

and when substitution is made for the quantities fr a (J? A ) and fr a (/ M ) with the 
values just obtained, we have a relation which is homogeneous and bilinear in 
the quantities E and I, the coefficients of the various combinations being functions 
of the derivatives of a alone. 

Consider the coefficient of - 7 h E ki in so far as it arises from the summation 
of the second and the third terms. The coefficient of the term involving 
# a (log£) is 

~ 2d hk I h E k ; 

in the total double summation, the aggregate of such terms vanishes because of the 
secondary conditions. The rest of the coefficient of - I h E k 

i^mn^mh^nk) t* J [ ApCLfiffek/ff}] 

m n e f 

“t 2 ^, j (Q'mn a "m1x®'nh) d" j ^ > [A e (ikf {ch, f } J 

mm p / 

= 2S ^(Vmnamh&nk)* ^ ^ A e [d h/ {ekJ} + d kf {eh J}] 

m v e f 

— T 

— 1 hk) 

using T hk to denote the immediately preceding magnitude. Thus the third-order 
relation is 

a li 

It is necessary to develop the magnitude fr a (d A/x ). Denoting the element of the 
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domainal arc normal to a by dN , we have, from the result on p. 409, the set of 
relations 


d ?jx k ~ + “ A ^ ( sA > M) + (*M. A*)]. 

where a A/ifc has the significance analogous to that of e ijk on p. 412 ; where 
di (jk) = d l2 r ;fc + d 2l + d 3 , & 3k + 

6 

and where (§ 269) 

~ da dftj -r 

•** ^y ^y ^ls a l 4* ^2.s a '2 ^3s®3 ^4s a 4 — > 


for all the values of s. 

Thus the magnitude $ a (d A J consists of three aggregates of terms : (i), those 
which involve the magnitudes of the type d Allk ; (ii), those which are free from the 
magnitudes a A/ifc and from the four-index symbols ; and (iii), those which involve 
the four-index symbols. 

The first aggregate, (i), which consists of the terms, involving the four 
quantities a Aflk that conserve the symbols A and /z, 


• A-yd^y 


V 

. ' J / .J Q'y 8 ® 8 ’ 

y S 


The second aggregate, (ii), which consists of the terms free from the quantities 
a AfiV and from the four-index symbols, 

= Jii A,[a x (fie) + a„(Ae)] 

e 

= S X K/ { e n,f} + a uf {« A, /}]. 

which is the same as the second double-summation in the quantity T Xil \ and 
therefore, in the final coefficient of in the third-order condition, these two 
double-summations cancel. 

The third aggregate, (iii), which consists of the terms involving the four-index 

dx 

symbols, is found after substitution for - ^ and collection of terms, to be 

= iS £ [ (r A > p $) + <w*. as)]. 

A y A s (y\, ix8) - — J„ (A/x), 

the summation in the quantity denoted by J a extending over y and 8 independently. 
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When these results are collected, and we write 

= 2 

^L/ {^y5 ( a 'y®'A/i6 ~ ^^yA^/ifi)} d” J a (^0> 

the third-order condition becomes 

2 S*aU*= o. 

A n 

This result has been derived from the second-order condition V) ^ ^^^=0. 
When the second-order conditions A ^ 

VVA^a^O 

A /i A 

are used in the same way, they lead to the third-order conditions 

£ £ hKji^K £ s^a^5 Am -=o. 

A A jz 

These are three conditions, each involving the third-order derivatives of a ; and 
they are bilinear in the same sets of ratios of the quantities E, the quantities 7, and 
the quantities K , as the earlier conditions of the first order and the second order 
respectively. But those earlier conditions potentially sufficed for the determination 
of the three sets, each of three ratios ; hence, when the hypothetical values are 
inserted in the three conditions of the third order affecting a alone, there result 
three partial differential equations of the third order which must be satisfied by 
the parameter a of a family of regions in a domain constituting a set in a quadruply 
orthogonal system of regions in the domain. 

The same partial differential equations of the third order must be satisfied by 
the parameter of each of the four families of regions in the quadruply orthogonal 
system. 

The explicit form of these differential equations remains for determination ; 
and the complete symmetry of the system of equations, as between the three sets 
of quantities E , 7, K, to be eliminated from the a-equations, suggests that all the 
three equations, so far linear in the magnitudes may be combinablc into a 
single equation, free from the radicals affecting and discriminating the quantities 
to be eliminated. The following stage in the mode of elimination may be noted. 


330. Of the whole set of twelve equations, which are 


£J U 7 x A>o 

I l K l ~0 

£J U 7^=0 

£a, /l’ r 0 

u A i^i—0 

’ ^ > d ll h l Ei~0 

>> ZAnKjJ^ 0 

£ a x 1 i~o 

^ j An 7 X — 0 j 


^ j 7?i 7 0 



we first take the three equations : 

(£“n^i)7i + (£ai2^i)7 2 + (£«j3#i)7s + (£a l4 # i)/ 4 = 0, 

( £ + ( £ AMh + ( £ AMh + ( £ AMh -=o, 

a 2 / 2 + a 3 / 3 -4- a 4 / 4 — 0. 
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Apparently they should suffice to determine the ratios I x : I 2 : l 3 : 7 4 , in a form 

Pa Qa Ra T a ' 

But three equations, of precisely the same forms with quantities K substituted 
for quantities 7, occur in the set of twelve ; and they would lead to ratios 

XiJ**_ R *=X* 

Pa Qa Ra V 

with the same magnitudes P a , Q at R a , T a , as before. If therefore these forms of 
the ratios are determinate, we should have 

1 1 __ 7 . _ 1 3 _ ^4 
r x "r-r-r; 

that is, 

L 2_ h m L i 
K x K 2 K 3 /c 4 ’ 

relations that manifestly arc impossible in the orthogonal system. Consequently 
the forms of the ratios cannot be determinate : and therefore 

p«=o, Qn= 0, « tt =o, r a =o. 

The three selected equations, linear and homogeneous in 7 1? 7 2 , 7 3 , 7 4 , must 
therefore be equivalent to two only ; and consequently there must exist quantities 
A' and Z such that 

2<*u^)-Xa 1 + Z£(^i). 

(d 12 Ax) = Xa 2 } (A l2 E i)i 

zC (di 4 ^i) — A r a 4 + Z^j (A U E X ). 

Also, we have the relation 

2(«A)=-0. 

Eliminating the five quantities E x , E 2 . E. i7 E A , X , among these equations, we have 
Z as a root of the equation 


du 

-ZJ U , 

a 12 — ZA 12 , 

d 13 ZA l3 , 

a u — ZA 14 , 

a i 


ZA X2 , 

a 22 " A A 22 9 d 23 ZA 2 3 * 

d-2i ~~ ZA 2i , 

a 2 

dia 


d 23 ZA 231 

d 33 ZA 33 , 


a 3 

di 4 

~ Z/I 14 , 

d 24 ZA 2 t, d ;u — ZA ;iX , 

a 44 — Z/J 44 , 

a 4 


a l 

a 2 9 

a 3 

a 4 , 

0 


This eq nation is of the third degree in Z, and may be written in the form 

0 o Z 3 -tf 1 Z* + fl 2 Z-e a ^O f 

where each of the four quantities 8 is of the second degree in the quantities 
<*!> a 2 , a 3 , a 4 , and 8 n is of degree n in the quantities d u , for n= 0, 1, 2, 3. 
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These equations, in form, are the same as the equations for the principal 
domainal flexures, in magnitude and in direction, belonging to the a-region (§ 319). 
In particular, 


Z=- 




7a 


where ay denotes the normal dilatation of the region, and y a denotes a prin- 
cipal radius of domainal flexure of the region ; and, further, the quantities 
E v E 2 , E Zi E x , are proportional to the domainal direction-variables of the 
corresponding principal radius of flexure. 

Precisely the same equations are satisfied when the magnitudes I are sub- 
stituted for the magnitudes E, and also when the magnitudes K are substituted 
for the magnitudes E . We therefore associate one value of Z, say Z v and the 
corresponding principal domainal flexure (in magnitude and direction), with the 
e-region and the magnitudes E ; a second value of Z, say Z 2 , and the corresponding 
principal domainal flexure (in magnitude and direction), with the i-region and the 
magnitudes 1 ; and the third value of Z, say Z 3 , and the corresponding domainal 
flexure (in magnitude and direction), with the /c-region and the magnitudes K. 
Also we have 


E,^Q 


ch ? dx A 

dN \ <U N ] ’ 




di dx A 

dN t dLy L ’ 




(Ik dx A 
dN K dKy 


the derivatives of x A on the right-hand sides being the domainal direction- variables 
of the domainal normals to the e-region, the i-region, and the /c-region, respectively. 
Hence we infer the theorem that, in a system of quadruply orthogonal families 
of regions in a domain, the curves of domainal flexure in any single region of 
any one of the families are the intersections of that region by the members of the 
other three families : a manifest extension of Dupin’s theorem on the curves of 
curvature of a triply orthogonal system of families in a plenary triple homaloidal 
space. 

After this association of Zj, Z 2 , Z 3 , the three roots of the equation * 


0 O Z 3 - 9 X Z 2 -f 0 2 Z - 0 3 = 0, 

* The quantity 0 O is different from zero, being equal to ^ (la j 2 , that is, to Day 2 . 
We assume that the quantities 6 V 0 2 , 0 3 , do not vanish simultaneously ; otherwise, 
the a-regions would be geodesic to the domain. When all the four families do not 
consist of geodesic regions, we take the a-region to belong to a family of non-geodesic 
character. When all the four families do consist of geodesic regions, the domain is 
deformable to a block, thus being of an exceedingly special type. 
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a n — ZpAm a 12 - Z^A l2i a 13 — Z M A 13 , a 14 — Z m A 14 , 

( *22“^M^22> <*23~^z^ 23> ^24 ~ ^/x^24 

^•13 “ ^v'd-13f &23 ~ ^V^23> ^33 ~ Z^A 33 , <X 34 — Z^A^ 

&u — % u A 14 , a 24 — Z m A 24 , a 3i — Z^A^j a 44 — Z m A 44 

a quartic polynomial expression in Z u , the highest term in which is QZ* and 
therefore is independent of the quantities d ir Also, we denote by X l9 X 2 , X 3i 
respectively, the values of X (on p. 431 ) to be associated with Z x , Z 2 , Z 3 , respectively. 
Then the values of the quantities E , /, K , are given by equations of the form 




dll l dll l dTI l dll 1 
9d lw 4 a2 da 2tn + a3 da 3m + ai da 4mt 
=Z 1 (T m Z l »+ rw+ F m z i+ TF m ) ; 


?/7i\ 

^lm/ 


which, by the use of the cubic equation in Z, can be taken as 


n i E m —X x (P m Z* + Q m Z x 4* R m ) =X X € mi 


for ra= 1 , 2, 3, 4 ; and similarly 

n 2 I m =X 2 (P m Z 2 2 4- Q m Z 2 4- R m ) — X 2 l my 
^m-^3(^3 2 +Cm^3 b/J m ) = X z K m . 

The quantities T m , U m9 V m , W m , are homogeneous in the magnitudes a tJ , of orders 
0, 1, 2, 3, respectively; and therefore the quantities P mi Q mi R tn , are homogeneous 
in the magnitudes a tJ , of orders 1, 2, 3, respectively. 

The three third-order conditions, being 

£ £ AJ X E„=(), £ £ I jr A=0, £ £ I J? A 7 M =o, 

can now be modified to the forms 

2 224^«av=o- 

The first of these is an equation, symmetric in Z 2 and Z 3 : the second is the like 
equation, symmetric in Z 3 and Z x : and the third is also the like equation, 
symmetric in Z x and Z 2 . The result of elimination, by use of the cubic equation 
having the roots Z l9 Z 2 , Z 3 , is the same in each instance : so that a single equation 
in the quantities A Xfl and the quantities P , Q, R, would be the ultimate eliminant 
the same for all. But a simpler equation, linear in the quantities A ^ and therefore 
linear in the third-order derivatives of a, is given by 

A to ( + e A t„) = 0, 

the left-hand side of which involves only symmetric functions of Z t , Z.,, Z 3 , all of 
which are expressible in terms of 0 0 , 6 lt d 2 , 6 3 , the coefficients of the combinations 
f . i . o . ii . 2 e 
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being functions of the quantities P, Q, R. In this last equation, the full coefficient 


of A 




where 


= + e A i„ + e M i A 

=P A P, (2 S Z*Z*) + Q X Q, (2 2 Z X Z 2 ) + 6 R X R, 

+ (P x Q„+P ll Q x )^ l (Z 1 *Z 2 +Z*Z 1 ) 

+ (P^+P.RA (22 z?) + WA+W (22 ^i) 

__ L (7 

~0 o a 

(7 A4 =2P A P M (V - 2ffA) +2 Ca Wt+ W 

+ 2 + (?*A) $<A + 2 (P A^ + P ^Pa) (^i 2 ~ 20 o 0 2 ) 

+{PxQ»+p»QMOA-MA)\ 

and therefore the equation of the third order, to be satisfied by the parameter 
of the family of a-regions if they constitute their part in a quadruply orthogonal 
system of regions in the domain, is 

an equation which is of the first degree (but is not homogeneous) in the third-order 
derivatives of a with respect to the parameters. 

331. Further, when once an integral a of this equation has been obtained, the 
other three families required to complete the system can be constructed by 
quadratures. For we have 


n x E m ^x : 


PI 2 An ~ ' X 2 


PI A fn - 




and it is known that the regions thus defined are orthogonal to one another and 
to the a-region. Also, as 

Em — ^ j U'rm^rt 
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and therefore the €-regions are given by the quadrature of the exact Ffaffian 
equation 

SSl®- ( A m d P + Andq + A 3n dr + A in dt)\ = 0. 

m n l " a mn J 

Similarly the i-regions are given by the quadrature of the exact equation 
S S {“*» (Aindp + A in dq+ A 3n dr + A in dt)\ = 0, 

m n V. Ga mn J 

and the /c-regions by the quadrature of the equation 

ssk 2-^(Ain d P+A 2n dq+A 3n dr+A tn dt)l=0. 

m n L 0a mn j 

The complete system of quadruply orthogonal regions in the domain is thus 
derivable by quadratures alone, when an integral of the central third-order partial 
differential equation satisfied by a family parameter is known. 

Note. The method in § 328 is based on a method due to Cayley, and the 
method in § 329 is based on a method due to Darboux, for the determination of 
triply orthogonal systems of surfaces in homaloidal triple space *. 

* For references to Cayley and to Darboux, sec my Lectures on Differential Geometry , 
ch. xi. 
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Curvatures of Geodesics in Domainal Regions 

Primary and secondary magnitudes of a domainal region and the 
magnitudes for the domain. 

332. The curvatures of a region enclosed in a domain, both those relative to 
space and those relative to the enclosing domain, can be expressed in terms of 
domainal magnitudes, in a manner similar to that used (§§ 204, 205) for the 
expression of the curvatures of a surface enclosed in a region. 

The parameters p , q , r, of the domainal set are retained as the regional 
parameters, the domainal region being represented by the parametric equation 
e(p, <L r > t)~0, so that 

*'=-(Ci/ + c 2 ?' + c 3 r'), 

where 

e i~ c i e 4 — 0, € 2 — c 2 e 4 = 0, € 3 — c 3 € 4 — 0. 

The arc-element of the region is also an arc-element of the domain, so that, if 
A 0 , B 0 , C Q , F 0 , G 0 , H 0 , denote the primary magnitudes for the region, 

(Aolp', q', r') 2 =(A$p' , q', r', t')\ 


and therefore, on substitution for t', 

A 0 =A-2c 1 L F 0 ~F-c 2 N -c 3 M + c 2 c 3 D 

B 0 —B-2c 2 M + c 2 2 D, Gq—G-c^L -c 1 A r +c 3 c 1 D 
C 0 — C- 2 c 3 N + c 3 2 D, H 0 =H-c 1 M-c 2 L -c x c 2 D 

Let u l9 u 2 , u z , acquire for the domainal region the customary significance of 
u l9 w 2 , for any region ; then 

u x — A 0 p' + H 0 q' + G 0 r' = u Y - c x u 4 
u 2 =H 0 p'+ B 0 q' + F 0 r'=u 2 -c 2 U4 - > 
u 3 = G oP' + F 0 q' + C 0 r f = u 3 - c 3 u A 

the symbols u on the right-hand side belonging to the domain. 

Also denoting by Q 0 the determinant of A 0 , B 0 , C 0 , F 0 , G 09 H Q9 we have 



Aq9 

H 0 , 
G 0 , 


H 0 , G 0 

Bq, F 0 

F 0 , C 0 
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1_ A, H, G, L, ei 

H, B, F, M, « 2 

G, F, C, N, € 3 

L, M , N, D , € a 

€ 1» € 2j € 3> € 4» 0 




Next, denoting the magnitude of the circular curvature and the typical 
direction-cosine of a regional geodesic by p 0 and Y 0 respectively, we have 

dy 

Po P ydn' 

Now, for the region, we take 

- t =y,"=W ! +2W'+ Uq' 2 +U l3 py + n t3 qy+ Ur’ 2 ; 

Po 

and also 

Y --(vn W> q’> r i ') 2 =(vnbp , > q', O 2 . 

p 

- € "= («»&»', q r', t'r=(B u W, q', r')\ 

y 

where, for all values i , j 9 = 1, 2, 3, 


Vij = Vu “ c t Va ~ Wii + c i c ; *?44> 
Ei,= en- c t^4- ^e 4 +C t c ; € 44 . 


When these values are substituted in the equation for YJp 0 , and the coefficients 
of the powers of p f , q\ /, in the resulting homogeneous relation are compared, we 
find the general relation 


U-Vit 


Ip d y 

e„ ,r dn' 


We denote the secondary magnitudes of the domainal region by A 0 , 5 0 , C 0 , 
J 0 , G 0 , tf 0 ; then, as 


^ 0 — ^1/ ^o£u 


by definition of those magnitudes (§ 168), it follows that 
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because 

for all values of k, A, /a, the summation being over the dimensions of the plenary- 
space. But 

2 = 2 Y (in - 2 ^ i ^ 14 + c 1 2 ^ 44 ) := -^ — 2 CyL + c-fD ; 

and therefore 


°— (-4 — 2c x Z + c^D) - — (e u - 2r 1 6 14 + c 1 2 € 44 ). 

Po P y*n 

In the same way, we find 

FI— — — __ i 

=z ~ (F — C 2 N — Cgilf 4* C 2 C 2 D) (c 2 3 — ^2^34 ““ c 3^24"^" C 2 C 3*4i) 5 
Po P 7 € n 

and there are corresponding values for the remaining secondary magnitudes 
Bq, C q , G 0 , H 0 . 

Let v l9 v 2y v 3i acquire for the domainal region the customary significance of 
v lP v 2 > ° 3 > for any region ; then 


-= 1 (A 0 p' + H 0 q' + G 0 r’) 

Po Po 

~ - {p f (A - 2 c x L 4- c x 2 D) + q' (H - c x M - c 2 L + c x c 2 D) 

P — 1 

+ /((?— c x iV - c 3 L 4- CjCgD)} + E 12 q r 4- E Vi r’) 

y € n 

= (Vl-CiV 4 ) (€ 1 -^ 64 ), 

P y*n 


the symbols i t (for 1, 2, 3, 4) having the significance defined in § 269. Similarly 
we find 

v 2 1 / v 1 . 

— — - (v 2 — C 2 V 4 ) (e 2 — c 2 € 4 ), 

Po P y*n 

v 3 _l 1 . 

~ — “ ( V 3 ~ C 3 V 4) ( e 3 ~ C 3 e 4)- 

Po P y*n 

These results may also be stated in the forms 


«1 — (^i - v 4 ) cos \p — (e x - c 1 e 4 ) sin ip 

*n 

v 2 - (v 2 - c 2 v 4 ) cos Ip - — (€ 2 - c 2 € 4 ) sin tp ► , 
e n 

v a -(v 3 - r 3 » 4 ) cos i/j~ l (i 3 - c.J t ) sin i/t 
e n > 
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where tp denotes the angle between the prime normal of the regional geodesic 
and the prime normal of the domainal geodesic tangent ; and they can be obtained 
also as follows. We have 


and an equivalent form is 


Po 2 P 2+ ?’ 


Now 


also 


and 


- =- cos^t+ sini/f. 

Po P Y 

1 =v 1 p' + v 2 q' + v 3 r' + v A t' 

P 

= («i - w) p' + ( v 2 - c 2%) <i + (v 3 - c 3 v i) t ’ ; 

— = —(eiP' + e 2 q' + e a r' + e i t') 

Y e n 

= — {(*i ~ Cii t )p' + (« 2 - c 2 e 4 ) ?' + (e 3 - c 3 e 4 ) /}, 

€ n 


1 

- =v x p + v 2 <1 +V 3 r . 
Po 


The quantities cos0 and sin 0 are non-rational functions of p\ q', /, t', and are 
homogeneous of order zero in these variables ; hence, there being no linear homo- 
geneous relation in p\ q', r', alone, and as the relation now becomes a definition 
of quantities v l9 v 2 , v 9 , we take 

v x = (?q - 0 ^ 4 ) cos ip — (e l - sin ip, 

€ n 

V 2 = (v 2 ~ COS </> - - (€ 2 - c 2 i 4 ) sin ifi, 
v 3 = (v 3 — c 3 v A ) cos ip - ^ (€ 3 - c 3 € 4 ) sin ip, 

€ n 

as before. 


Value of* s ( ] ) for a geodesic 


in a domainal region . 


333. Corresponding expressions are required for magnitudes connected with 
the arc-derivative of the circular curvature of the regional geodesic. Denoting by 
w 1 , w 2 > w 3 , f° r geodesic in the domainal region, the quantities w 1} w 2 , w 3 . for 
a free region, so that 


d 


1 



ARC- VARIATION OF 
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it is desirable to express w l9 w 2 , w 3 , in terms of domainal magnitudes comiected 
with the domainal geodesic tangent. 

When the equation 

2 _I I 

p o 2 ~V + y 2 

is differentiated along the regional geodesic, we have 


1 H 14 (l) 

Po ds 0 \pj P ds 0 \pj y ds 0 \yj ’ 


and therefore 


But 


d n 

ds. 


( n r d n\\ , r d ( i\i . , 

" - =v,- l- I >cos<A + ^ z— I - 1 > sin ui. 

o W [ (is o W J l«So \y/ J 


d 

ds. 




2 ( dp 
~yV l dn + V ' 

=ty, 


dq dr 
dn + 1 3 dn 


dt\ 

'2jz + '’s:,:+ v * dn ) 


where (f> denotes the cubic in p q\ r\ t represented by 


If the right-hand side be denoted by 

with the usual convention x l9 x 2 , x 3 , # 4 , q, r , we have 


and now 


Now 


=*- (? A » * ) - +, “ (? *•£) +*•(?*- £•) : 
rf /1\ fd /1\ 0 .1 # f d /1\] . , 

i I - J = < 7 - I - 1 + 26 > cos dj 4- i ( 1 > sin «£. 

W l ds \pj J [ds 0 \yj j 


%(*) =('111 lp',q',r\ t'f 


= + ^2?' + W 3 r ' + 


with the former significance (§ 285) for w x , w 2 , w 3 , w A : that is, 



- c x w A )p' + (w 2 - c 2 w A ) q' 4- (w 3 - c 3 w 4 ) r'. 
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Again, with the like significance for symbols <f> l9 0 2 , 0 3 , 0 4 , so that 


we have 


•u - d t ILL - W ‘U <U 

3(/>1 ~d P '’ ™ 2 * ~d q '’ d<f>a ~dr'’ 


i - c i<l>*)p' + (<£a ~ c 2<A«) 7 + (<£ 3 “ c 3^) 

The value of ~ has been obtained in the relation in § 325 ; so we write 
ds 0 \yj 

*$)=»■ 

which is a cubic in p\ q\ r\ t ! ; with a corresponding significance for W l9 W 2 , W z> 
W i9 we have 

ds 0 (y) ={W '~ ClWi)P ’ 4 - C ^«) ?' + (^- c aW>'. 

Let these values be inserted in the equation for A . The quantities 

cos0 and sin 0 are non-rational functions of p', q r', t', and arc homogeneous 
of zero order in those variables ; hence 

Wj = { (u\ - Cjt0 4 ) + 2 (0 X - c x 0 4 )} cos ift ( W x JF 4 ) sin 0 
™ 2 ={ ( w 2 - c 2 w a) + 2 (02 - ^2^4)} cos ^ + ( JT a - c 2 IF 4 ) sin 0 

w 3 = { (w 3 - w) + 2 (03 - c 3 0 4 )) cos 0 + ( W 3 - c 3 tf 4 ) sin 0 J 

ifo. Those results can also be obtained by a process, of which the following is an 
outline, the calculations being omitted. 

The fundamental equation connecting tin* circular curvatures of the regional 
geodesic and the domainal geodesic can be taken as 

y "_ W ” + 1 d t 

y ° ~ y + y dn' 

Differentiation along the regional geodesic gives the relation 


2 ( dp dn ur ai \ 

+ v \ r ' l i;< +r] *dn + y]a <hi +rh TJ 


dr 


dt 


1 d 
y ds 0 

Take quantities f lf £ 2 , £ 3 , £ 4 , such that 


[ ( d jL) + d y AJ A ). 

>n ' dnJ dn ds 0 \ yJ ’ 


. dp dq dr dt 
= 1,11 4 V2i dn 4 7?3i fl!« 47?4i ’ 

for the four values of i ; then, as the formulae of § 323 give 

d / dy\ v f u , u , u dy 1 de n 1 ^ v 


c/6* 0 Ww> 
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we find 


yo"=tf"+*(M + M + iS+eS) 

dn [ ds 0 \y/ ye n ds / Qe n y 


?? 




all the complete terms on the right-hand side being quantities, homogeneous in 
p\ <l\ ** \ of the third order. We have 

and we write 


so that, if 


we have 


hw + to.?' + ts usy = 2 2 2/«**<w> 

v 

q 1 — 2 2 &«*.«!. =222 h ijk x / x / x k ' 


f dy , 

* Mfc ~ Vijk ^~Jijk -t ^ 


yo"'-222^W. 


where the direction-variables on the right-hand side still are p\ (/', r', Let 


y 0 '"=2 2 2 Mx/x k \ 

the triple summation referring only to the direction-variables p', q, r', for the region ; 
then in the former expression for y 0 "', when we substitute - (Cjp' +c 2 (/' }-c 3 r / ) for t\ 
and compare coefficients, we find 


£iik — P tjk “ ( c iPjk4 + c jPkii + c kPvi) 

“t CiCjPhti) ~ 444 ~ ^ uk* 

as the law for the coefficients £ in the expression of «/ 0 "'. 

Next, when we take 


the summation being for the three variables, we have (§174) the quantities E ijk given 
by the definition 

Y (Xiik \ 

and therefore 

4* = (2 YP*i) C 08 </> + (2^ Am) «in -A- 

In the coefficient of cos we have 

2^ = 2{i'(^+/vJ}, 
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S y /^= ““ [ e nr a ~dn ) +*(?*■*) +€ v(s^va'^f)]. 

we have the means of obtaining the full coefficient of cos ip. 

In the coefficient of sin ip, we have 

s2*v--s(S 

the other term vanishing. But (§ 280, Ex, 1) 

2 (&’?*») = - 4 (VkAVuu + VkhVvA + VkpV A M )> 

<2 Vbnv) ~ "*J '|( 1 7fcA 7 7#iv + 7 }kii r lv\ ^Vkv 1 !^) 9 


so that 


and similarly 


s(2v)~*?[* 


.Cfef a 

HV^a\ ^vA^a/i J 


so that we have the means of obtaining the full coefficient of sin ip. We therefore 
may regard E i]k as expressible in terms of the domainal quantities. 

Then the values of w l9 w 2 > — 3 > are obtainable, by the relations 

®i=ssv>v. 

A ^ 

a ^ 

-3 = 2 2 ^3AAt r A «*Vi > 

A /x 

the summations with regard to A and jjl being for the values A, /a, — 1 , 2, 3. The final 
results are as stated in the text. 


Spatial and domainal curvatures for a region, 

334. As for a surface in a region (§ 199), so for a region in a domain, there are 
two species of curvature to consider. The region, contained in the domain, still 
is a configuration in the plenary space of that domain ; and its geodesics have 
their successive curvatures relative to that plenary space alone. For convenience, 
these curvatures are called spatial ; and there is a corresponding orthogonal frame 
for the geodesic, the first four lines of which are the tangent to the geodesic, the 
prime normal, the binormal, and the trinormal, all but the prime normal being 
gremial to the region (that is, lying in the tangent flat of the region). The typical 
direction-cosines of these lines are denoted by y f , for the tangent ; by 1’ 0 . for the 
prime normal ; by A 3 (instead of / 3 , as the region is domainal, not free), for the 



444 


CURVATURES OF A 


[CH. XXVIII. 


binormal ; and by A 4 (instead of i 4 , for the same reason), for the trinormal. The 
spatial curvatures are denoted by l/p 0 , l/cr 0 , 1/t 0j respectively ; and differentiation 

along the regional geodesic being indicated by ~ , we have 

ds 0 

*1 = >'o ; 
ds 0 p 0 

d} ° __ A a ^ 

ds 0 a 0 p 0 

dAg A 4 5 q 

*0 T o ®"o 


as equations in the Frenet system for the spatial curvatures. 

There are also the curvatures of the regional geodesic relative solely to the 
enclosing domain. The geodesic is still a geodesic in the region, and its gremial 
lines are unaltered ; but its prime normal is the domainal normal, being the 
direction of the radius of domainal flexure which now takes the place of the 
spatial circular curvature. Thus, within the tangent block of the domain, there 
is the beginning of an orthogonal frame for the regional geodesic, the first four 
lines of which are the tangent, with a typical direction-cosine y ' ; the domainal 

dy 

normal, with a typical direction-cosine ; the binormal, with the foregoing 

typical direction-cosine A 3 ; and the trinormal, with the foregoing typical direction- 
cosine A 4 . The domainal flexure of the regional geodesic is denoted by 1 jy, 
as before ; the domainal torsion, the domainal tilt, and the domainal coil, by 
1 /a t , l/r e , 1 /k € , respectively, the region being represented parametrically by 


q, r, t)^(). 

The complete orthogonal frame of the regional geodesic, for domainal curva- 
tures subsequent in rank to the coil, is constituted by a part of the frame for 
domainal curves. The principal lines, thus far retained for the regional geodesic 
in its domainal relations, have typical direction-cosines 


, d y > s . 
y 'dn K 


the lines are perpendicular in pairs, and they constitute the same block as 

V f hi hi hi 

for a domainal geodesic ; hence the succeeding principal lines for the regional 
geodesic can be taken to be the prime normal of the domainal geodesic and its 
normals that rank subsequent to the quartinormal. Accordingly, the first 
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equation of the Frenet system for the domainal curvatures of the regional geodesic 
is obtained as in § 199 for superficial geodesics in a region. Let dp, x denote the 
angular deviation between the regional geodesic and the domainal geodesic ; then 

dp x = component of the deviation in an orbicular representation 

We have l/y as the limiting value of dpf 8 ; and therefore 

I d y =w »_ w » = y ?_ y 

ydn y ° PoP 

For the remaining equations, we have (as in § 200) 

d (^y\ ^ y 


*0 \dn) 


5 

y 

dA 3 

_ ^4 _ 

i. d l 

ds 0 


cr e dn 5 

dX, 

_ Y 

- A,, 

ds 0 


3 ’ 


and so on. 

The values of A 3 and A 4 for a regional geodesic are known (§§172, 178) in 
terms of the magnitudes belonging to the region. We proceed to use these values, 
for the determination of the initial spatial curvatures and the initial domainal 
curvatures of the €-region enclosed in the domain. 


Spatial torsion of a regional geodesic. 

335. For the binormal of a regional geodesic (§ 172), the typical direction- 
cosine A 3 , when the region is domainal, becomes 

K^yii+ytfn+yzn 

= (yi - c iyd i + (2/2 - c 2 y 4 ) m + (y 3 - c 3 y 4 ) 

where 

/ V_ V\ m = n^r'_V 3 

°q po °o Po °o G o Po Po 

and 

Fi=a 0 vi + h 0 v 2 +g 0 v 3 , 

V 2 =h 0 v l + b 0 v i +f 0 v 3 , 

V 3 =g o^+foVi + CoVs. 

Thus with the values of v l , v 2 , v 3 , on p. 438, we have expressions of the form 

F ( ,=y (l cosi/i-^ sin ifi, 
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for n— 1, 2, 3 ; and therefore, as 

ViV' + ft?' + W' = (ft ~ ftft) V' + (ft ~ ftft) ?' + (ft - ftft ) r ’ 

=yip' + y%v' + ft?' + vs' =y'> 

we have 

- (- ? - — ) A, = (ft*i + ft ^2 + ft^s) cos 1 1> - (y t J i + ftj 2 + ftj 3 ) sin ifi. 

\0Q PQ / 

As regards the quantities Y*, we have 

yi = «o(^-Clft) + *o(f«- ftft) + ft (ft - ftft) 

= fi-V*. ft -ftft, v 3 - c 3 )>4 
T/fl , , Fq 

Go , F 0 , C 0 

= __L l l» r 3’ 0 

e 4 2 //, 5, **, M, <r 2 ’ 

G, <7, AT, c 3 

L, A/, A r , 7), e 4 

e l’ e 2> e 3> e 4> ^ 

with similar expressions for Y 2 , Y 3 : and therefore 


- _ v 

2 V V' 


Cift)V\ + (ft- 

~ ftft) ^2 + (ft 

0 , 

?; 1> 

ft, 

ft, 

ft, 

0 

ft. 

.1, 

//, 

<?, 

/>, 

*1 

ft, 

H, 



M, 

*2 

ft, 

G, 


0 , 


*3 

ft, 

L, 

M, 


A 

e 4 

0, 

ft. 

ft, 

ft, 

ft, 

0 


using the symbol V„ for brevity. In the same way, we find 

ft^+ft^+ft’/ 3 =-!- 0> ^ {*’ e ;; 0 - ] ' 

ftft 1/j, A, tf, G; L, «! ft 2 ft 

ft, H, B, F, M, e 2 

ft, G, C, W, e 3 

ft. !■>, M, N, I), e 4 

ft, ft, ft, ft, 6 


Also, we have 


ft 2 
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Now let 


d Y n Aq 7J 1 . __ . 1 __ . . 

~= -= - ? 1 — -JV v cosip- - v^sin^r). 

ds 0 a 0 p 0 Qe n 2 ' e n 


V=V v cosi b- - V; sindr= — V„- — - V;, 

€« p ye n 


so that V can be derived from the six-row determinants V„ and V~ merely by 
changing their first lines of constituents into 

0 P% .A; p o v _Po.z Po v _ Po_- 0 . 

U, «i» ^2 e 2 » c 3 j ^4 e n> u > 

P 7 € n P y*n P y*n P y*n 
and we have 

dY Q __ A 3 _V 1 y 

ds 0 o 0 p 0 £?e n 2 

a typical equation expressing A 3 in terms of domainal magnitudes when cr 0 is 
known. 

To determine o- 0 , we have 


2 2 “ 

<V Po 


v ffi>y 

— J \ds 0 ) 

_ y d\ q ( 1 


\f?6 n 2 


2^Wv n 


the summation being taken over the range of the plenary space of the domain. 
This summation is most simply effected in connection with the constituents of the 
first column in V, so that we must evaluate quantities 


2^°, 0x=1, 2, 3, 4), 

the summation extending over that range. Now 

Y V' */ (p° V _l __ Po 

and therefore 


-S».’ r. + ;- £ (*- 

«.S 0 y^n ^0 \y*n 


S ' >-.= SW n./ W + W> (* r + y |) 
= 1,1 V)|j^(y„y'+W+!/i« r '+»u'')|: 



448 


SPATIAL TORSION OF A 


[CH. XXVIII. 


or, as 


dy ^ ( dp dq dr dt\ 

S»n £ = 1 ft. ^.5+ftii+»«,+ft J 

= - ( e lAl+«2^ll + e 3 ©U + f 4^1l). 


and so for the other like sums, we find, after re-arrangement, 


y» ^ o__ Po „ 


p 

The full result, for /a = l, 2, 3, 4, is 
V 


2j Vi j~= ~ ' ’ Vi + P °- *1 + e i / (— ) 
' 7o “ ye n «*'o \y« n / 


Ey/P=- p0 %+~ 0 f Po ) • 

*0 P 7 e u ^0 'Y € n' 


When these values are inserted in the first column of the six-row determinant 


S(fv), 

all the terms in (— - ) can be cancelled because the constituents of the sixth 
as Q \yej 

column are 0, c x , e 2 , e 3 , € 4 , 0. Hence, writing 


for fi= 1, 2, 3, 4, we have 


_Po , 
P 


r«« M 


where 


□ (o 


Wo 2 

po 2 

e 

2 — ' 
n 

— n 


0, 

CUj, 

OJ 2 , 

<o 3 , 

0J 4 , 

0 

co i, 

A, 

H, 

G, 

L, 

*1 

co 2 , 

H, 

B, 

F, 

M, 

*2 

CO*, 

g, 

F, 

c, 

N, 


co 4 , 

L, 

M, 

N, 

1- >, 

e 4 

0, 

«1» 

«2» 

€ 3> 

«4> 

0 


so that the torsion of the regional geodesic is thus expressible, in terms of domainal 
magnitudes and of quantities connected with the parametric equation of the 
region. 

Let D(i;, e) denote the determinant 0(a>), when the constituents of the first 
row are changed to 0, v v v 2 , v 3 , t? 4 , 0, and simultaneously the constituents of the 
first column are changed to 0, i l9 i 2 , i 3 , i 4 ; then 
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Po 2 W Po 2 / P 2 P7«n Y*n 2 


To this result, we shall return later. Meanwhile, a modified expression can be 
given to D (?;) ; for 


^4, 



L, 


*1 



F, 

M, 

«2, 

*2 


F, 

c, 

N 

*> 3 . 

*3 

L, 

M, 

iv, 

A 

«4» 

*4 

Vl, 


^3 5 

v t , 

o, 

0 

e i> 

«2> 

€ 3 > 

*4> 

0 , 

0 


H 2 )(v 3 e 4 

-»4« 

e 3 ) 2 


= Q 2 ( cd - w2 ) ( V 3 e * - V 4« 3 ) 2 

= ^ { ( S ^i 2 ) ( S a V) - ( S av i e i) 2 } 
{?+?)■ 


where the quantities 1/p and 1 /cr are the circular curvature and the torsion 
of the domainal geodesic tangent. Let x* denote (as in § 318) the inclination 
of the binormal of that domainal geodesic tangent to the domainal normal of the 
region, then 

j dy 

co SX 3=L^ w 


where (§ 284) 


= 2 (Vv A + + ft* + &**) > 


-=- - A (a«x + hv 2 +gv 3 + li\), 
a p s>d 


with corresponding values for fi, v, m . Now 

v> w 

for i=l, 2, 3, 4 ; and €iP' + € 2 < 7 ' + e 3 r'-f-e 4 /':=0 ; and therefore 

1 1 


Consequently 


a C0S Xa =-^ 7 2jav iei . 




F.I.Ci. II. 
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Domainal torsion of a regional geodesic. 

336. From the foregoing investigation, we have 

<r 0 p 0 £2e n 2 

and the Frenet equation for the domainal torsion of the regional geodesic is 


A 3 _2/W fdy 
a € y ds \dn, 


At j&rst sight, it would appear advantageous to eliminate A 3 and thus obtain a 
simpler relation 


\p 0 a £ yoj ct 0 ds \dn/ cr e Qe n 2 


But the relation serves mainly as an alternative expression for V. We have 
S = ( 2 y" v r) cos </r - ( ^ jf'V;) sin <Jj ; 

and 

^ J y ^ v — ^ 1 ’ ^ 2 ’ ^ 3 > ^ 4 J ^ 

^4, 6r, A, 6! 

^2, f , iif, 

G, F, A 

w 4 , L, ilf, A 7 , A e 4 

0, €j, e 2 , e 3 , e 4 , 0 

= ^,{(AB-H 2 ) (e 3 ?’ 4 - e 4 1 ’ 3 ) (e :t w 4 - e 4 « 3 )j 

= 2 ^ '4 - e 4 r a) ( € 3 M 4 ~ e 4 M s)} 


^ { ( 2 «*i 2 )(2 aM i ,; i) - ( 2 ar i e i) ( 2 aM i e i)} : 


2«Mi«i=£2 t ’i? ,,= - » 2 o “i e i = ^2 e iP ,:=0 ; 


and therefore 


Similarly 


2yv.= 


. ^ i 


y„- d ( d y\ = _ 
^ Wn/ 
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Hence multiplying the simpler relation by y', adding for the range of the plenary 
space, and inserting the values of these sums just obtained, the result is an identity : 
thus the simpler relation is not useful for the determination of the domainal torsion 
of the regional geodesic. 

Accordingly, we multiply the left-hand sides of the two equations involving 
A 3 , also the right-hand sides, and add for the range of the plenary homaloidal 
space. Because 

2 2/' A 3=0, 

the result is 



To evaluate these summations, we need the quantities 


We have 


and therefore 



V u ^ 






dn 




+ ~ ( e nlP' + € V 

€ n 








»} 


d 


tl (h 



for all values of fi. When these values are inserted in the two summations, the 
terms involving ^ ^ disappear because the constituents in the six columns of 
V„ and V f are 0, £ 2 , c 3 , c 4 , 0. Thus 



o, *’!, r 2 , 

# 3 > 


0 

e lt A, H, 

G, 

L, 

*1 

e 2 , //, B, 

F, 

M, 


U, 0, F, 

c, 

N, 

*3 

« 4 , L, M, 

N, 

LK 

*4 

0, €4, e 2 , 



0 
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Similarly, we have 



Hence 



thus giving a covariantive expression for the domainal torsion. 
Again, returning to the equation 


(dy\ 

cr € y ds \dn] 9 


we develop the right-hand side. As 


dy dp dq dr dt 
dn^'in^Tn^^'in’ 


and as the arc-derivatives of — and the other direction- variables of the domainal 

dn 

normal to the region have been obtained (§ 324), it follows that 

A [dy\ ( dp dq dr dt\ 1 de n dy 1 „ 

ds \dn) dn + ^ 2 dn + dn + dn) € n ds dn + Qz n ^ a€l ^ 1> 

after reduction, that is, 


d_ fdy\ a 1 de n dy_^ ^ dp 1 


ds \dn 


) ds dn + 


dn 




Let the equation be squared, and the squares of the two sides be added for the 
plenary dimensions. The new left-hand side 


The quantities 


= vI--/^U 2 +— f**V = -+ I+JL (^A a 

‘- J 1/Zs \dn)\ e„ 2 \ ds ) a? y 2 e„ 2 \ds ) 


S ’?* 2 = C «<» ^Vi 7 h = C ih 


arising out of the circular curvature of the domainal geodesic tangent, have 
already occurred (§§ 298-300) ; and, in fact, 

£=s«» 

All the magnitudes of the type y x rj^ vanish ; and 
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v-i . n (- dp . da . dr _ dt\ 

2j \ £ i^ w + 6 2 dn + e 3 J n + €4 ^-J 


O 

=0< **- 


by § 269 ; and 


so that 


( 2 ^i 2 ) ( 2 ^i 2 ) - ( 2 a€ ^i ) 2 

=2{M- w2 )(^4-^ 3 ) 2 } 

= o 2 (C^b- - ■ Hi l ) (%■ - m 3 ) 2 }= - fi □ (c). 





a relation connecting three concomitants of the region. When these values are 
substituted, we find 



337. In the next place, let <f> 3 denote the angle between the binormal of the 
regional geodesic and the binormal of the domainal geodesic tangent, the typical 
direction-cosine l 3 of the latter being given by 

h V _ yr 

a p 

We had the equation 

— -- 1 - V. 

CT 0 p 0 

Let the two left-hand sides of these equations be multiplied, and likewise the two 
right-hand sides ; and let these products be summed over the range of the plenary 
space. Then, as 

Yjhy'= 0 , SA 3 2/'=°, 

we have 

C0B — +- 1 =-- 0 L 2 y,Y'v. 

acr 0 pp 0 U€ n 2 " 

To evaluate the last sum, we take the quantities Y* with the constituents 
2 /i, y 2 , y 3 , y 4 , in V„ and V*, using the relation 


£a,r=-v 
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Hence 

2)rv,= - □(»), £rv ; =-D M; 

and therefore 

f C0S ^ 3 + — ) = □ (®) cos i/j - — □ («, e) sin i/(. 

\ CT(T 0 pp„' «n 

Thus we have the set of relations 


£>e„ 2 + — ) = □ (t>) cos 2 ^ - — □(«,€) cos «/i sin i/i + — □ (e) sin 2 if>, 

Wo Po / c n e n 

i2e„ 2 (— + —)-- — □(«, e) cos i/!r+ ^□(l)sin^r, 

W 0 ff< /5 0 y/ «* 

Qe n 2 ( — — 3 + — )=D(t>) cos ^ □ (v, e) sin <fi ; 

\ oo Q pp 0 J e n 

and there was the relation 


where denotes the inclination of the domainal normal of the region to the 
binormal of the domainal geodesic tangent. 4 

From the first, the second, and the fourth, of the foregoing set of relations, we 
have 


11/1 1 
<V Po PoV 



COS <f ) 3 
(JG 0 



or, as 

l^cos0 sini/f 
Po" P V 

we have 

1 1 . , 1 . , 

— = sin yr + cos <p 3 cos l p, 

(Jq (7 € <7 

a purely geometrical relation between the torsion of the domainal geodesic tangent, 
and the torsions (spatial and domainal) of the regional geodesic. 

Moreover, the relations provide geometrical interpretations of the covariants 

As a last inference of this class, consider the two equations 


l *JL = Y' -$- y =- ( dy ) 

a p 9 o € y ds \dnj 9 

the former relating to the domainal geodesic. As before, we have 
^l s X 3 =co s<f> 3 , ^y' A 3 =0, 
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and therefore multiplying the left-hand sides together, also the right-hand sides, 
and adding for the range of the plenary space, we have 


cos <f>$ | i y* y' 
a a € py ^ ds \dn) ’ 


where, on the right-hand side, we use the value of — j on p. 411. Now (§ 297) 


where Z 6 is the typical direction-cosine of the quintinormal of the domainal 
geodesic ; and therefore 

because of the orthogonality of the directions typified by y', Y, Z 3 , Z 6 . Also 


and 

Consequently 



dp dq dr 
Un + Vl d^ + V *dn 


dt\ 

dn) 



av \ e i 


cosxa 

a 




COS ^3 1 

aa t PY 


2 _ d€n C OS Xs 
e n ds a 



a€ x v x , 


thus providing another concomitant y]a€ x v l9 and assigning its significance 
in terms of geometrical magnitudes. 


Spatial torsion and spatial tilt of a regional geodesic. 

338. By using the typical equation (§ 178) for the regional trinormal which, 
for the region now enclosed in a domain, becomes 

9i> 2/3 

_ _ _ > 

'W'l? ^25 ^3 

v l9 V 2 > ^3 

we can obtain, by merely squaring the equation and adding, for the whole range of 
the plenary space, an expression for the spatial torsion of a geodesic in the domainal 
region. With the notation of § 332, let quantities E be introduced under the 
definitions 

Ri=v t cos ifj - — sin ift 9 

€ n 
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for t=l, 2, 3, 4. 
easily find 


Then using the values of ^ y 1 2 z=A 09 and like combinations, we 


A, 

II, 

G, 

L, 

u X9 

Rl 9 

*1 

H, 

B, 

F, 

M, 

u 29 

R21 

*2 

G, 

F, 

c, 

N, 


R39 

*3 

L, 

M, 

N, 

D, 

W 4 , 


*4 

«i» 

u 29 


« 4 » 

0 , 

0 , 

0 

Ri, 

R 29 


/? 4 , 

0 , 

0 , 

0 

«i> 


€ 3» 

€ 4j 

0 , 

0 , 

0 


It is not difficult to identify the value of 1 /cr 0 2 thus obtained with the value that 
has been obtained in § 335. 

Similarly, we can obtain an expression for the spatial tilt of a geodesic in the 
domainal region, by adapting the equation obtained in § 179 which, in present 
circumstances, has the form 

Wi, w 2 , u 3 

5 ^2 > ^3 

w lf w 2 , w 3 


Of 

V T 0 


In connection with the magnitudes w of § 333, we introduce symbols S, which are 
analogous to the symbols R introduced in connection with the magnitudes v, and 
are defined by the relations 

Wi + 2 <f>i cos ip 4 - Wi sin i/j = S { ; 


and now the cited formula leads to the equation 


0 o 2 To 


U l 9 U 2 i U 3 9 U 4 

R\i R%i R39 R& 

S v s t , s,, Si 

e V * 2 i * 3 i *4 


which, in association with the preceding result, provides an expression for the tilt 
of the geodesic in the domainal region. 


Domainal orientation of a regional configuration . 

339. The orientation of the regional configuration relative to the enclosing 
domain can be indicated by the positions of the principal lines of a regional geodesic 
in the frame of its domainal geodesic tangent. 

The tangent direction of both geodesics being common, the remaining 
gremial directions of the domainal geodesic are the binormal, the trinormal, 
and the quartinormal, with typical direction-cosines l 3i Z 4 , / 5 , respectively. The 
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remaining principal directions, belonging to the regional geodesic, have typical 
(I'll 

direction-cosines A 3 , A 4 , being the directions of the radius of domainal flexure 

(the domainal normal to the region), the binormal, and the trinormal, of the 
regional geodesic. In each set, the three lines are perpendicular in pairs ; each 
set determines the same flat in the tangent block of the domain, the flat being 
orthogonal to the common tangent of the two geodesics. In accordance with § 317, 
we denote the inclinations of the domainal normal to the three lines of the domainal 
geodesic in this flat by x*> 80 that 


Qe 

a 

Ge 


- COS X.3 = ~ 2 ae l V l> 


G* 


COS ; 


COS *5 = 


V 




e l> e 2> 

^i, U 2 , 

Vi> Vf, 


w 3 , 

v 3 > 


u ± 




W 1, w 2 , w 9 , W 4 

Again, we denote the inclinations of the binormal of the regional geodesic to 
the same three lines of the domainal geodesic by <^ 3 , <^ 4 , </> 5 . The value of <j> 3 has 
been obtained (§ 337) in the form 

- cos <J) 3 — + - -T 2j a€ i v i - Zj ae l V V 

cro € py e n (is 


The value of <^ 4 is given by 
Now (§ 286) 


cos<£ 4 = V) A 3 1 4 . 


t " y ‘ fh (p) = “ h >X<J ’ 2 av ^ +C7 S aw \Vi} = 

where @ is used for brevity ; and 

A;t - y -- = - o- a v= - - 0 \ (v, cos tp — V- sin </') . 

<7 0 p 0 *^n \ € n / 

Hence multiplying the left-hand sides together, likewise the right-hand sides, and 
adding the products for the plenary range, we have 

--cos<£ 4 +- | ( a )= -7) 1 2 [(S @v ^ cos ^- 
cr 0 T p 0 ds \pj Ue r ‘ " e„ 

To evaluate the right-hand side, because 

2 ( 2 av i yi)) = Qv » > 2(^(2 «»iyi)} = 
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for fi= 1, 2, 3, 4, it follows that 

2 {v e (2>i>i2/i)} =£□(«), S{ v i(S at ’iyi)}=' 0D ( v >«)’ 

and therefore 


i 2 ( £ av ! 2/i)} = D O’) COS i/i - - □ (v, e) sin tf, 


=o,„*(?s?*+-M. 

\ cror 0 p/V 

In the same way, we have 

i^){V (S ttM; iyi)}=D( v > M; ) cos </' - 1 D(e, w)sin«/t. 

i«5 € n 

When these values are inserted, and the expression is reduced, we find 
1 . li/l\ li/l\ . 

-COS 04 +- (-) + - ( cos </> 3 

crcr 0 T Po \p/ cr 0 as \(Tj 


— □ (- v , w) cos 0 - - □ (e, w) sin if;. 

e n 

The typical direction-cosine l b of the quartinormal of the domainal geodesic 
tangent to the regional geodesic is (§ 288) 


2 “ 


Vi> 

2/2, 

2/3, 

2/4 

%, 

t/ 2 , 

w 3 , 

w 4 


V*, 

V 3 , 

”4 

^i, 

w; 2 , 

w 3 , 


^3 __ 
^0 

2 /'^ 

Po 

1 

Qe n 



= 0: 


and 


Hence, as ^y'l&=0 9 the inclination <^ 5 of the regional binormal to the quarti- 
normal of the domainal geodesic tangent is given by 


— 2 008^=-— £ $V, 

o 0 < j 2 t J2e n 2 " 


the right-hand sum extending over the plenary range. Now 
for ijl= 1, 2, 3, 4, and therefore 
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Also y sin ift = p Q . Hence 


Po<t 0 <t 2 t 



1) 

*2* 

^3) 

«4 

hi 


u 3 , 

u t 


V 2 , 

V 3 , 

% 

'l, 

w 2 , 

w 3 , 

w 4 


We thus have expressions for cos ^ 3 , cos <£ 4 , cos connected with the inclinations 
of the regional binormal to the three selected principal lines of the domainal 
geodesic. 

To determine the inclinations 0 3 ,d 4 ,6 5 , of the trinormal of the regional geodesic 
to the binormal, the trinormal, and the quartinormal of the domainal geodesic 
tangent, we use the value of the typical direction-cosine A 4 of the regional trinormal, 
as obtained in § 178 in the form 



?7i> 

u u 


9 a 

u 2 , 


9 : J 

il 3 


v u v 2 , v 3 


1 

*4 



when the values of are inserted, where 



V'Z i 

y®. 

y« 

, Zi= 

yi> 

y 2 , 

2/3, 

2/4 

Mj, 

u 2 < 


« 4 


«i, 

u 29 

^3> 

m 4 

*’l> 

V 2 , 





^2 » 

*3> 

«4 

«1, 

*2> 

* 3 > 



e l> 

*2, 


«4 


Also we have 

*^0 € 4 2=z ^n 2 > 

and therefore 

e - 5 A 4 = Z v cos if,-- z e sin if,. 

°0 € n 


To obtain the inclination 0 3 to the binormal of the domainal geodesic, with the 
typical direction-cosine Z 3 , we take 

h _y __ yr . 

G p 

and so, as j/A 4 =0, 

Q — n cos 0 3 = (y; Y'Z v ) cos if, - - (V Y'Zi) sin if,. 

<jo 0 e„ 


Now 
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and therefore 


consequently 


— COS 0 3 — 


Wi, 

u 2 , 

u*, 

m 4 

Vl, 

V 2 , 

V 3 , 

»4 

*1> 

*2> 


h 

*1, 

€ 2> 


*4 

U 1, 

u 2 , 


U\ 

Vi, 

v 2 , 

v s , 

«4 

*1J 


*3> 

«4 

*1> 

€ 2> 

€ 3> 

e 4 


To obtain the inclination 0 4 , to the trinormal of the domainal geodesic with the 
typical direction-cosine Z 4 , we take (§ 8) 

k , , d n\ v t i , n _.,d( i\ „„ 


or as \cr/ 


1 1 

p 2 + a 2 


w r ' 


^ Z 4 A 4 = cos 0 4> ^Z 3 A 4 =cos d 3 , y^7A 4 =0, : 

hence multiplying the left-hand sides of this Z 4 -cquation and the Adequation, 
likewise their right-hand sides, and adding for the plenary space, we find 


To evaluate the right-hand sid 
for /x= 1 , 2, 3, 4 ; and we find 

_ i 


Qh n a*€ n d ( n „ v. r v „ /„ , i„ . ,\i 

cos0 4 -f cosar-- Z € mub ) > 

o- 0 <rr . a 0 (is \oJ " [ \ / J 

iuate the right-hand side, we use the formula (§ 285, /fa. 1) 

^y,Y"= -«v, 


where 


. £ T c n d /1\ , 1 „ 1 , 

cos 0 4 -|- -p )cos0 3 = -~a v -\~- d 

Po G O aT Po^o ds w P V*n 


«1> 



m 4 

, £~ — 

W 1? 

u 2 , 


W 4 

«1. 


^3, 

«4 


*i> 


*3, 

*4 

Wj, 

^ 2 , 

W 3 , 

w 4 


w v 

w 2 , 

^ 3 , 

™4 

«1> 

^2? 

*3, 

«4 


€ i > 

*2> 

*3> 

*4 


To obtain the inclination 0 5 to the quartinormal of the domainal geodesic with 
the typical direction-cosine l 4 , we have 

0* ^ 


CT T 


as before (p. 458) ; and therefore 

cos 0 5 = j<P [z v cos sin ipj j 
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To evaluate the quantities 2 2 customary properties of 

determinants may be employed. With the definitions of <P and Z v , we have 


2 0Z v= 2 A ( U i V 3 W i) ( U i V 3^), 

and therefore 

£ 2 2 <PZ V = 2 (bed) (u 2 v 3 w 4 ) (u 2 v 3 e 4 ) 

2 aM i 2 > 2 au i v i’ 2 aM i e i > 

2 au i v i > 2®V > 2 aw i c i 

2 aw i w; i > 2 2 aw i e i 


all the constituents in the last determinant being concomitants of the domain. 
In particular, the values of 

V aWj 2 , V aUyV^ 2 aM i w i> 2 a V> 2 aw i w i> 


are known (p. 306) ; also 

2 = Q fop' + e 2 q’ + e 3 / + e 4 (') = 0, 

while 2 av^x and V awx^x occur in the expressions for cos x 3 and cos Xi- 
Similarly we find 

£? 2 2$2-= 2«V > 2 aM i € i » 

^«¥i. 2 a,; i | i> 2 aw i e i 

2 aM i w i> 2 aw i*i > 2 aw i e i 

where again all the constituents are known concomitants of the domain. 

As the three directions, typified by the direction-cosines l 3 , / 4 , Z B , are an ortho- 
gonal set within the flat which, in the tangent block of the domain, is at right 
angles to the common tangent of the regional geodesic and the domainal geodesic, 

cly 

and as the three lines typified by the direction-cosines A 3 , A 4 , are another 
orthogonal set within the same flat, the determinant 

cos cos Xi, cosxj 
cos <j > 3 , cos <f> 4 , cos <j k 5 
COS $3 , COS0 4 , cos 9 5 

is equal to uni ty- every constituent in the determinant is equal to its own 
co-factor ; and relations, of the type 

cos 2 x 3 + cos 2 xt, + cos 2 x 5 = 1 » 
cos 2 Xa + cos 2 (p 3 + cos 2 0 3 =1, 

lead to expressions for concomitants in terras of geometrical magnitudes. 



CHAPTER XXIX 


Domainal Surfaces : Surfaces Geodesic to tiie Domain 
Parametric surfaces : superficial geodesics. 

340. When a surface is contained wholly within a domain, one analytical 
method of representing the surface provides it as the intersection of two para- 
metric regions 

*(?>, 0= () * a>(p,q 9 r,t)== 0, 

each lying wholly within the domain. Another method, formally different and 
ultimately the same in effect, expresses the four parameters of the domain as 
functions of two new superficial parameters u and v, as in § 117. The former 
mode of expression will be adopted, mainly because intrinsic properties of the 
surface are brought into relation with intrinsic properties of the two regions as 
well as with intrinsic properties of the domain. But some results formally 
associated with the bi-parametric representation will be given later (§§ 352, 353). 

For the discussion of such a surface, we therefore assume the established 
properties of the region e — 0 and the analogous properties of the region co— 0. 
The elementary geometrical properties of each region and its domainal normal, as 
well as some of their properties relative to their superficial intersection, have 
already been obtained in the preceding chapters ; and the notation there adopted 
will be continued. 

As usual in past investigations, two fundamental preliminary results must be 
obtained. One of these is the formation of the intrinsic equations of superficial 
geodesics ; the other is the determination of the relation between the tangent 
plane to the surface at a point 0 and a small range of the surface in the immediate 
vicinity of 0. These are discussed in succession. 

341. The intrinsic equations of a geodesic on a domainal surface are, initially, 
the four critical equations exacted if an integral 



is to be made a minimum among the values arising from all values of the four 
domainal parameters satisfying the two equations e — 0, cu = 0, the quantity u 
being a passing independent variable. These critical equations are of the 
customary form and, after calculations, similar to those in preceding instances, 
can be expressed in the modified forms 
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p 0 "+^ r il p' 2 -X'^ae 1 +[i 2 aa, i 

ft"+S^=AS^+/*S^ 

r o" + E ®uP ,! = ^ S s e i + /* S ? w i 

where, for i/j=€ or cu, 

S ~ ™Ai ^2 + 9 * 1 * 3 + ^4 » 
fo/r 2 +/(/r 3 4-W</r 4 , 

S#l =: #l + /*Aa+ ^3+ W ^4> 

2 M>i = l*l>t + mil> 2 +nilt 3 + dipt. 

The quantities A and p, are multipliers undetermined in the construction of the 
critical equations ; and p 0 ", y 0 ", r 0 ", £ 0 ", are second derivatives along the arc of 
the superficial geodesic, being distinct from second derivatives along the domainal 
geodesic and along the respective regional geodesics in the same initial direction 
p\ q\ /, t\ Also, by § 269, we have 


2>>= c '.t 2 

'Zaco 1 =Qu>*l, 'Zha> 1 =Qu> v d £, 
where 

V a ^! 2 — £?e w 2 , \ aco L 2 — £?co„ 2 , V a€ 1 o ) 1 = ,Qe w co v cos i, 


d? 


dr 


d* 


t denoting the inclination of the domainal normals of the intersecting regions at 0 
and therefore the inclination of those regions themselves. 

The multipliers A and p are to be determined. We first multiply the four 
modified critical equations by e lf e 2 , e 3 , e 4 , respectively, and add the products. 
The sum of the right-hand sides 


^Ay)ae, 2 + ^2 ae i w i 

— Qe n ( Ae„ 4- pa>„ cos l) ; 


and the sum of the left-hand sides 


— € iPo' + € 2?o” + € * r o" + e 4 V' 

+ *i 2 AlP' 2 + *2 2 4i p' 3 + *3 2 @n P' 2 + ^4 2 *ui»' 2 - 

For all variations lying in the region e — 0 (and therefore for the superficial varia- 
tions in question), we have 

*iPo" + e 2?o ,/ + € 3 r o ,/ + € J'o” + S 2 — ^ 5 

and therefore the foregoing sum of the left-hand sides 


= - 2 6 uP' 2 + e i2 r iiP ,1! +«22^iiP' 2 + € 32@ii/ 2+e 4 2 0 iiP' 2= - 2«up' 2 > 
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with the notation of § 269, viz. 

) — € ij ii ~ € 2^iJ ~ € 3 “ e 4@ij * 

As before (§ 315), we write ^ . , e n 


s«uy=-;. 


and the result then becomes 


—=£2(A € n -j-/jUo v cos t). 

y* 

Next, we multiply the same four modified equations by a> x , o> 2 , co 3 , co 4 , respec- 
tively, and proceed in precisely the same fashion ; and we find 


where 


with the similar notation 


-~Q( Xe n COS 1+ /ACt>„), 


?--S5u P' 2 > 


<*>{j=(o„ - u - - OJ 3 @i, - wfl,, ■ 

Now take two quantities g e and g w , such that 

9t= XQe n , g u =g.Qa) r , 


so that 

1 1 

g.+g*e osi=-, g w + g e cosi= 

y* y« 

Then the first of the modified critical equations is 
Po" + 'E,r il p' 2 =X ^aei+/A 

= XQ€n In +txQw "£ 

dp dp 

~ 9e <hi +gai dv’ 

and similarly for the other three equations of the same kind. 

Accordingly, the (parametric) intrinsic equations of the geodesic on the 
surface, drawn in the superficial direction p', q\ r', t', through 0, are 

r." + S<^-*£+*£ ’ 

..- + S*by-4S + «.£ 
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where g e and g m are given by the equations 

1 1 

&+&,COSl = -, g a +g ( COSl=— . 

Ye Yw 

The quantities y e and y w are interpreted, exactly as in § 316 ; and we note that, 
for the domainal geodesic through 0 in the same direction p', q', r', t' , as the 
superficial geodesic, 

^A n p'^-q'', X;0 u p' 2 =-r", £0 n V’ 2 =~t", 

so that the equations of the superficial geodesics also have the form 

m „ „ d P^„ d P ) 

~ V =3 -in* S -,h 

„ ,, dq dq 

* ~ q = 9 ‘dn +9 “dv 
, „ dr dr 

0 ~ 9t dn 9w dv 

. . dt dt 

~ l ~ 9 ‘ dn +9w dv 


Circular curvature and domainal flexure of a superficial geodesic. 

342. We can derive a first expression for the circular curvature of the super- 
ficial geodesic and for the direction of its prime normal. Denoting the radius of 
curvature by p 0 and a typical direction-cosine of the prime normal by Y 0 , we have 

^0 — PoVo 9 

where y 0 " denotes the second arc-derivative of the typical coordinate y estimated 
along the superficial geodesic. 

Now, along the superficial geodesic, 

yo'=yiPo" +2/270" + 2 / 3 »V' +*Mo" + ^ yuP >2 > 

and, along the domainal geodesic, 

y"=yip" +y%q" +y-S' +yJ' + ^£ l y ll v' 2 . 


the variables p', (/, r\t', being the same in the two relations because the geodesics 
have the same tangent at 0. Hence 


y 0 ''-y"='£ l yi(j>o"-p’')- 

When the foregoing equations, characteristic of the superficial geodesic, are used 
to modify the expression on the right-hand side, this typical equation becomes 

dp 


Vo - y 


„dy dy 
9t dn +9<u dv ’ 


,yi 


dv 


that is, 


Yo 

Po 


Y dy 
p~ 9 '~dn +9w 


dy 

dv’ 


F.I.G. II. 


2g 
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the quantities and ~ being the typical direction-cosines, in the plenary space, 

of the domainal normals to the regions e = 0 and co=0 respectively. 

Next, the significance of the expression on the right-hand side of this equation 
has to be determined. We consider the deviation, in magnitude and in direction, 
of the superficial geodesic from the domainal geodesic in the same initial direction 
p', q\ /, t'. We take a small arc-length 8, the same for the two geodesics, measured 
along them from 0 ; the points thus obtained are denoted by Q s on the surface 
and by Q D in the domain. The typical ^-coordinate of Q D 


and that of Q s 


=y+y'8+ly" S 2 + ... , 


=y+y'8 + iy<>''8 2 +- , 

the imexpressed terms being of the third and higher orders in 8. Let the (small) 
domainal length QsQd > being the deviation of the superficial geodesic from the 
domainal geodesic, be denoted by D ; and let the typical spatial direction-cosine 
of this length in the direction from Q D to Q s be denoted by i, so that 


W==(y^y'8 + ^y 0 ''S^...)^(y^y'S + ^+,..) 


We define the radius of domainal flexure of the superficial geodesic to be given 

by 

1 , . 2D 
-=Lim T , 

7 a-x) ° 

and 1/y is called the domainal flexure ; hence we have 


Hence also 


l 


—Vo - y 

dy dy 


Y 9 _Y = l 
po p y ’ 


the typical equation connecting the circular curvature and the domainal flexure 
of the superficial geodesic with the circular curvature of the domainal geodesic 
tangent. 

The analytical magnitude denoted by l/y € has already appeared in the 
discussion of the domainal flexure of a geodesic of the region €=0 ; and it was 
shewn (§316) that, when this regional geodesic in the direction p', q\ r\ i\ is 
drawn, thus also touching the superficial geodesic under discussion, the radius of 
domainal flexure of this regional geodesic is equal to y c , while the equations 


p € p y € dn 
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dy 

dn 


hold, where ~ is the typical spatial direction-cosine of the radius of geodesic 


flexure (so that the radius is in the direction of the domainal normal of the region), 
and Y € is the typical spatial direction-cosine of the prime normal of the geodesic 
of the region e=0. Also, the four intrinsic equations of that regional geodesic are 
of the form 


p € -p = 


1 dp 
y € dn 


Similarly for the regional geodesic in the domain a>~0, drawn in that same 
direction^', q ', /, t\ the analytical quantity denoted by is the radius of domainal 
flexure of that geodesic : that radius is in the direction of the domainal normal 

du 

to the region o)=0 with a typical direction-cosine — . The radius of circular 

curvature and its typical spatial direction-cosine Y w arc connected with the 
circular curvature of the domainal geodesic tangent by the typical equation 

Yu> 1 dy 
pco P Yu>dv ’ 

while the four intrinsic equations of this regional geodesic are of the form 


Yco dv 


The foregoing equations imply a number of geometrical relations among the 
positions of the various radii of circular curvature and the various radii of domainal 
flexure. 

We have already seen (§ 316), from the equations 


pe p y € 'dn ’ 

that the prime normal of the e-regional geodesic is complanar with the domainal 
normal of the €-region and the prime normal of the domainal geodesic tangent. 
Similarly, from the equations 


\ d y 

Pa> P Yuydv' 


it follows that the prime normal of the co-regional geodesic is complanar with the 
domainal normal of the ^-region and the prime normal of the domainal geodesic 
tangent. 

From the equations 


l dy 
y~ 9t Tn +9a> 


dy 

dv’ 
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it follows that the direction of the radius of domainal flexure of the superficial 
geodesic is complanar with the domainal normals to the two regions : that is, it 
lies in the domainal orientation which is orthogonal to the surface. 

From the equations 

Y o_yj 1 

Po p r’ 

it follows that the direction of the prime normal of the superficial geodesic, the 
direction of its radius of domainal flexure, and the prime normal of the domainal 
geodesic tangent, lie in one plane. 

Finally, from the equations 


r 0 

Po 


Y dy dy 
~p~ 9e dn +9 ^d v ’ 


it follows that the direction of the prime normal of the superficial geodesic lies in 
the same flat as the domainal normals to the two regions and the prime normal of 
the domainal geodesic tangent. Moreover, this flat obviously contains each of the 
four preceding planes ; and, in the configuration thus formed, there are three 
leading lines, being the domainal normals to the two regions and the prime normal 
of the domainal geodesic, itself normal to the domain, so that 

yy^ = 0 Vy^ = (, 

^ dn ’ ^ dv 


fv 


In the diagram, OY represents the prime normal of the domainal geodesic 
tangent, OF € the radius of domainal flexure 
of the e-regional geodesic, OF w the radius of 
domainal flexure of the co-regional geodesic : in 
each instance, in magnitude and direction. The 
line OY is at right angles to the plane i\OF^ 

Draw OFq at right angles to F € F M in the 
latter plane : then OF 0 represents the radius of 
domainal flexure of the superficial geodesic, in 
magnitude and direction. 

Draw perpendiculars OC € on YF € , OC w on 
YF a , OC 0 on YF q ; then OC € represents, in 
magnitude and direction, the radius of circular 
curvature of the e-regional geodesic ; 0C W repre- 
sents, in magnitude and direction, the radius of 
circular curvature of the ^-regional geodesic ; 
and OC 0 represents, in magnitude and direction, the radius of circular curvature 
of the superficial geodesic. 



342 ] 


FLEXURE 


469 


Also, as the angles at C ey C Oi ,C 0y are right angles, the points C €f C w ,C 0} lie on 
a sphere in the flat, OY being the diameter ; hence the locus of the centres of 
circular curvature of geodesics, which belong to sub-amplitudes of a domain and 
are drawn through 0 to touch a domainal geodesic through 0, is a sphere. 

Let 0 O , 0 e , 0 U „ denote the angles YOC 0 , Y0C e , YOC respectively. The 
angle F^OF^, the angle between the domainal normals, has already been denoted 
by t ; let a, /?, denote the angles F f OF 0 and F 0 OF „ respectively, so that a-f jS=u. 
Then the following results are easily obtained, when account is taken of the 
typical direction-cosines of the lines OY ; OC 0 , OC € , OC w ; OF 0 , 0F e , OF^ ; as 
relating to angles and magnitudes : 

1 


sin* t 


2 cos t 1 

' ‘ b ' 2 
y € y<o yJ 


1 _ 1 1 /I 2 cos t i_\ 

Po 2 p 2 H sin 2 t\y £ 2 y € y„ + yj) 


Pc 2 p 2 y 2 


Jl 

y* 


po y 

together with many others. 


d 2 d 2 + V 2 

rw p fto 

sin a __ cos a __ 1 
cos t sin t sin t 

7c 7a; y 

sin __ cos /3 ^ 1 

1 cos t sin t sin t 

y w y, y, y 

COS 00 _ COS 0 e _ COS 0a, __ 1 
Po Pt po) p 
sin 0o _ 1 sin 0 6 _ 1 sin 0, 
Pe y e ’ Pa, 


1 

ya>J 


1. Denoting by l the angle between the prime normals of the two regional 
geodesics, prove the relations 



cos l 

cos t 

_1 

sin 2 

L 1 1 

2 cos l 



Pi Put 

y € y w 

p 2 ’ 


~o 2 + o 2 
re roj 

PfPoj 


Obtain the relation 






2 

1 1 

of 

(±_ 

_±_\( 

'l l M 

* 1 

1 

Po 2 

P 2 pj 

■ 2 i 

W 

p *)\ 

°J 

1 

1 

S r*i 

COS t — - 

Po 2 

~p 2 


Ex. 2. 


connecting the radii of circular curvature of the four geodesics drawn in the direction 
P\ 9’, *'• 
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Tangent plane of a surface and the prime normal of a geodesic . 

343. It is desirable to establish, for a domainal surface, the customary relation 
(§ 20) between the tangent homaloid of an amplitude at a point and a range of 
the configuration in the near vicinity of the point. 

Any line, tangent to the surface, is given by the typical equation 


y-y 

y' 


= /*0> 


where p 0 is a parameter along the line : that is, 


where 


y-y=^y' 

-*yi + Ay,+/iy 3 +njy 4 , 

A=r/p 0 , n~r'n 0 , m = r'n 0 , 


these symbols «•, X, fi. nr, now merely denoting current parameters along the line. 
As p , c/, r\ are direct ion- variables of a tangent to the surface, they must 
satisfy the two equations 


€ 1 |/ + € 2 g , ' + € 3 r'- 4 € 4 /' — 0, corf' + co 2 r f 0)^=0 ; 


and therefore the foregoing quantities k, A, p, tv, must be subject to the two 
conditions 

6 l /c + € 2 A+ 6 3 / X + € 4 OT = 0 , 
oj 1 k + cu 2 A + CL>y/X hOJ 4 TU~ 0. 

When these quantities are regarded as parameters, their range is two-fold ; and 
therefore every point on the foregoing tangent lines for different directions ds, the 
quantities yf, y 2 ', ... no longer appearing in the parametric equations, lies in the 
two-fold (and necessarily homaloidal) range. Thus the tangent plane of the 
surface at 0, being the locus of these tangent lines, is represented by the equations 

y - y =*yi + Ay 2 + py H + my* , 

the parameters *, A, p, tv, being subject to the two specified conditions : or by 
the form 


y-y. 

y i> 

y 2 > 

*/3> 

2/4 

o , 

*i> 


*3> 

e 4 

o , 

oq, 


^3) 

<U 4 


having the equivalent interpretation. 

Let Q be a point on the surface near 0, such that the length OQ in the surface 
is a small quantity S ; and let the space-coordinates of Q be 7j lf rj 2 , ... , typified by 
rj. Let a perpendicular be drawn from Q upon the tangent plane of the surface 
at 0 : denote its length by J7 and its typical spatial direction-cosine by £ 0 , so that, 
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if the foot of the perpendicular be the point in the plane with the typical coordinate 
y=y+Ky 1 +Xy i + t iy a +wy i , we have 

l o n=r)-y. 

To secure this perpendicularity, we make the quantity i7 2 , that is, ^ (v ~ $) 2 > a 
minimum amopg all the values of the parameters k , A, /x, m, that are subject to 
the two prescribed conditions ; and we therefore have four critical equations 

S [y, {v~(y+ xyi + ty* + py 3 + ™yd)\ =u t +Ju> u 

for i — 1 , 2, 3, 4, where I and J are two multipliers left imdetermined in forming 
the critical equations. 

In the first place, these equations can be written in the form 

77 j {Vi ^ 0 ) , 

and therefore, for all parameters A', /x', m\ of the plane, 

n Y, {l 0 (x'y 1 -1 Xy 2 + n’y 3 + vj’y A )} = I ( V K ' €l ) + J V) (k'ojj) = 0, 

that is, 

v l 0 { K 'y x + Wy 3 + fx'y 3 -t- m'y t ) = 0 : 

or the perpendicular 77 is at right angles to every direction in the plane. 

Next, the four critical equations and the two prescribed conditions are potenti- 
ally sufficient for the determination of the six quantities 7, J , k , A, /x, m. We 
proceed as follows. The first equation (for i - 1) is 

Ak f //A + Gfi + Lm -f /c | + Jix) X =^yi(r]-y)‘ 

Now on the surface, as Q and P are near one another, we represent the direction 
PQ by variables typified in y f ; and, without specifying any special curve PQ ... , 
we denote continued variation of y by y 0 " ; hence 

S toft- - y)>= 2 + l.vo"s a + ...)i 

= w + Hq' + Or* + X*')8 + «/i2/o")S s + • • • , 

the unstated terms containing third and higher powers of 8. Again, whatever be 
the curve PQ ... , let y 0 ", r 0 ", £ 0 ", denote the second variations at 0 of the 
parameters along that curve, so that 

yo”=yiPo" + y*%" + </np' 2 > 

and therefore 

2 y,y 0 "=Ap 0 " + Hq 0 " + Or 0 " + Lt’’ + £ ynP'% 

But (§ 267) 

Y, ViVd = AT ,j + HA + ti&ij + L&tj ; 

consequently 

Yy iyo "= A(p 0 "+^r n p^) + H(q 0 "+ X^nP' 2 ) 

+ G(r 0 " + £<9 u p' 2 )+£(t 0 " + S^nP' 2 )- 
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Let 

K=K-p' 8-i(p 0 "+2Al/ 2 )S 2 > 

A=A- g 'S-i( 7o " + S4i/ 2 )3 2 , 

/* = /*- + Z 0 !!^' 2 ) 82 ’ 

m= ro -«'8-i(C'+^„p' 2 )8*; 
then the first of the critical equations becomes 

A.i< II X Gfi + Lm= — lei — Jco-i^r [*3]j, 

where [3] x represents an aggregate of terms involving 8 3 and higher powers of 8 
linearly. 

The other three critical equations, after similar treatment, are 

//k+ BX+ FJjl + Mm— - Ie 2 - «/w 2 + [3] 2 , 

Gi<+ FA+ Cfi~\- Nm— — Ie 3 — Ja) 3 +\%] 3 , 

Lk 4~ M A 4* Nfi 4- Dm— *— Ie 4 — J tu 4 4* [3] 4 , 

with like significance for [3] t , for i— 2 , 3, 4. When the four equations are resolved, 
and the aggregates of terms of order higher than the second in the small quantity 
8 are omitted, we have 

i)>. 

"A= - ^ {/( 2 hei) + J(*£ hu) y )}, 
b=~^{I(^i) + J(X9<o i», 

all up to the second order included. Consequently 

e 2 A-{- € 3 jl+ € 4 m= - /e n 2 - Je n aj v cos t, 
a) 1 /c + o) 2 A 4 - co 3 /a 4- o> 4 m = — l€ n (D v cos 1 — Ja>„ 2 . 

Reverting to the definitions of /c, A, jiZ, et, which are complete and not approxi- 
mate in their values, we have 

k - 1 - e 2 A 4 - € 3 fJL 4 - €4 m = e x K 4 - e 2 A 4 - + € 4 tcr 

“ (e^' 4- €2?' 4- € 3 r' 4- €4^)8 

-i{S^i(K'+^Ai7>' 2 )}8 2 . 

On the right-hand side, the first line vanishes because of one of the prescribed con- 
ditions, and the second line vanishes because the superficial direction p', q\ r f , t', 
necessarily lies also in the €-region. Further, the continued direction p 0 ", q 0 ", 
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r 0 ", t 0 ", in the unspecified curve PQ ... necessarily lies in the €-region, so that, for 
second variations, we have 

€ iPo' + € 2 ?o ,/ + c a r o ,/ € t ( o' + ^ j € nP ' 2 — 

and therefore 

{ei(Po' + rilP' 2 )}= ~ ^ j {( € 11“ € iAi -£ 2^11“ 6 3®11"' € 4^11 )p 2 } 

= -2^ 

_*n 

j 

with the former notation. Hence 

e^ + CgA-f + - \ 71 8 2 . 

y« 

Similarly, we find 

a> 1 /c4-ci> 2 A + co 3 jL6 + aj 4 c7= - \ — 8 2 . 

ya> 

Thus the preceding equations for I and J become 


and therefore 


u n + J to v cos = £(&+&* cos 0 S2 > 

y* 

S 2 

U n cos l + Jto v = % — = \ {g € cos c + y J 8 2 , 

7to 


f€ w =i&8 2 , Ja> v =ig w 8 2 , 


thus giving values of the quantities I and J up to the second order of the small 
quantity 8 inclusive. 

When these values of 7 and J are used, we have 


- i<— ^ j ( ae i) j" 4- 2#a>§ 2 

-*(*S + *t)* 




_5,=5 



With these results, the values of /c, A, ft, zu , are known, also up to the second order 
of the small quantity 8 inclusive. 
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We now can infer the length and the direction of the perpendicular 77, drawn 
from Q upon the tangent plane to the surface at 0. A typical equation for its 
length and its direction-cosines is 

l o n=rj-(y + Ky t + Xy 2 + fiy 3 + my 4 ) 

=y'8 + %y 0 " S 2 - {Kyi + A y x -f y.y 3 + my 4 ), 
up to the second order inclusive. Let the values 

K=p'8+i{ Po "+^r u p'^+K, 

with similar expressions for A, /*, m, be inserted in this expression for 77. The 
total terms of the first order 


- y'$ - iyiv' + yd -i yd + yd)% = o. 

In terms of the second order, not arising through k , A, /x, the coefficient of f S 2 
is 

but along the curve QP on the surface, 

yo"='£y i p«"+y i y n p' 2 , 

and therefore the coefficient of v. 8 2 

— L {(^n - yi^n ~ ViAn~ 2/3®n — y^n)P ~ L VnP 2 ~ ~ ’ 


the magnitude appertaining to the domainal geodesic. Hence, in all, we have 


IM- 


Y, 


- 2 - S 2 - (Ryi + A y 2 + y,y 3 + my x ) 


_ 1 0 


Po 


where l/p 0 is the circular curvature of the superficial geodesic in the direction PQ 
and Y 0 is the typical direction-cosine of its prime normal (§ 341). Consequently, 


77= 


S 2 


W 


giving an approximation to the length of the perpendicular, accurate up to 8 2 
inclusive : and 


shewing that the direction of the perpendicular from Q on the tangent plane at 0 
coincides with the direction of the prime normal of the superficial geodesic in the 
direction OP. 
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Surfaces geodesic to the domain . 

344. Among the surfaces within a domain (or within any amplitude), a special 
geometrical significance attaches to those which are styled geodesic. Through 
any point 0 in the domain, let two domainal geodesics OA and OB be drawn, so 
that therefore their directions are two different tangents to the domain and define 
a superficial orientation. Through 0, let domainal geodesics be drawn having 
their initiating directions in this orientation ; these geodesics generate a surface 
which is said to be geodesic to the domain at 0. After the corresponding pro- 
perties of geodesic surfaces in a region, it is not to be expected (and it is not the 
fact) that the surface is everywhere geodesic to the domain ; it is geodesic for all 
directions through 0 that is, all superficial geodesics through 0 arc domainal 
geodesics : but at any point V on OA, no superficial geodesic through U other 
than OUA is a domainal geodesic : and at any point V on OB, no superficial 
geodesic through V other than OVB is a domainal geodesic. It thus is of analytical 
importance to obtain the tests, necessary and sufficient to secure that a parametric 
surface c — 0 and co~(), through 0, should be either (i) geodesic to the domain at 
O : or (ii), if not geodesic, have contact of ascertainable order with the surface 
which is geodesic in the same orientation at 0. The completely geodesic property 
will be established only if every domainal geodesic through 0, in directions which 
lie within the orientation of the surface at 0, lies wholly within the surface. 

In order that a superficial geodesic through 0 shall be a domainal geodesic, it 
is necessary that the domainal flexure of that geodesic shall be zero ; and if the 
surface is to be geodesic to the domain at 0 , the domainal flexure of all superficial 
geodesics through 0 must vanish. Consequently, if the surface represented by the 

parametric equations e— 0 and o>=0 be geodesic, the quantity 

\ 

sin 2 l 1 2 cos 6 1 

Ai2 ^ A I 2 A1 A < A/ ^ 

Y Y* YeYw Yoj 

(\ cos A 2 sin 2 t 

y t u / yJ 

must vanish for all superficial directions ; and therefore 

1 „ 1 „ 

--=0, -=0, 

7e Vco 

for all directions in the surface. (It follows that all the e-regional geodesics in 
such directions are domainal geodesics, though the €-region may not be completely 
geodesic to the domain : and likewise that all the co-regional geodesics in those 
same superficial directions are domainal geodesics, though the a>-rcgion may not be 
completely geodesic to the domain.) These conditions are 

y j *n'P 2 = 0 ? 


/cost 1 Y 2 sin 2 ! 

( + H ;r~ 

\ y< yJ yc 
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But while these conditions are necessary, they are not sufficient to constitute 
the geodesic character of the surface : they only secure, at 0, contact of the 
second order — it may be called osculation- between the parametric surface and 
the geodesic surface. Sufficiency will be provided if the domainal geodesic in any 
direction through 0 on the surface lies wholly in the surface. The parametric 
coordinates P, Q , P, T, at any point O', distant 8 from 0 along a domainal 
geodesic drawn in the superficial direction p\ q\ r\ t\ are given by four expressions 
of the form 

P= v{ -p'8+ 1 2 p"8*+±p'"8*+...; 
and the adequate requisite will be supplied if the equations 
e(P,(?,P,P) = 0, o,(P,Q,P,P)=0, 

are satisfied for all values of 8. Hence all the domainal geodesics in these super- 
ficial directions must lie wholly within the region e = 0 and also must lie wholly 
within the region to — 0. 

By § 326, we know that a domainal geodesic in a direction p\ q', /, at 0 
lies wholly within a region € — 0 if the set of conditions 

6=0, P 1 =^j6 1 ^p=(), i n p 2 =0, e in p 3 = 0, ... , 

is satisfied ; and it will lie wholly within a region co=0 if the set of conditions 
(with similar notation) 

<-o=0, ^<o!^'=0, '£a>np' t = 0, ^J<^uiP' 3 -0 , ... , 

is satisfied. Moreover, the directions p ', r/', r', t', are to be superficial, so that 
€ x p r 4- e 2 q' 4- 4' € \t! — 0, to x p' + aj 2 q 4- co 3 / 4- a) A t' = 0. 

When these conditions are satisfied for all the values of p', q', r\ l ', we have 
conditions sufficient to constitute the geodesic character of the surface at O 
in relation to the domain. 

But this geodesic surface can be approached otherwise. The parameters 
P, Q , P, T, at a point O' on the domainal geodesic which originates in the 
superficial orientation, are given by the foregoing four equations which involve 
also the current variable 8 of length along the geodesic. The direction-variables 
at 0 satisfy the equations 

'£ J Ap' i =\, 2 € i/ =0 > 

The geodesic surface can be obtained by eliminating the five quantities 
p\ q\ /, t\ 8, among the seven equations ; it therefore can be represented by 
two eliminant equations 

G(P,Q,R,T)=Q, G(P, Q, P, T)=0, 

these being expressible in a variety of forms, each equivalent to two equations. 
Moreover, when the expressions for P, Q, P, T , are substituted in G= 0, 6?=0, 
and the equations are arranged in powers of 8, the coefficient of every power 
of 8 in each of them must vanish. 
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The eliminant-pair G= 0, G=0, and the parametric-pair e=Q, ( 0 = 0 , may be 
functionally equivalent : in that event, the parametric surface is geodesic to the 
domain at 0. When the two pairs are not functionally equivalent, there still can 
be a partial agreement between them, in the form of successive sets of vanishing 
terms of the same order when the equations are arranged in powers of 8. 

The simultaneous vanishing of the terms in the parametric-pair, which are 
independent of 8, merely expresses the fact that 0 lies on the surface. 

The simultaneous vanishing of the terms, which involve the first power of 8, 
requires the conditions 

These relations are the parametric equations of the tangent plane of the para- 
metric surface ; and the geodesic surface at 0 has this plane orientation. The 
implied geometrical property can be called contact of the first order between the 
parametric surface and the geodesic surface. Also when the orientation-variables 
of the plane are denoted (§ 270) by ,s* 23 , s 31 , s 12 , .s* 14 , s 24 , s 34 , the relations 

x/sjk -f x/s kt +x k 's i} = 0, 

€ ?* S ‘;Z + € i S jl — = 

(with the usual convention for the variables x') arc satisfied. 

The simultaneous vanishing of the terms, involving the second power of 8 in 
the parametric equations, gives the conditions 

x* j *nP 2 — 0, 2 

When both conditions hold for all values of ]/, (f, /, t', in the superficial orienta- 
tion, every domainal geodesic originating in the orientation osculates the surface. 
The property can be called contact of the second order between the two surfaces. 
If only one relation holds, as for the e-region, the parametric surface is inflexional 
in that region ; the other relation then determines two directions which give 
domainal geodesics inflexional to the co-region. 

Similarly, the simultaneous vanishing of the terms in the third power of 8 in 
the parametric equations gives 

V)e m? / 3 = 0 , 2<L m? / 3 =0. 

When both relations hold for all values of//, q ', r f , t f , in the superficial orientation, 
the implied geometrical property can be called contact of the third order between 
the parametric surface and the geodesic surface at 0. 

As for the region (§ 210), so here for the domain, the process establishes the 
geodesic surface in any orientation at O as the Uniquely determinate surface of 
reference for all surfaces in the orientation. 

It remains to consider the analytical import of the conditions, for the successive 
orders of contact. 
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I. As the geodesic surface as 0 is drawn in the orientation of the tangent plane 
at 0 to the parametric surface, the first-order conditions are satisfied. 

II. The conditions for contact of the second order, being 

£e‘u?>' 2 =0. X“nP’ 2 =0, 

are to be satisfied for all values of p\ q\ /, t', in the orientation : that is, for all 
values of p\ q\ r\ subject to two equations such as 

s l2 R 0 =s 12 r' +s 23 p' +s 3l q'=s 12 (r'-aj>'-pq') = 0, 
s X2 T 0 ~s 12 t' + s 24 p' +s u q'~$ 12 (t' — Kp' - Aq') — 0, 

with obvious significance for a, /3, k, A. Introducing sets of umbral symbols m 
and /jl , under the definitions 

we have 

2C *nP' 2 ~ * n l' — ( n hP' + m * <l' + ^ 3 **' + m 4 t') 2 =(M l p' +M 2 q' + m 3 /? 0 + w 4 T 0 ) 2 , 
'H d <*>nP' 2 ~p]>' =(PiP' +f*a? / +/*» r ' +iM') 2= -(Nip' +N 2 q' +/x 3 # 0 +M4 ^o) 2 ’ 
where 

M 4 — m t + >n 3 a -f m 4 K ^ N x =p L +/x 3 a +/x 4 /c 1 
M 2 =m 2 -{ tn 3 { 3 A j 7 N 2 =fx 2 +/x 3 /3 +p 4 X j 

When R 0 — 0, T 0 — 0, that is, for values of p' 9 q ', /, t ' , in the orientation, the 
conditions become 

{M lV ' +M 2 q') 2 — 0, (N lP ' +N 2 q') 2 ~0 ; 

and, as p' 9 q are independent, these modified conditions must be evanescent. 
Hence there are three relations 

0 = M x 2 = (wj + m 3 a + ?u 4 k) 2 

= *ii +2e 13 « +2 e 14 /c +€ 33 a 2 + 2e 34 «/c 4e 44 * 2 , 

0 = M l M 2 =(m l +m 3 a + m 4 K)(m 2 +m 3 /3 + m 4 A) 

= €12 + c l3 /J +e 14 A + e 23 a +€ 24 /c + € 33 «/? + € 34 (gcA + /?/<) +€ 44 kA, 

0 = M 2 2 = (w 2 + m 3 /3 + m 4 A) 2 

~€ 2 2 +2e 23 ^ +2e 24 A +^33^“ + 2e 34 /?A +e 44 A 2 , 

from the first of the modified conditions ; and, from the second, three other 
similar relations, with in place of €*,. 

These six relations are necessary. If we write 

*«=*«l2>' +*izP' +*1^1 +€*4*'» WL-U>aP' +U)i2q' +^i2 r ' + 

and assume the relations satisfied, we find 

P 2 = 2(i? 0 € 3 +T 0 ^ 4 ) + ( *33> *34> ^44$ T 0 ) 2 , 

w nP 2 ~ 2(i2 0 o> 3 +T 0 a» 4 ) + (o> 33 , oj 34 , a> 4 4^i? 0 , T 0 ) 2 , 
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identically ; and therefore the six necessary relations are sufficient to ensure that 
the second-order conditions are satisfied. 

Equivalent (but not independent) forms of the relations are obtained by taking 
any pair, other than p f and q ', from p\ q\ r', t\ as variables of reference. The 
whole set of relations, when a, /?, k, A, are expressed in terms of the first derivatives 
of € and to (as in § 270), are included in the statement : When V denotes the 
determinant 


£*11 + £<*>11 > 

£*12 + £ cO l2 , 

£«13 + £^ 13 , 

£* i 4 + £ o > 14 , 

* 1 » 

CO ! 

£*21 + 

£*22 £< U 2 2 j 

£«23 + £<^ 23 , 

£*24 + £ w 24 , 

* 2 > 

<*>2 

£*31 + £<*>31 j 

£*32 t £ cu 32 , 

£*33 + £<^ 33 » 

£« 34 + £ w 34 , 

* 3 > 

<*>3 

£*41 + £<*>41 > 

£*42 + £<*>42 > 

£*43 + £< i > 43 , 

£*44 + £ w 44 j 

* 4 ? 

<*>4 

*1 

*2 

*3 > 

*4 

0 , 

0 

<*>i 

<*>2 , 

W 3 , 

m 4 , 

0 , 

0 


where £ and £ are arbitrary constants, the co-factor of every constituent 
(jin + £m„ in V must vanish for all values of £ and £. 

Ex. 1 . Assuming the relations satisfied, shew that 


*1. 

*2> 

*3> 

*4 

= 0 , 

<0 X , 

CO 2 , 

d> 3 , 

<*>4 

*1> 

*2> 

*3 i 

*4 


*1> 

€ 2> 

*3> 

*4 

OJ ± , 

co 2 . 

<*>3> 

<*>4 


<*>1, 

<o 2 , 

<U 3 > 

<*>4 


Ex. 2. Verify that the six relations, for contact of the second order between the 
two surfaces, are invariantive in character for all transformations e =/(c, o>) — constant, 
d>=#(e, co) = constant, where /and g denote any two independent functional forms. 

Note. The analytical results can be interpreted in terms of the geometry of skew 
curves in homaloidal triple space. We take p\ q ', r', t\ as homogeneous coordinates 
of a point in that space. The two equations V} €l p' — 0, ^ cojp' =0, are the equations 
of a line L in that space. The two equations y' t n p' 2 = 0 i VJ <L n p' 2 =0, when taken 
separately, represent two quadrics ; when taken together, they represent a twisted 
quartic curve. When the six relations are satisfied, the line L lies on each of the 
quadrics, and the quartic curve degenerates into the line L and a twisted cubic *. 

III. The conditions for contact of the third order can be discussed in the same 
manner. We introduce umbral symbols g and y, defined by 

—9t9j9ic> = 7i7j Vk> 

so that 

£ «iu V' 3 =9l- = {9iV' +M' + 9s r ' +9\ 1 ') 3 =(9 z R o +9iT 0 +G lP ' +G 2 q') 3 , 
2"iu? /3 =yp'=(yiP' +YM ' + w' +ri l ') 3 =(Y3 R o+Y^o +r iP' +A?') 3 » 
when G t =g ± +g 3 a +g t i c 1 r i =y 1 +y s a+ y t K 1 

G z =g a +gaP+g t *J r 2 =y 2 +y 3j 8 +y 4 Aj 

* Salmon’s Analytical Geometry of Three Dimensions (5th edn., by R. A. P. Rogers, 
1912), vol. i, §§ 342, 347-351. 
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Then the following results can be established : 

(a) The relations, necessary and sufficient to ensure that the conditions for 
third-order contact are satisfied, are 

G f 1 8 = 0, 0, G X G 2 ^ 0, G 2 3 =0, 

A 3 =o, ivr.-o, iyv^o, r 2 3 =o, 


in umbral forms, the literal expressions being immediate : 

(6) The preceding eight relations, in (a), are invariantive in character for all 
functional transformations €=</>(€, co), o>=^(€, co) : 

(c) If E t and for all values of i, be defined by the equations 


3 a*/ 2 ' 


^ j ^ j *T'j ^'k f 


— d 


then, for all directions in the orientation, the equations 


£Ei + ££?i, £E 2 + C^‘2, 1-^3 + £®4 + £*^4 


Ct ) 2 


0) 4 


= 0 


hold for arbitrary values for the constants £ and £, when the eight 
relations of third-order contact are satisfied. 


Primary and secondary magnitude s of a domainal surface . 

345. We return now to the properties of a general (non- geodesic) surface in a 
domain. As any surface requires only a couple of parameters for parametric 
expression, we may represent a domainal surface by the two parameters 
p and q, the other two r and t (and all their derivatives) being supposed to be 
eliminated by means of the equations e = 0 and co — 0 of the surface. As the arc 
of the surface is an arc in the domain, the value of ds is unaltered. With the 
orientation-variables s tJ , we have 

— r S\2~P « s *23 + y ^ 31 ? ~ l s 12 — 'P ,<? 24 + (J S41 ] 

on the elimination of / and t' from the permanent arc-relation V]^4p' 2 =l of 
the domain, the arc-relation of the surface is 

AqP' 2 4 2H 0 p'q' 4 P{ff 2 ~ 1 , 

where 

S 12 2 A 0 = ^ ,<? 12 2 ~ 2 (Gs 2 3 4 ^*24) ^12 Gs 2 3 2 4 2 N s 2 3 ^24 Ds 2X 2 , 

Si 2 2 Hq — Hs^ 2 2 — (Gs 2 i -f F 6’ 2 3 -f Ls^i 4 ^^24)^12 4" ^236*31 4 N (6*23^41 4 ^31^24) 4 ^$24^*41 > 
s i2 2 Bq= Bf>i2 2 — 2(1 F 4- Ms^i)s 12 4- Cs 31 2 4 2 N S31S41 4 E$&i 2 * 
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In the first place, we have 

on reduction ; and therefore (p. 255) we have (as is to be expected) 

(A 0 B 0 - (pi 'q 2 ' - qiPz ) = sin 12, 

where 12 denotes the angle between the two directions yV, , T\, , and 

Pi, ii, r 2 > <*'• But by § 270, 


7>iV -gi'K _ 

sin 12 


€ 3 > e 4 
Ct> 3 , CL> 4 


1 


Q* € n a) v sin l 


and therefore 


(^ 3^4 “ ^4^3) (A0B0 EJ)' — *Q 2 SU 1 


In the next place, we form the magnitudes A 0 p' 4 H 0 q f , H 0 p' + B 0 q'. By 
direct substitution and reduction, and with the customary significance of 
u 1} u 2 , u 3 , u 4 , we obtain the formulae 


^12(^0 P + H 0 q ) — ^12^1 ^ 23^3 ^24^4! 

^12(^0 P + ■#<>? ) = S 12 u 2 ~ S Z1 U 2 — S Xl U l] 

Similarly, if we take quantities A 0 ,H 0 ,B 0) bearing to the secondary magnitudes 
of the domain the same formal relations as A 0 , H 0) B 0 , bear to its primary 
magnitudes, so that 

&i 2 2 Aq— A$ i 2 * — 2 (Gs 2 3 4 Bs 2 i)f>i 2 4 Gs 2 . 2 4- 2 N s 23 s 2 ^ 4 Ds 2 4 2 , 

s 12 2 H 0 =Il h 2 — (Gs 31 4- Fs 23 4- Es^ 4- Ms 24t )s 12 4- Os 23 s 3 i 4* N (s 2 3 5 4i 4- &31&24) ^^24^4i> 

s i 2 2 Bo == Bs 12 2 — 2 (Fs 31 4- ^f'^41) 5 12 4 Cs 3l 2 + 2N «9 3r 9 41 4 Ds^ 2 , 

the expression for the circular curvature of the domainal geodesic, in the direction 
tangential at 0 to the superficial geodesic, becomes 


- = A 0 p' 2 + 2H 0 p'q' + B 0 q' 2 . 
P 


We require magnitudes A 0 p' + H 0 q' and H 0 p' + B 0 q f ; 
v ly v 2 , v 3 , v 4 , as defined in § 281, we obtain the formulae 

S 12(AqP +H 0 q ) = ^i2 V l“" 6 *23' y 3“~ 5 24 V 4| 

^12 (BqP 4 B 0 q ) —s }2 v 2 - x 3l v 3 - s 4l v 4 J 


Again, we have 


-=2^P' 2 . --=S«n P’ 2 - 

Yc Yco 


using the symbols 


When we take quantities E n , E 12 , E 22 , bearing to the quantities l tj the same 
relations as A 0> H 0 , B 0 , bear to the primary magnitudes of the domain, and 
f.i.o. n. 2 h 
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quantities £2 1V Q 12 , i2 22 , bearing a like relation to the quantities and if, as in 
§ 269, we write 

g 

(]£e il x i 'x/)= e tl p' + i i2 q' + e t3 r' + e f /, 
d 

— 2 ( 2 a) iJ X i X J ) =<x) ilP + ^j’ 2? “b [ 3 /* *f , 

we find 

S n{^llP +^12? )~ 5 12*1~ S 23*3““ 5 24^4l 
— S 12*2~ *^31^3 5 41*4 J * 

5i 2 (i?n^ + X? 12 5 r ) ^ 23 ^3” ^24^4 1 

^12(^12 P +*^22? )— #12^2 ^31^3 ~ ^41^4 J 

Similarly, in connection with the equation of the domainal geodesic 

* = 2-r w 2 > 

we take quantities f^ n ], [^ 12 ], [^ 22 ], bearing to the quantities rj fJ the same relations 
as the magnitudes A 0 , H 0 , Z? 0 , bear to the primary magnitudes of the domain; 
and the equation becomes 


-=hiJp' a + 2h 1 ilj»Y + h 2a l^ 


giving the circular curvature and the direction of the prime normal of the domainal 
geodesic touched by the superficial geodesic. 

The typical equation for the circular curvature of the superficial geodesic is 


where 


Thus 


Y 0 Y dy dy 

7 0 =7 +9e i +g ^l’ 


1 1 

9e+9u cosi=— , g a +g ( cosi=— . 

Ye Yu 


9e sin 2 1 


1 cost 

Ye Yu 


- ~ (E n p’ 2 + 2E liP 'q' + E 22 7) + c — (Q nP '* + 2Q nP ’q' + Q 33 q'\ 
e„ co„ 


1 . pAQ | _ 

9u sin 2 1 = (Q u p’* + 2Q liP ’q’ + Q i2 q'*) + (E uP '> + 2E liP 'q' + B n f ) ; 

oj v e n 


9e d £ +9uf v = iii p' 2 + ziup'q' + i ti q' 2 , 


and therefore 
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where, for 11, 12, 22, 
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in* . = (£*»» - *±W + (^cos . - f . 

\ tu„ e n / an \ € n o) v / av 


L u sin 1 


Now the typical equation for the circular curvature of a geodesic on the surface, 
considered solely in relation to the surface, is 

— = VnP' 2 + 2 *?i iP'i' + 

Po 

with the customary expressions (§ 93) for rj n , r} 12} rj 2 2 . Hence we have 

^n= [ Vn ] + £11 , Vi 2 = hi 2 ] + £12* ^22= [^22] + £22* 

relations which connect the superficial magnitudes r} tj with the domainal magni- 
tudes rj i} and the direction- variables of the domainal normals to the two regions 
intersecting in the surface. 

The primary magnitudes of the surface are A 0 , H 0 , B 0 ; let L 0 , M 0 , N 0 , denote 
its secondary magnitudes, so that (§ 104) 


Lo—^>jYoVii> M 0 —^Y 0 rj 12f N 0 —^>jY 0 ri 22 . 


Accordingly, 


u) 


Ay Ay 

As the quantities are linear in the direction- variables ^ , belonging to 

directions in the domain, while Y is the typical direction-cosine of the normal to 
the domain, we have 

0, 


for all the combinations ij~ 11, 12, 22. Also, as ~ and ^ are linear in the magni- 
tudes y l9 y 2 , y . 3 , , while the quantities [17^] are linear in the quantities r) if , and 

because 

^Vhi/k=0, 

for all combinations of i , j, k , we have 


S lwk s ZM-o, 
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for the combinations ij~ 11, 12, 22. Consequently 

Lo : 1 
Po 

As regards the right-hand side, we have 




I ^ ( 7 7l3 5 23 + 7 ?14 5 24)+ + 2 ??34 5 23 5 24 + 7 ?44 5 24 2 ) f 

L L *U2 s 12 J ' 

_ 2 - - 1- - - 
— A ~ (^’23 ^ 24 ) “I 2 (^^23* "b 22V. 5 2 3^24 + D*J) 


: -^0 > 


also 

V p — 1 F V p ^ - 

Z'S n dn~ e„ u ’ ^* n dv~ 

and therefore 

-°=--l 9,S a - 1 gAx; 


Po P e n <*>v 

and similarly 



«0_*0 1 » 1 75 

To~~7~*: 9e ' bi2 ~» v 9v 129 
- 0 = b ^-~A--A 

Po P € n «>„ 


Hence 


s 1 

— i L oV' + M 0 ( l' ) = - («12«X - *20 V 3 - *24«<) 
Po P 


' ~ ( f9 12*l ~ ^23 *3 ~ ^'24^4) ” ~ ( 5 12 W 1 ~ 5 23^>2 ~ S 24 0> 4 ), 

6 W Ct)o 


^12 ’' ' '' 1 


(M 0 p 4- 2V 0 y ) — (s 12 v 2 — 5 31 — s 41 i> 4 ) 
Po P 


Further, 


p C / _ - \ ffv / — — V 

( 5 12 c 2“ ,S 31 € 3“ 5 41 € 4) ( 5 12 (x) 2 — $ 31 a> 3 — $41 0> 4 ). 


F 0 «=^ 0 B 0 - (AB-H*)s 12 *} = ~ , 

«12 "i« - 


with the definitions of the variables s u in § 270. 

The (spatial) torsion of a geodesic on a surface is given (§ 106) by 
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where 


Now 


Vo 1 p ff* p n 

Po^O P € n 


R= 

A 0 p'+ H 0 q', 

H 0 p' + B 0 q ' , 


A 0 p'+ H 0 q', 

H 0 p'+ B 0 q' 

R<= 

E n p' + E n q' , 

E l2 p'+E 22 q' , 


A 0 p’+ H„q’, 

H 0 p'+ B 0 q' 

R m = 

O 11 P “t ^ 12 ? , 

P *^22? * 


AqP + H 0 q f 

11 0 p’ + Bo q' 




5 2,3 


S, 


24 


41 , 


v 1 - — v 3 ---v i9 V 2 - v s -~ ' V 4 


$12 


5 12 

S, 


*12 


*12 


u x - — - u 3 - — w 4 , w 2 - — w 3 - ~ 41 W 4 


’12 


5 


12 


_i_r f?i, 

^12 1 U l9 U 2 


1 

*3> € 4 
W 3 , C0 4 


^3> ^4 


Vl, 

V 2 , 

^ 3 > 

% 

%, 


u 2 , 

u t 

€ 1 > 

€ 2 > 

e 3 > 

e i 

co 1? 

0 > 2 , 

w 3 , 

<*> 4 



_ 1 , 
5 12 ^ a e n co„ sini 


when the orientation- variables of p. 257 are used, and A v denotes the determinant 
| v x u 2 e 3 co 4 1 . Similarly 


R - _■ 4 , 


R,„ 


n cu v sin l 

1 

JL 

s 12 i2*€ n aj v sin l 


■Az, 


where A~ t denotes a determinant \e 1 u 2 e 3 u) i \ and J- denotes a determinant 
| u 2 e 3 io t | . Also F„=-s 12 ; and therefore 

sini_l . g t . g v . 

P 0°0 P € n 


Domainal curvatures of a geodesic on a surface . 

346. As for a surface in a region, and for a region in a domain, we take account 
of the domainal curvatures of a superficial geodesic, as well as of its spatial curva- 
tures such as 1/po and l/cr 0 . The two directions, with the typical direction-cosines 
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d*u dv 

~ and — , are at right angles to the tangent plane of the surface ; and the typical 


direction-cosine of the radius of domainal flexure is the magnitude denoted by Z, 
where 


l dy dy 
y~ 9( dn +9w dv' 


Let A 3 denote the typical direction-cosine of the binormal of the superficial 
geodesic, so that 


dy dy 
3 ’ dn 9 dv 9 


are the typical direction-cosines of four lines in the tangent block of the domain ; 
dti dv 

thus Ao, ~ , / , are three non-complanar lines in the domainal flat to which the 
dn dv 


tangent common to the geodesics is orthogonal. When differentiation along the 
superficial geodesic arc is denoted by ds', the initial equations for the domainal 
curvatures are 


dy' _ l 

ds' ~y ’ 

dl A 3 y 

ds a D y 9 


where l/a D denotes the domainal torsion. 

As the foregoing equation for l implies a combination of the domainal flexures 
of the £-regional geodesic and the cu-regional geodesic, the combination being similar 
to that of the combination of vectorial magnitudes along the domainal normals 
to the regions, the directional relations of the superficial geodesic to the e-regional 
geodesic and the cu-regional geodesic have to be considered. 

In connection with the geodesic of the e-region, we now use p € , y c , <r f , <r c , to 
denote its radius of circular curvature, its radius of domainal flexure, its radius of 
spatial torsion, and its radius of domainal torsion respectively ; and we use 
Y e , A e , fji ( , to denote the typical direction-cosines of its prime normal, its binomial, 
and its trinormal respectively. Thus, after §§ 172, 334, we have relations 


a e p € ds € 9 a € y € ds € \dn/ 9 

together with 

y 5 = y + I^ b-£ = d X 9 

Pe P y € dn 9 a p ds 9 


the last equation of which has relation to the domainal geodesic. Similarly we 
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use symbols p w , y a , a w , a m , Y w , X m , p. a , to denote the corresponding magnitudes 
connected with the geodesic of the cu-region, in the equations 


y'JY, 

Pw dSa, 


5"-^-=-- (W) 

y w ds w \dv) ’ 


together with 


X? = I+L d l, 

Pw p ywdv’ 


the fourth equation being the same as before. 

The quantities p ( and p u are given by the equations 


Pc 2 P 2 V' 


po? p 2+ yw 2 ‘ 


The magnitudes <r { and a w are given by the equations 

( 1 1 \ 1 ^ . 2 r-. , . 


7 + l)+ ^ D,a 

7 (c* + fj) = ?' ~ Si 1 D " ' " ) + r.’-. 1 D " M ’ 


where the quantities □ have the significance defined (§ 335) by 

il, H } G, L , t> lf 0, I. 


A, 

H, 

G, 

L, 


«i 

H, 

B, 

F, 

M, 

v 2 , 

o* 

G, 

F, 

c. 

N, 

V 3 , 

@3 

L, 

M, 

N, 

D, 

Vi, 

04 

8i, 

@29 

@39 

K 

0, 

0 

Ou 

8 29 

@39 

@49 

0, 

0 


for d—€ and 0=co, while D^(v) denotes the same determinant O e (v, B) when 
the constituents v l9 v 2i are substituted for 8 2 > @39 @49 and ^3e(@) 

denotes that determinant when the constituents B v d 2 , 0 3 , 0 4 , are substituted 
for v u v 2 , % v v 

Similarly, the quantities a ( and are given by equations 




and so for other magnitudes belonging to the e-region alone, and to the co-region 
alone. 
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Again, let /3 denote the inclination of the respective binormals of the e-regional 
geodesic and the co-regional geodesic, so that 


Now 


cos P=^KKr 
X y' dY t 1 


ds t 




O. (c, y), 


\o y dY w 1 i—i /— > 

=-j„ - = ~n y>> 

°w Pw ds u SJoj/ 

where, for d=€ and $=oj , the symbols □ now are defined by the relation 


0, 

[0]i, 

[*]«> 

r^ 3 . 

r^L 

0 

Vx> 





0 1 






0* 

y 3 > 


*\ 

O, 


03 

y*. 


M, 


D, 

04 

o, 

5 

d 2 > 

$3> 

K 

0 


while, for i= 1, 2, 3, 4, 




P Yo@n 

and 6 n denotes e n when 6=e, and denotes oj v when 0=to. We thus have 


cos B 1 

— 4 - - — — 

p e p u Qu>* 




Expressions can be obtained for the sums on the right-hand sides by using the 
relations, similar to those on p. 448, of the form 

(-*-) 

ds € \p y e € n ) as € \y e € n J 

— - L e ]m +e m ^( — ), 
ds € \y,€ n / 

dY m d ( Pw \ 

Hm + ds a Xy^J • 

Other forms can also be obtained ; for, if we write 

^<= X ae i 2 > T w =^au) x 2 , 
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and we have 


regarding these as s concomitants of the domainal system (their values being 
£?e n 2 , -Qct>„ 2 ), we can write 

- (? ?** %) -& (? ?•* H) • 

cos J3 1_ yv /dy c dJ^A 

O’eO’oi PePa, ^ \ d$ c d$„ / ’ 

the right-hand summation extending over the range of the plenary homaloidal 
space. 

We also require the inclination of the binormal of a geodesic of either region 
to the domainal normal of the other region. Let the inclination of the €-regional 
binormal to the domainal normal of the cu-region be denoted by j8„, so that 




then, as y' ^=0, we have 




sb 


Qe„ 2 aj v 


A, 

H, 

G, 


€l, 

0»j 

H, 

B, 

F, 

M, 



G, 

F, 

c, 

N, 

*3> 

0> 3 

L, 

M, 

N, 

D, 

€ 4> 

0> 4 

«i> 

€ 2> 

e 3 . 

€ 4> 

0, 

0 

>1. 


Ws. 

t«L, 

0, 

0 


Qe n 2 io, 


□ f (e, o>). 


Similarly, if the inclination of the a>-regional geodesic to the domainal normal of 

■Dcu(w, €). 


1 a 1 

— cos£ n = - 

JAu 2 € w 


i>y 

we find 






G, 

£, 

OJi, 

*1 





^2> 

€ 2 

G, 

i’, 

c. 

N, 

n>3, 

€ 3 

L, 

M, 

N, 

D, 

^4, 

€ 4 

«>i> 

wj, 

w 3 , 

0»4, 

0, 

0 

Mi, 

Ma> 

Ma. 

Mi. 

0, 

0 


Qa) 2 € n 
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Binormal of a superficial geodesic . 

347. The typical direction-cosine A 3 of the binormal of the superficial geodesic, 
lying in the tangent plane of the surface at right angles to the tangent, is given 
(§1 °6)by 

F 0 ^3~ ^l2/z ~ ^2^1’ 

Now 


^12^1 — ^12^1 “ 5 23^3 ~ S 2 \ V \ \ 
— ~ 5 3l2/3 ” ,5 4l2/4 J 


’^12^1 — ^12^1 ~ ^23^3 — ^24^4 
$12^2 — ^12^2 ^31^3 ~ ^41^4 


and therefore, using the relations (§ 270) among the orientation-variables s {j as 
connected with the derivatives of e and co, we have 


v 0 K= 


1 


*3 W 4 ~ *4^3 


But also 
consequently 


x 3 qK n o) v sin i = 


u u 



M 4 

2 /i> 

y*> 

2 / 3 > 

2/4 


* 2 > 

€ 3> 


<o u 

CU 27 

<^3> 




sin i 

> 

Ui, 

u 2 , 

u 3 , 

«4 

yi > 

2 / 2 , 

2/3, 

V 4 



€ 3> 

e 4 

oj 19 


^ 3 , 

OJ 4 


Let <£ 3 denote the inclination of this superficial geodesic binormal to the 
binormal of the domainal geodesic, which has a typical direction-cosine Z 3 
given by the adapted Frenet equation (§ 8) 

*3_y' =r 

a p 

Then, as 

os<f> 3 , 0, 

the last holding for all values p= 1, 2, 3, 4, we have 


€ n w v sin i cos </> 3 = - 


* 

W 1? 

^2, 

^3, 

m 4 


^1. 

^2> 

«3. 

«4 


^1, 

*2> 

*3> 

^4 


UJi, 

w 2j 


W 4 


=A„ 


with the notation of p. 485. 

Next, let <f > 4 denote the inclination of the superficial geodesic binormal to the 
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trinormal of the domainal geodesic, which has its typical direction-cosine / 4 
given (§ 8) by 


^s©- r (;k?)-4G)- r ' 


Now 


Q 2 € n Q> v sin l 


Z4A3 — cos </> 4 , Z 3 A3 — cos <£3, — 0, A 3 y — 0; 

and therefore, multiplying this equation throughout by A 3 , and adding for the 
range of the plenary space, 

— cos <£4 + ^ ^ cos <^ 3 j = € w ct> v sin i^A 3 Y” 

u i> S2/ i y// » € i> w i 

^2> ^ jVvY , e 2 > ^2 

M 35 > € 3> 

> € 4> W 4 

Wj, W 2 , w 3 , W 4 

^1, l/ 2 » ^3> U X 

*1> e 2> e 3> e 4 

OJi, Cl) 2 , CD 2 , C0 4 

=A W , 

on using the domainal relations 

2> M r'=-«v, (n= 1,2, 3, 4), 

established in § 285, fix. 1. 

Domainal torsion, regional torsions, of a superficial geodesic. 

348. Again, as 

p, p g, dn 9 “iv’ 

we have 


But 




dt\ 

l dn) 


dy (dp dq dr 

= 21 {*; 2 Ar >p + £, 2 Hr ‘p + in 2 er »» + *; 2 ■ U ’| 


— ~ (A^l + ^ Au«2 + ® A,i e 3 + 
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I y>v (Ip^oj ^ ' llLL>1 + + ®A M e 3 + ^Am c 4)> 

while 2 Yy^=A^\ consequently 

--S ^A,= -^ + ^ + IX A, „ 

Po P *n 0> v 


and therefore 


; r«y*'= - *>a + -[ss < Aa > ® *«X~l+f a [ss {Aa, ft .r/aJ . 

P ^w 1 *- a 0 J a /3 J 


Further, from the same initial relation, it follows that 


V*/ V -~^€ , , 

2jV^ Y 0 € A + ^A: 


hence 


Po , PoPf - , PoPco - (po9*\ , ^ (Po9a>\ 

= ^A + “ *A + + - 

p € n o>„ U.9 \ e n / as \ a > v J 

The spatial torsion of the superficial geodesic is given by the Frenet equation 


A 3 2/'_v' 

— 1 o j 

^0 Po 




When the foregoing determinantal form of A 3 is inserted, we find 


- € n C O v sm 1 = 


U l9 ^jVl^O 9 € 19 

U 2> ^jV 2 -^ 0 ) € 29 w 2 

U 39 L 2/3^0, € 39 ^3 

U 49 ^ 2 / 4 ^ o '» * 4 > OJ 4 


When the values of the quantities ^y\Y 0 ' are inserted in this determinant, 
their terms involving e A disappear because of the third column, and their terms 
involving a> A disappear because of the fourth column ; consequently 
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• 9 t - , 9 o) — 



6 n O ) v COS L = 

Po°o 

u l9 

P 

+ ’ e i~f — o>i> 
€ n CO v 

* 1 > 



W 2 , 

^2 

i 9 01 ~ 

"I €n H OJ 2 , 

€ 2> 

co 2 



P 

€ n OJ v 




_ ^3 

. 9 c- . 9 oj - 
H ^ 3 -\ ^> 3 ? 

€ 3 > 

co 3 



P 

<*>v 




W 4 , 


, 9 c - , 9 co — 

H € 4 + - o> 4 , 

* 4 , 

OJ 4 



P 

€ n <*>v 




J-a v -[^a 1+ 9 ^aX 

? \€ n <*> v / 


in accordance with the result and the notation of p. 485, already used for the 
spatial torsion of the superficial geodesic. 

The characteristic Frenet equation for the domainal torsion l/a D of the super- 
ficial geodesic is 

dl_ = a 3 y 

ds' (j D y 9 


where l, the typical direction-cosine of the radius of domainal flexure of that 
geodesic, is given by 


l dy 
y~ 9 <dn +% 


dy 

dv 


From the last relation, we have 


<U 1 , d (1\_ ( dy\ d_ldy\ dydg, dydg^ 

ds’ y ds' \y) 9< ds' \dn) 9 “ ds' \dv) dn ds' dv ds' ' 


Now 


and 



A s 


dl 
ds' ’ 


vy.o, S*2= 


•dv 


consequently 



As the quantities 

d (dy\ I dy\ 

ds' \dn) ’ ds' \dv) ’ 


are the same for the surface and for each of the two regions as for the domain, 

because the direction- variables ~ , do not involve the direction- variables of 

dn dv 
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the geodesic, we use the determinantal value of A 3 of § 347, which is 
A 3 Q*€ n a) v sin i = 


Mi, 

u 2 , 

W 3 , 

m 4 

y 1 . 

V2> 

<< 

CO 

y * 



*3> 

u 

Ofj, 


<*>3> 

co 4 


and we take the foregoing sums in connection with the row of constituents 
j/i, y 2) 2 / 3 , y 4 . By the result of § 324, we have 

s4©=4(',) + :i- 

for ft = 1 , 2, 3, 4 ; alid similarly 

s4(t)=“4(i;) + 2' 

In the magnitude ^ A 3 ^ , when substitution is made for V] y u ^ (~^j > the 

terms involving disappear because of the third row of constituents in A 3 ; 
and similarly in the magnitude S ^3 ^ > when substitution is made for 

5 terms i nvo ^ v i n g disappear because of the fourth row of 
constituents in A 3 . Hence 


7°d 



U ± , 

^2> 

^3> 

W 4 

_l _9q> 

u l9 

W 2 , 

™3> 



C 1 , 

*2> 

*3> 

^4 

OJ v 

OJi, 


<U 3 , 

^4 


*1> 

*2> 

^3 > 

*4 


€ 1> 

e 2> 

€ 3> 

*4 


o>i, 



W 4 


CO!, 

W 2 , 


co 4 


— 

-( ! 









\€ 

n 

(X) v 

/ 






thus giving the domainal torsion of the superficial geodesic. In passing, we note 
the relation 


f 1 1 \ 

— __ _ j U*€ n c o v sin 1 - 

\p 0 a 0 yo D J 




and therefore 


1 1 _ 1 , 

— COS © 3 . 

^0 y°D p° 


Let 0 € and 0 a denote the respective angles made by the binormal of the super- 
ficial geodesic with the binormals of the geodesics in the e-region and the a>-region, 
so that 
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A '_£JY ! 

o e p e ds ( ’ 

and 2 A s y'=0 ; hence 

cos S' ^ d Y' 

~^r = ^ d« £ • 

By the result on p. 448, we have 




dy f 



P* . , d 
y**n ds e 



and therefore, when the determinantal form of A 3 is used, so as to combine the 
second row of constituents with the arc-derivative of Y ei and when this result is 
used, we find 

— Q*€ n a ) v sin l cos d e =-A v — A-. 

Pe°e P YtC n 

Similarly we find 

—— Q*€ n co v sin l cos = - J „ - * A m . 

Pio^m p y 

Also we have 

o € y e ds e \dn] ’ 
and therefore, in the same way, 


Q* 


- € n c o v sin l 


COS 0 e = V &*€ 

L ^ ds e \dn/J 


„a) v sm t 



dY . 


by using the formula for ^ ; and likewise 


Q* a 1 a 

— € n w v sm i cos 8^= - A~. 

^ COy 

From these relations, various combinations can be effected. Thus, by the 
elimination of cos 0 € between the two equations in which it occurs, we find 


p5 € 




and, by the corresponding elimination of cos 6 W) we find 

P&io My \yw°a> P<xPin* 
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By the elimination of A «, we find 

( ■-=- ] Qh n co v sin i cos 0 3 =- A v 

\p^ y c <v ' P 

and therefore 

( 1 — L) 

Similarly, by the elimination of A-, we find 


cos 0 e — — ^ — . 

Po°o y°D 


( 1 1 \ , 1 1 

\pu>°co yokin' po<Jo y®D 

Moreover, the relations provide alternative forms for the three concomitants 
A v , A A respectively equivalent in virtue of these relations. 


Diagram of some 'principal lines for a superficial geodesic. 

349. We now can construct a diagram for the schematic arrangement of some 
of the characteristic lines which, lying within the tangent block of the domain, 
belong to the e-region, to the co-region, and 
to the surface arising as the intersection of 
those regions. That tangent block contains a 
flat which is orthogonal to the tangent line 
OT common to the superficial geodesic, the 
e-regional geodesic, the co-regional geodesic, 
and the domainal geodesic ; and therefore the 
three gremial lines of the domainal geodesic 
with typical direction-cosines Z 3 , Z 4 , / 5 , can be 
taken as three leading lines for the flat. 

Now consider the superficial geodesic ; 
its binormal and its radius of domainal flexure 
lie within the block and are at right angles 
to the tangent OT, and therefore they lie in 



the selected flat. 


The domainal normal On to the €-region, having for its 


typical cosine, is perpendicular to the tangent OT and lies in the flat; and 

the domainal normal Ov to the co-region, having ~ for its typical cosine, also 

av 

is perpendicular to OT and lies in the flat. Both On and Ov are at right angles to 
the tangent plane of the surface, and so the plane nOv is a plane which, lying in 
the tangent block of the domain, is orthogonal to the tangent plane of the surface. 
In that orthogonal plane nOv, the direction OL of the radius of domainal flexure 
is drawn, by the construction in § 342. 
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Accordingly, for the present purpose, we take the directions of the lines 
OB, OL, On, Ov, as radii of a sphere of representation in the selected flat. The 
typical direction-cosine l of OL is connected with the typical direction-cosines 
of On and Ov by the relation 


where 


l _ dy 
y~ 9 'dn 


+9u, 


dy 

dv’ 


1 1 

9<+9w cosi=--, ff t cos i + y ul = - , 
Y* Y*> 


sin 2 


2 cos t 1 

1 2 » 

y<Yco yJ 


the angle nOv being denoted by t. 

The surface lies in the e-region ; and the radius of e-regional flexure of the 
superficial geodesic lies along Oe, the regional normal to the surface. All normals 
within the domain (and therefore the e-regional normal) to the surface lie in the 
domainal orthogonal plane nOv of the surface. The e-regional normal to the 
surface lies in the region and its direction is therefore at right angles to On, which 
is the domainal normal ; hence Oe lies in the plane nOv and is perpendicular to On. 
We therefore draw Oe in the diagram, where ne= Itt. Similarly Old, the direction 
of the radius of <o-regional flexure of the superficial geodesic lies in the same 
orthogonal plane nOv and is perpendicular to Ov ; we therefore draw Old in the 
diagram, where vld — \tt. 

We denote by \ and /z e the typical direction-cosines of the binormal and the 
trinormal of the e-regional geodesic tangent, respectively. The investigation of 
§169 shews that these directions lie in the plane of which On (the domainal 
normal of the region) is the axis in the spherical representation ; that is, 0\ 
and Ofi € (representing the binormal and the trinormal) lie in the plane BOe. 
Similarly, when A w and /z, w denote the typical direction-cosines of the binormal 
and the trinormal of the co-regional geodesic tangent respectively, OA w and 0/z w 
(representing that binormal and that trinormal) lie in the plane BOld. Thus 
On, OA c , OfjL c , are a set of three orthogonal lines in the flat, specially associated 
with the €-rcgion ; and Ov, OX w , and 0/c w , are another set of orthogonal lines in 
the flat, these being specially associated with the co-region. 

As the direction Oe lies in the plane nOv, leading-lines of which are On and Ov 


( iy fly 

with typical direction -cosines and respectively, the typical direction-cosine 

(denoted by y € ) of Oe is n 

1 / dy dy \ 

y<= - ( -/ + /cost) ; 

sin i \ dv dn J 


and similarly the typical direction-cosine (denoted by y„) of Old is 


•=-(- 

sint \ 


dy dy 

-T- + -T C0Sfc 
an av 


JM.O. II. 


2 i 
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Ex. Prove that the ^-regional flexure l/G e and the co-regional flexure 1 /(? w of 
the superficial geodesic are given by 

1^1 /I cos i\ 1 1 / 1 cos A 

^“sintVy^ y € )' 6r w ~sim\y e )' 

To discuss geometrical relations of the surface, alike in reference to the two 
regions and to the whole domain, in so far as these are either gremial to the domain 
or also relate to the curvatures and the flexures, the foregoing diagram, with the 
lines On, Ov, OB, as central lines of reference for the flat, can be used in con- 
junction with the diagram on p. 468, in which the lines OF w , OF 0 , OF t , are respec- 
tively the lines Ov , OL, On, of the preceding diagram. We still have to indicate 
the positions, in the flat, of the binormal Ol 3 , the trinormal OZ 4 , and the quarti- 
normal Ol 5 , of the domainal geodesic, the common tangent OT being orthogonal 
to the flat, so that the plane containing OT and OY (the prime normal of the 
domainal geodesic) is orthogonal to the flat. 

Let Xea and Xo, 3 denote the inclinations of the binormal of the domainal geodesic, 
which has the typical direction-cosine l 3 , to the respective domainal normals of 
the e-region and the co-region, so that (§ 317) 

Ti€ n 

- — COS Zj a *h € l’ ~ ~ C0S X<*>3 = 2j 

a a 

where 1/a is the torsion of the domainal geodesic. Also, the inclination (f> 3 of the 
binormal of the superficial geodesic to the binormal of the domainal geodesic 
tangent is given (§ 347) by 

Q l • J- A 

— € n a> v sin i cos <p 3 = ZI v , 

(j 

so that, if Ol 3 in the diagram represents the direction of the binormal of the 
domainal geodesic, 

Bl a =<f> 3 , nl 3 =x,s, vl 3 =X<03- 

Thus the position of l 3 in the diagram is settled : the two angles x f3 and are 
sufficient for the purpose, owing to the relation 

cos 2 <f> 3 + (cos 2 x «3 - 2 cos i cos x« 3 cos x** + cos 2 x«J = l. 
sin t 

Similarly for the position of in the diagram. We denote by xa an( l X *>4 
respectively the inclinations of the trinormal of the domainal geodesic to the 
domainal normals of the c-region and the ^-region ; and then by the results of 
§ 339, we have 

1 d (l\ 1 ^ 

- C°S X „ + s y cos*,, = - gj- 2, 

1 d ( 1\ 1 v-, 

^ + * \o) c “ - Si; ^ 
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The two angles Xd and Xui settle the position of Z 4 . The inclination <^> 4 of the 
trinormal of the domainal geodesic to the superficial binormal is (§ 347) given by 


&*€„(*>,, sin l 



=4 W ; 


and again there is the same type of relation connecting the three angles <f> t , x« 4 > 
X<oi, in the form 

cos 2 (cos 2 Xc 4 - 2 cos t cos Xd cos X u>i + cos 2 Xod) = 1 • 

Sill l 


Finally, for the position of Z 5 , which is the pole of the great circle Z 3 Z 4 in the 
diagram, the value of Z 5 is (§ 288) given by 


Vo 

2/2. 


2/4 

Ml, 

«*. 


m 4 

« 1 , 

«2> 

v 3 , 

«4 

W x , 

W 2 , 

W 3 , 

w> 4 


Then 

cos nOk=^k d ^ n , COS vOl^l^, cos BOl,= ^l & X 3 . 

Hence 


cos nOl 5 = 

O* T 

€ 1> 

*2> 


e 4 


u 29 

w a , 

m 4 



V 2 , 


«4 


Ml, 

w 2i 

^3, 

«’4 


— r COS vOl 5 — 

O i T 

Oli, 

<°2> 


a>4 

Wi, 

u 2 , 


m 4 



v 2 , 

*3. 

^4 


Wi, 

w 2i 

<5 

CO 

w> 4 


Also, with the value of A 3 in § 347, we have 


Now 


Sin t coa BQl ^ _ _ ( ^ , h U 2 V 3 W i) ( S 2/l M 2«3<^4) 


2 

A | m 2 « 3 m 4 

| | <W 2 e 3 C0 4 | 


1 

]>) a«i 2 , 

V) 

2 

£ 2 





^ j CtCOiMi, 

^ i tta»i^i, 



'£uu 1 2 =Q, 2 aM i e i=°> ^ <111^=0 ; 


the last two relations are y^<*)ip'= 0, which are satisfied for the arc 

on the surface. Also, the values of 


>: d€ x v 19 2 a€ i w v s s act >i w i> 
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are known in terms of the angles ^ e3 , ^ 3 , ; when they are substituted, 

we have a relation, in the covariantive form 


Qh 


„to u sin l 


cos BOL~ 


2 2 ae i^i 

2 v 1 , 2 Wi 


and a relation in the trigonometrical form 


sin t cos BOl & — 


Also there is the relation 


1 


COSXc3> COSXe4 
COS Xo, 3> COSXo>4 


cos 2 /?0 / 5 4- 2 ~ (cos 2 nOl 5 - 2 cos t cos nOl b cos vOZ 5 +- cos 2 vOl & ) — 1 ; 

sin l 

and there are relations, similar to the foregoing, 
sin l cos (f > 3 = 


COSX.4. 

cos Xwt 

cos nOJ s , 

cos vOl s 

cos nOl$, 

cos vOl 5 

COS&s, 

cos Xw 3 


The trigonometrical relations of the arcs in the complete diagram arc satisfied 
in virtue of the covariantive expressions which are themselves the representation 
of the inclinations of the various characteristic lines. 


Curves of domainal circular curvature on a surface. 

350. The circular curvature of the domainal geodesic tangent of a superficial 
geodesic is a function of the direction-variables of the tangent common to both 
geodesics ; and therefore there are directions on the surface which give a maximum 
or a minimum value to this curvature. Such curves on the surface may be called 
its curves of domainal circular curvature. 

To determine the directions of these curves at any point on the surface, we 
assign the critical equations under which the magnitude 1 Ip can obtain a maximum 
or a minimum for the variables p q', r ' , t', subject to the conditions 

]^Ap' 2 - 1, X)eijo'=0, // = (). 

These critical equations are 

v a =Pu a + Qe a +/to) a , 

for a=l, 2, 3, 4, the quantities P , Q , R , being left undetermined in the formation 
of the equations. 

The value of P can be obtained at once. Multiply the equations by p', q', /, 
for the successive values of a, and add the results ; then, under the limiting 
conditions, we find 


1 
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so that the equations now become 

1 u a =Qe a + Ro> a . 

P 

Before determining Q and R, one geometrical property can be inferred. The 
typical direction-cosine l 3 of the binormal of the domainal geodesic is given 
(§284) by 

U=y i^+y-iP'+ysv+y^, 

where the quantities A, fi, v, m, are determined by equations of the type 


But 


- (-d a i^+ ■A n2 fi+A a3 v+ A a 4 in) — -u a — v a — — (Qe a + Ro> a ). 
a p 


^ a 
€ n 

OJ v 


dp 

l dn 


- A w ~4- A * + A -- + A 


dp 
lal dv 


— A a1 / +A a2 -j^ + A a 3 -^ 


dq 
1 dn 
dq 
‘ dv 


dr 
1 dn 
dr 


4 A 


dt 

a4 ^> 

dt 

a4 dv' 


and therefore, as the equations hold for a=l, 2, 3, 4, we have 



and so for v, uj. Let these four equations, equivalent to the former four, 
be multiplied by y v and the results be added ; then 


_ 1 7 _ n dy 
a^ n dn 


+ Rco 


dy 

V dv' 


It follows that the binormal of the domainal geodesic, touching a curve of domainal 
circular curvature on the surface, lies in the plane nOv , being the domainal ortho- 
gonal plane of the surface (Fig. 34, p. 496). 

To determine the values of Q and 2?, we have 

1 1 7 dy 

cos X; k = - k y " = Q*n + Ro>, COS t, 

a cr an 

1 1 v— > i dy ^ tj 

“ - COS X*o = - - 2j *3 dv = COS L + RoJ v , 

and therefore, assuming 

Xse + Xiko^ 

as the standard case out of the possibilities t ± ± Xz a»=0, we have 

Qe n sin - - sin x •*«>, Bin t= - - sin x&- 
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The foregoing equation for l 3 now assumes the form, obvious after the establish- 
ment of the property that the domainal binormal lies in the plane nOv , 

7 . dy . dy . 
h sm t = ^ sm sm Xae ; 

and the equations for the directions of the curves of domainal circular curvature 
now become 


1 1 (e a . cu n . \ 

- u a -v a =— r— ( — sm Xso} H — sm x 3 c ) » 

p a sm l \e n oj v I 


for a= 1,2, 3, 4. 

Further, as the direction OI 3 lies in the plane nOv , it follows that Ol s and OB 
are at right angles ; and therefore 

(j) 3 = | rr. 

Also, eliminating 1/p, sin ^ 3w , and sin ^ 3e , from the four equations of the directions 
of the curves of domainal circular curvature, we have 

Vi, v 2 , v 3 , r 4 =0, 

U 3y U 4 

e l> e 2> € 3> e 4 
OJ 2 , (i) 3 , a> 4 

along these directions : that is, with the notation of § 347, 

^=0, 

a result in accordance with the relation 

— € n aj v sin l cos (f) 3 =A v , 
cr 

Consequently, for the curvatures of the various geodesics which touch a curve of 
domainal curvature, we have 

- 1 - — = 0 , 

po a o y a D 

1 1 


P<jd® 0) ywVco 

which are results that follow from § 348. 

Ex. Shew that, if the inclination of the radius of domainal flexure of the surface 
to the binormal of the domainal geodesic be denoted by 0, then for a superficial geodesic 
along a curve of domainal circular curvature 

sin l cos 6 sin x$a> sin % 3€ 

y y* y<*> 
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Spatial tilt of a superficial geodesic . 

351. An expression for the spatial tilt of a geodesic, on a surface in a domain, 
can be obtained as follows. 

For the quantities 7j i} connected with the circular curvature of the geodesic, 
we have the relations (§ 345) 

Vn~lVn] + €u> 

for the three combinations ij=ll, 12, 22. We write 

Vl=VllP' + Vl*tf> 0?J = iVulp' + faul?', 

*?2= VliP' + *?22?'> [Vt\ = [VlilP’ + M?'* 

so that 

Let 1, denote the typical direction-cosine of the trinormal of the superficial geodesic, 
and 1/t 0 denote its spatial torsion ; then (§132), with the preceding notation, we 
have 

F 0 °) — u 1 rj 2 ~ ^V7i* 

\r 0 cr 0 / 

On squaring both sides of the equation and adding for the range of the plenary 
homaloidal space, it follows that 

V 0 2 ( ~2 + A) = V ( 2 Vi 2 ) ~ 2 «1«2 ( 2 VlVi ) + «2 2 ( 2 Vl 2 )- 

\ T 0 ^0 / 

Now 

u 1 2 =A 0 -V 0 2 q' 2 , m 1 m 2 =// 0 + V 0 2 q'p’, m 2 2 =B 0 - F 0 y 2 . 

When these values are substituted on the right-hand side, the coefficient of F 0 2 

= - 2 (vtv'+vi p') 2 = - 2 (”) = - A ; 

\P 0/ P 0 

and therefore the equation becomes 

Vo 2 (A+A+A) =A 0 (ZVi 2 ) - 2ffo(2 Wh) + *.(2 ^i 2 )- 

\ T o °o ro / 

The right-hand side has to be evaluated, no longer having the simple form of the 
corresponding equation for a free surface. 

For all values of integers i, j, A, \x> =1, 2, in all combinations, we have 

2hA=°. 

the summation extending over the plenary range, because the directional quantities 
are Unear in Vi> !h> V* V* and 

^ j VaVk 
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for all values k= 1, 2, 3, 4. Consequently, also 

Sh4=o; 

and therefore 

2,vi 2 ='ZM 2 +'Z({uP'+£ M 

2 L L (£llP +^12 7 )(£l2p +^22? )> 

2 V= 2 M 2 + 2 (*«/>'+ fa?')*. 

Thus the right-hand side of the equation consists of two aggregates of terms 
0 and <Pj), where 

0 = = Ao 2 b.l* - „ 2 Mb.] + B 0 2 R, J*. 

2 + £«7') , +*.(firf>' + £i.?') 2 

-2^o2(^' + ^7')(W , + W)- 

First, for the aggregate 0. Tn § 297, there is the relation 

Vk- YVk+hZk, 

for 1=1, 2, 3, 4 ; and therefore, as 


r i 5 23 *24 r n *31 *41 

lVl J = ‘ Vl ~ — % - c - Vi > L^? 2 ] = % “ — % “ — ^4 . 

*12 *12 *12 *12 

bi]= i' (^X - J 2 1'3 - '! 21 0 + *e Uk - 8 f f. ■ - **■ f.) • 
\ *12 *12 / ' *12 *12 / 


we have 


By the values of the quantities £ 1? £ 2 , £ 3 , £ 4 , as obtained in § 300, we have 

- ti) = - W 12?' - Wl3>-' - «W' 

P \ *12 *12 / 


“ M (*»13j»' + W 237' + %0 


*12 

*12 


where 5 is defined by the relation 

S = $12^12 "t *13^13 “b *14^14 *b *23^23 "b *24^*24 + *34 ^34 > 

and similarly we have 




*23 *24 - *31 *41 - 

- — % - ~~ «4=«1. T 2 «. - — »4 = «*■ 

*12 *12 *19 *12 


a 12 *12 


Also (§ 345) 
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Consequently, 

and therefore also 


SUPERFICIAL GEODESIC 


[, 1 ]=Z« 1 -L q'pSl,, [,J=Z« t +l p'pSl , ; 
*12 *12 


SW ! = iW, 

*12 

2 fai ] faiJ = M * - ' 2 P 2 S 2 qY > 
*12 

ShJ*= V+- ] 2 pW 2 - 


5 i , 


But 


where 


12 


^ o v 2 2 - 2H 0 v 2 v x + .Bo #i 2 = 


1 


(€ 3 0) 4 ~ C 0 3 € 4 ) 2 


V), 


z, 

tf, 

G, 

L, 


«1> 

a>i 

ff, 



M, 


*2> 

cu 2 

<?, 


C, 

N, 

^3 > 

6 3> 

0> 3 

L, 

If, 


D, 

«4, 

*4> 

0> 4 

<£i> 

<ki> 

^3> 

<f> 4. 

0, 

o, 

0 

e i> 

€ 2> 

€ 3> 

e 4, 

0, 

o, 

0 

tOl, 

^2> 

^3) 

to 4 , 

0, 

0, 

0 


for all quantities 0, <f > ; and (§ 270) 
while (§ 345) 


e 3 oi 4 - oi 3 e 4 = s 12 Q * e n oj v sin t, 

JV(* 3^4 ~ € 4 a> 3 ) 2 =.Q€ w V 2 sin 2 i, V 0 s l2 = 1. 

0= V 0 2 ( - r + /*•#} . 

|£?€ n 2 co„ 2 sin 2 1 J 

Next, for the aggregate 0^. By the results in § 345, we have 


Hence we have 


'n ' *12 *12 • *** v \ *12 *12 ' 


= 1 ^l2/ W + 1 &1&; 
OJ „ 


and 


fu?' + fe'/=i J.) |f.+i (i..-*”*.-? 1 ,.) » 

e n ' *12 *12 • °*v \ *12 *12 ' 


=- ^ a y«+ 1 ; 

«n 
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and therefore 


*z>= A 0 (— 2 E* - — S ‘ E 2 Q 2 +~ 2 qA 

\e„ 2 €„oj v co* / 

- 2 H 0 { \ EJt - — + £ 2 A) + — 2 5, 5,1 

+ I*,, (-, £ t 2 - — °- E X Q X + -- qA . 

\e„ 2 e n w v co* 1 


But 


A 0 E 2 *-2H 0 E 1 E 2 +B 0 E l *-- 


Qe^co* sin 2 1 

TV 


©(«. e)» 


A 0 E 2 £3 2 - H 0 (E 1 Q 2 + E 2 Q X ) + B 0 E X Q 1 = — - — ® -r-j- &(e, u>), 

bde n co„ sm i 

TV 


A 0 Q 2 2 - 2I1 0 Q 1 Q 2 + B q Q 2 -- 


Qe n 2 o) v 2 sin 2 l 


•t, 2 ®(w, <o); 


and therefore 


, F 0 2 fl _ v 2cosi^. 1 - -.1 

®D— n 2 2 — 2 V 2 ® c ) ©(*, — « ®( CL> ’ w )r • 

£2€ n 2 cu v 2 sin 2 1 |e n 2 e n tu v ' w 2 J 

Accordingly, the equation for the spatial tilt of the superficial geodesic has the 
form 


(- a + ~2+ \ + P 2S2 ) Q *n 
W a 0 2 Po > 


= 0(v, «) + - 1 -0(e, e)---— 0(e, oo) + — „0(co, to). 

€ n OJ v 


Circular curvature of a superficial geodesic in the bi-parametric representation of 

a surface. 

352. The fundamental relation 

— °=- + -, 

po p y’ 

connecting the circular curvature and the domainal flexure of a superficial geodesic 
with the circular curvature of the domainal geodesic tangent, can be established 
in connection with the bi-parametric representation of the surface, instead of the 
bi-regional representation used in the preceding investigation. The course of the 
analysis leads to a modified expression for the domainal flexure of the superficial 
geodesic. 

In the bi-parametric representation, the four domainal parameters are postu- 
lated as functions of two parameters x, z , according to the definitions 

p=p(x,z), q=q(x,z), r=r(x,z), t=t(x 9 z). 
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°23 — Qx^z 

<*3i =r x p z -p x r z , 
°i2~Px<iz-qxpz, 


=Pxt Z -txP Z , 
0 , 24 == 9xh ~ tx$ Z > 

<7 34 = r x^ Z ~ ^x r Z 9 


and these variables cr ij9 differing each from the corresponding variable s {j only by 
a factor which is the same for all, are orientation- variables of the surface. 

Any line in the tangent plane of the surface is given by the typical equation 


that is, 


y-y 

y' 


=0, 


y-y=Qy' = K y x + \y 2 + yy 3 + zny 4 , 


where 0 is the current variable of length along the line ; and k. A, y, m, denote 
parametric magnitudes, the values of which are given by 

K=dp'—d(p x x'+p z z')= ap x + {3p z> 

A =--dq'=0(q x x'+ q z z')=aq x + fiq z , 
y=6r'=6(r x x’ + r l z')=ar x +fir z , 
ra=6t' —6( t„x'+ t z z')=at x + fit z . 

Thus 


K, 

A, y, 

w 

II 

© 

Px, 

7*. 

r sn 

t x 


PZ9 

7*. 

V Z9 

tz 



and (what is the equivalent) 

Acr 34 -+■ ^ roorjB^O, 

- k<j m + ya u + m(j. n =0, 

Kcr 2i - A a u + ma 12 = 0, 

Ko 23 -\Xa 31 -\-ya n =0; 


as usual, these four relations are equivalent to only a couple of independent 
relations. Hence the equations of the tangent plane of the surface are 

y - y m . 

where the parameters k, A, jjl, m, of the plane are subject to the preceding set of 
relations. 

Expressions for the direction-cosines and for the magnitude of the circular 
curvature of a superficial geodesic can be obtained as before*, by drawing, 

* The analysis which follows is an alternative to the analysis in § 343, in connection 
with which reference may be made also to the general investigation in § 69. 
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upon the tangent plane at 0, a perpendicular from a contiguous point O' of the 
surface at a distance (ultimately to be a geodesic distance 8) from 0. The critical 
equations of § 343 for this perpendicular now take the form 

^yAv- yo)~P°23 + Q<*u, 

= + Q a 41 . 

'£y3(y-yo)=Pvu 
^jyA r i~yo)~ Q a i2> 

where ij denotes the typical coordinate of the neighbouring point O', where y 0 is 
the typical coordinate of the foot of the perpendicular given by 

yo=y+xyi+^y2+ m + , 

and where P, Q, are two multipliers left undetermined in the construction of the 
critical equations. When the value of y 0 is inserted, the first of the foregoing 
equations becomes 

Ak + H\ + Gfi + Lto + Po 2S + Qo 2i = (r) — y), 

and the others acquire corresponding forms. 

Expanding up to the second order of small quantities inclusive, we have 

■n=y+ (yip + ypi + y% A + y t t’) s + { y 0 " S 2 , 

where y 0 " implies second derivation along the surface, so that, with the like 
significance for p 0 ", q 0 ", r 0 ", t 0 ", 

yo"=yiPo" + Mo" + Mo" + Mo" + zC m / 2 

=yi(Po”+'£r u i/*)+y i ( q o"+ ^„p' 2 ) 

+y 3 (r o"+ v; @uP' i )+y i (to' + S^u/ 2 )+| • 

As before, there are quantities R, A, jl, m, defined by the relations 
K=K-p'b-i (p 0 " +^r n p' 2 ) s 2 =« -p's-i^oS 2 , 

A= A - q'8 - £ (q 0 "+ 2 AiP' 2 ) S 2 = A - q'8 - $Q 0 8\ 
p=p-r'8-l (r 0 " + 2 ®nP' 2 )V=P ~ f'S ~ l V, 
ro=®-/'8-i (/ 0 " + S^iiP' 2 )8 2 =tu-«'8 -£r o 8 2 ; 
and the four critical equations acquire the form 

-4/C + // A H- &/X 4- Lw = - /V 23 — Q<7 24 
Z//c 4- -BA 4- B/x 4- Mcj = — Bct 31 — Qcfh 
Gk 4- jF A 4- Cfi 4 -Nm= - Pa 12 
LR + MX + Nfi-b —Qcr 12> 

With these values, we find (as in § 343) 

Y 

l o n=i-8*~ (yjic + y 2 A + y 3 jl + y 4 ro), 
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~i~8 2 =y l i< + y i X + y !i ^+y i m, 

y 

where y denotes the magnitude and l denotes the typical direction-cosine of the 
radius of domainal flexure of the superficial geodesic. 

In order to evaluate the right-hand side of this equation, it is necessary to 
determine the values of P and Q. Let the four critical equations, in their latest 
form, be resolved for k , A, /x, m, so that 

Qk= — P (cio 23 ~h ^or 31 + </cr 32 ) “ $(&cr 24 -{- icr 12 ), 

£?A= -P(/*cr 23 + bcr n + fa 12 ) - Q(ka u + 6<j 41 + mcr 12 ), 

-P(ga 2 3 + fa 31 + ((T 12 ) -Q(ga u + fa ix + mr n ), 

Qw= -P(lcr 23 + mo 31 4 ncr 12 )-Q(kr 2i \-m<r Al - h dor 12 ). 

From the relations connecting k, A, /a, m, we select two conditions 

/ccr 23 -f AfJ 31 4 /xcr 12 = 0, ^<t 34 4- Acr 41 4- mcr 12 ~ 0, 

and from the fact that the variables j) f , q\ r', t', determine a direction in the tangent 
plane, we have the two equations 

p'fj 23 4-</'o' 3l + r'(Ti 2 =0, 7 >'o- 34 + ?'a 4l 4-/'cy 12 -() ; 

and therefore, when the relations defining /c, A, /x, m, are used, we find 

^23 'b ~ 2 ( Cr 23 P 0 ”b °31 Qi) 

i<<J 2/L + Ao 41 4-i5a 12 = ”i(CT 24 P 0 + O' 4l Q 0 4-cr 12 T 0 )S 2 . 

Let the preceding resolved values of £, A, /x, or, be introduced into these equations : 
then 

££?©! 8 2 = 2 13 (<r 23 P 0 4- C7 31 Qo + a l2 R 0 ) 8 2 = Pa 4- Qft , 

|I3© 2 8 2 = -2 13 (a 24 P 0 4- or 41 $ 0 4- ct 12 P 0 ) S 2 = P^ 4- @y> 

where, if we use umbral symbols A: 1? Z’ 2 , & 3 , jfc 4 , such that 

(a, 8, e,/,^r, li , /, m, wjf x , £ 2 > £ 3 , + + 

the values of a, /3, y, can be expressed in the umbral forms 

a = (A? 1 o r 23 4- & 2 <7 31 4- Ka l2 f, 

^ = (^xCT 23 “b ^2°"31 “b ^3°12) “b & 1 O 41 ”b k^a 12 ), 

y — (^1 0> 24 "b ^ 2^41 “b ^4°’l2) 2, 

The value of dy - jS 2 is given by 

ay — ft 2 — <* 12 2 { V) (a& - A 2 ) a 34 2 } = or 3 2 2 13 □ , 
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where 


A, 

H, 

G, 

L, 

Px, 

Pv 

H, 

B, 

F, 

M, 

?*. 

?» 

G, 

F, 

c, 

N, 

r x , 

r » 

L, 

M, 

N, 

A 

t x , 

tv 

Px> 

<hn 

r x , 


o, 

0 

Pv> 

<hn 

r m 

ty, 

o, 

0 


It is convenient to introduce the umbral combinations 

<T— ^'2^34 ^*3^42 r ^*4^23 

- <2 = ^34 + *3*41 + *4*13 

&i<7 2 4 + &2C741 +^4^12 

— = A^cr 23 4* *2*31 — & ;l <7 12 

Then we have 

P(dy-p)^}Q( @ x y- @$)&=\Q&e 3 o 12 h\ 

() (ay - /3 2 ) = i £? ( - + @ 2 a) 8 2 = \QOe^o vl 8 2 , 

on reduction, where 

*P — P qCj + Qo^2 + -^0^3 + ^0^4* 

Now that the values of P and Q are known, they can be substituted in the 
resolved equations for k, A, j a, m. Owing to the relations 


^ 1*12 — ^3 ° r 23 + ^4 *24 ♦ 

^ 2*12 = * 3 * 31 +^ 4 * 41 > 

we have 

- QR{dy - ^ 2 )=\£20(ae 1 4- he 2 +ge 3 4- ic 4 )cr 12 2 8 2 ; 

and similarly 

- Q A (ay - /3 2 ) = I Q0 (he x 4- br 2 4- fe 3 4- me A ) <r 12 2 8 2 , 
— Qjl (ay — /3 2 ) — 2 X30 ((jp! + /<? 2 4- cc 3 4- rcc 4 ) a 12 2 S 2 , 

- Qm (ay - /3 2 ) = i Q<P (le x 4 me 2 4- ne 3 4- dc 4 ) cr 12 2 S 2 . 


When we use the value of ay - /3 2 , and insert these values of /c, A, jl, ra, in the 
value of l/y, we find 


QD 

y 




where 


Now 


'P='Ei‘ih ( ae l + he 2 +9 e 3 + le i) = S ae l^l- 

Po=Po'+I / r u p'*, 

Po" = x"Px + z"Pz + v' 2 Pxx + 2a?' z'Pxz + z' 2 Pzi ; 
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and therefore, the value of P 0 is 

P 0 =x"p x +z"p,+P, 

where 

P=x' 2 (p xx + y^r il p 3 2 ) +2 x'z' (p xz + S F n p x p z ) +z' 2 (Pzs + 2 r n Pz 2 )- 
Similarly 

Q 0 =x"q x + z"q z + Q, 

R 0 =x"r x + z"r z + R, 

T 0 = x"t x + z"t 2 -j-T, 

where 

Q=x'*(q rx + ^ A u p. </) +2x’z'(q xz + ^A u p x p z ) + z' 2 (q zz + S^nP* 2 ). 
R=x'*(r xx + £ ®n^*)+2a;V(r x ,+ ^ ®nP*Pz) + «' 2 (»-« + 2 @ uPz 2 )> 
T=x'*(t xx + 2 ^uPx 2 ) + 2a:V(<x* + S^nP*P*) + 2 ' 2 C < « + 2 #nP* 2 )- 

Thus, for the value of 0, we find 


Also 


0 — P o^’i ■' Qo^z -b b 

= x/'p x + z''p z + P, k u p x , p z 
x"q x +z"q z +Q, k 2 , q x , q z 
x"r x +z"r.+ R, k 3 , r T , r, 
x"t x + z"t z + f, k it t x , t, 

= - k ly P, p x , p z . 

k%i q x> qz 

k 3 , R> T XJ T z 
k^i T, t x , t z 

= - h, y r a+y 2 h +y. J g + y l l , p x , p z 

K, V^+Vib +2/ ;i /+2/i>«, ? x , 

& 3 > M+W + 2 / 3 C+ 2/4 r x , r 2 

*4. + t x , f. 


Thus, finally, the value of l/y is given by 


I J. 

y 120 


0 ¥', 


where 0 and P are the two foregoing umbral determinants. 

The direction-variables x’ and z' of the surface occur only in the magnitudes 
P, Q, R, T : when regard is paid to their form, the expression for l/y becomes 
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1 = + 2£i2^V + £ 2 2- ,2 > 

r 

analogous to the (less generalised) form in § 345, where the parameters p , q , of the 
domain are retained for the surface. 


Domainal flexure in the bi-parametria representation of a surface. 

353. Finally, we can construct an expression for the value of the domainal 
flexure of the superficial geodesic. Let 

k = Ik 0 8 2 , A=|A 0 8 2 , /x== 2/x 0 8 2 > nj=4m 0 8 2 ; 


then we have, by the formula on p. 509, 


— = 2/i*o + 2 / 2^0 + 2 / 3^0 + 2/4 

y 


so that 


1 


. V Ak 2 • 

■ ' A /lK o 9 


and the quantity on the right-hand side must be evaluated. 

In § 352, it was proved that 

Ak + HX + Gjl + Lm = - Pa 23 - Qo 2A , 

and therefore, inserting the values of P and Q obtained on p. 510, we have 
- (ay - /3 2 ) (Ak 4 II A 4 Gp 4- Lm) = \ Q0 (c 3 <t 23 4- CiCr u )a 12 S 2 

= ^f20C 1 or 12 2 8 2 , 

that is, 

— □ (Ak 0 4 II A 0 4- 4- Lcdq) = (Pcj . 


Now introduce new variables S v S 2 , S 9 , /S 4 , defined by the equations 


then 

and therefore 


s v s 2 , s 3 , s i= 

p, 

Q, 

R, 

T 


Pxy 


t X ’ 

tx 


Pz, 

<lz> 

r Z 9 

*. 


0— — (hiSi~{- k 2 S 2 -\-Jc 3 S 3 ~\- Jc^S^) 9 


□ (Akq 4 * II A 0 4- Gjjlq 4 Lm 0 ) — e^ (k^S^ 4 - k 2 S 2 4 - k 3 S 3 -\- k^S^) — 2? 4 . 


Similarly 

D (Hk 0 + B\ 0 4- Ff^o d* M.m 0 ) = e 2 (k±S 1 4- k 2 S 2 -\- k 3 S 3 -\- k^Sfj = E 2 , 
□ (Gk q 4 - FX 0 4- Cfi 0 4 Nm 0 ) = e 3 (k 1 S 1 4- k 2 S 2 4- k 3 S 6 4- £4 $4) = E 3 , 
O(Lk 0 4 M. A 0 4 -iV/Z() 4 - Dwq) = e 4 (k l S l 4 - k 2 S 2 + ^ 3^3 4 -i fc 4 $ 4 ) — 2? 4 , 
the symbols 2? 2 > F 3) /? 4 , being only for temporary use. 
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We have 

Ak 0 2 = 2 a ( Ak o +H\ 0 + Gfi 0 + Lm 0 )\ 

and therefore 

QU^A^^aE 2 

= {k x E x 4- k 2 E 2 4- k 2 E 3 4- kt'Et) 2 , 

where &/, k 2 , k 3 ', k A \ denote umbral symbols congruent with k v k 2i & 3 , k 4 . Now 

E x ~ (^i H" k 2 S 2 4* ^3^34“ A 4 /S 4 ) 

= o"34 (A/S 4 4" bS 2 + fS$ 4 wiS^) 

+ ° , 42(fl r ^l+ /®2+ + ^$ 4 ) 

4“ 0^23 ( ?Si4‘ w?'/S 2 -4 W/S 3 4* d/S 4 ) 

A/Si-4 bS 2 + fS 2 +mS 4 , q x , q z , 

<7^*1+ W'Sfy T Xi T z 

18 x +mS 2 + nS 3 + dS 4 , $ g 
with similar expressions for E 2 , Z? 3 , £ 4 ; and therefore 

^qj-^2 ^ k ' 1 9 hS 2 +gS 2 4- ^/S 4 , 7 ^** Pz 2 » 

y 2 & 2 \ A ^ 4- &/S 2 +//S 3 4-ra/S 4 , y*, q z 

k 3 \ gS i4 />S 2 4 c/S 3 4- n/S 4 , r Xi r z 
A 4 ', Z/Si4-w/S 2 +n/S 3 4- dS A , t x , 

where the umbral symbols &/, & 2 ', & 3 ', A 4 ' 5 are such as to give A/ 2 —a, 
k x k 2 =h, ... , k 4 ' 2 =d. Accordingly we have an expression for the domainal 
flexure of the superficial geodesic, in terms of the magnitudes of the domain and 
of the quantities in the bi-parametric equations defining the surface. 



F.I.G. II. 
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CHAPTER XXX 


Domainal Curvatures of Surfaces 
Sphericity of a domainal surface . 

354. To obtain the sphericity of the domainal surface which is the intersection 
of the €-region and the co-region, we recall the magnitudes connected with the 
domainal flexures of the €-regional geodesics alone and of the ^-regional geodesics 
alone. It has appeared that, in addition to the principal linear measures of 
domainal flexure of the regional geodesics (§319), there are also two superficial 
measures of domainal flexure of regional geodesics for geodesics originating in a 
superficial orientation (§321). For the immediate purpose, we select the super- 
ficial orientation to be the same for the two regions, being that of the surface 
which is the intersection of the regions. 

With the notation of § 345, we have 

P 0 = 1 — A 0 p' 2 + 2H Q p'q'+ G>' 2 , 

U c = - - = E u p' 2 + 2i? 12 + E 22 q'*, 

Ye 

U w =-^=a u p'* + 2D la p'g' + a n 4'*. 

Y«> 

Now as in § 319, the principal values of the domainal flexure of the e-regional 
geodesics are obtained by making U € a maximum or a minimum for values of 
p' and f lying in the surface and therefore satisfying the single condition 
C/ 0 — 1. These principal values of y f are the roots of the equation 


Bn + -A t , E li + e -‘H 0 
V( Y< 

S a +- n H„ E 22 + — B 0 

y< Ye 


= 0 ; 


when they are denoted by y u and y 2{ , and when K f and H f denote the two 
superficial measures of domainal flexure, we have 


K. 


1 


1 


1 1 

1 

Yu y 2 c 


YuY2t € n *0 
1 


~ 2 y 2 (^11^22 ~^12 2 )j 


H € — 4 - — — y i (B Q R ll — i 2H 0 E 12 + A 0 E 22 ). 

i y n 


c n v 0 


Similarly, there are two principal values of y m denoted by y lw and y^ ; and 
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there are the two superficial measures K 01 and H u of domainal flexure of the 
co-regional geodesics ; the quantities y lt0 and are the roots of the equation 

&11+-A, Gi2+--ff 0 =0, 

Vw 

Gi 2 +-H 0 , Q n +^B 0 

y oi y in 

while K w and H w are given by 

y\<»y*» W 

H 0) = | = - --(B 0 Q U — 2H 0 Q U +A 0 Q 22 ). 

yioj y 2 co Vo 

The quantities Vo 2 , ^11^22 ~ ^12 2 > *^11*^22 ~ I? 12 2 , are the discriminants of the 
three quadratic forms E7 0 , U (9 E7 W , respectively ; and the quantities 

*0*11 ~ ^0^12'^ ^0^22» *oOl1 ““ ^^0*^12 + A 0*^22 > 

are intermediate invariants of U 0 and £7 C , and of U Q and J7 W , respectively. There 
is also the intermediate invariant 7 ew of U ( and t/ w , with the value 


7 tw — (*Qiii? 2 2 2i? 12 ^ 1 2 + ‘Q 2 2^1l) » 

e w a)„ 


a more geometrical form for I eoJ can be obtained as follows. Let 4 •a, denote the 
Jacobian of two quadratics of the type U x and U lx , so that 


dU, 

dU, 

dp' ’ 

¥ 


dU* 

¥ ’ 

d, l 




dU dU 

then as p' ^, A -f g^r=2Z7 A ^ or eac ^ f° rms > f^ ere is an identity 

U € J W{ 0 + U^Jq^O. 

The binariants of the system of U 0 and U t are connected by a relation 
U 0 UJ *- U 0 2 (E 11 E 22 -E l2 2 ) - (! 2 (A 0 B 0 -H 0 2 ) 


-Mk 

=«»%*(--—)( — M; 

\y* rn/ \y 2 c yJ 



DOMAINAL 


516 


[CH. XXX. 


so that, if \jj € denote the inclination of the direction p\ q\ in the surface to the 
direction of a principal value y l€ , where 


we have 


1 _cos 2 (/r € sin 2 j/r e 
7* 7n 7 2f 


J to = ■ e J 7 o ( — — - J sin >p< cos >p ( . 

^726 Yu' 

Similarly, with a corresponding significance for i// w , we have 

Jo»=<*>»V o ( - ) sin i/*a> cos i/j m . 

\Y2co YlJ 

Consequently, as U 0 — 1, a value for J ta> is given by 


ri /i 

l > 

\ . - . 1 , 

f i 

1 \ . i .1 

f ( — 


sin cos it - - 

— 

- — 1 sin^cos^ 

17c \Y2c 

Yu> 

7 c 

Vy 2tu 

7k,/ J 


= e w ca, V 0 &, 
for brevity. 

But there is also the relation 


J € J= U € UJ €W - UJ(E n E n - tf 12 2 ) - U>(Q n Q 22 -Q l2 *) ; 


and therefore 






7*7< 


1 


7w 2 7le72c ' 7( 2 7lw72a.. 


giving a value for / €a> ; and the value admits of further reduction. 

The reduction to a standard form can be attained by another method. Let 
P € \ Q<\ be direction-variables, in the surface, of one of the principal directions 
in the superficial orientation for giving the domainal flexure l/y lc of €-regional 
geodesics, so that 

(^11+ - A.) p: + (e 12 + h 0 ) g/=o, 

(Eu+--Ho) P: ¥ (e 22 + € "- fi 0 ) 

' 7n ' V 7n ' 

Consequently we have 
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Similarly, if PJ, QJ , be direction-variables, in the surface, of the principal 
direction in the superficial orientation giving the domainal flexure 1 /y lio of 
co-regional geodesics, we have 


Ou+~4 0 ^12+ Q 22 + — B 0 

yico yico y io> 


QJ 2 


Vy i(jj yU 


-P '0 ' 

1 10 Vui 

Let jji denote the inclination, to one another, of these selected principal directions 
of the respective domainal flexures of geodesics originating in the surface ; then 

sin 2 //,— V 0 2 (P ( 'QJ -Q ( 'P J) 2 . 


Hence 


so that 


( 1 - 1 ) ( 1 -- 1 ) sin V 
\yi, y-J \yico yU 

= (e 22 +^B 0 ) fa n + -^-A 0 ) 

' yie / \ yi*u * 

- 2 (^ 12 f -”//„) 

' yif • ' yico > 

+ (®„ 


4- €w 
I "T /lo 

ri< 


■)( 


7la 

^ 22 +— 5o) 




l -e n aj v V 0 2 (—~ + 1 ) 

\yi e y 2w yi m y2 e / 

^l-(— — + ) sin 2 /*+(-— +'— ) cos V- 

>V Vynyno y 2 e y 2 <./ \yi«y 2M y^y*/ 


Thus the algebraical invariants and co variants of the system of three quadratic 
forms are known. The geometrical magnitudes implicitly involved are the 
two measures of domainal superficial flexure of the ^-region and the like two 
measures of the co-region, together with the inclination of principal directions of 
the domainal linear flexure, all estimated in the orientation of the surface which 
is the intersection of the two regions. 

To the general covariantive expressions, not specially referred to the surface, 
a return will be made later. 


Superficial measure of domainal flexure . 

355. As regards the sphericity of the surface, we have (with the notation of 

§ 345 ) 

^0 


P 0 


= Vnl>' 2 + 2 *?12 v' ( 1 + 1 722?' 2 » 


so that, if K s denote that sphericity, 

V q 2 K s ~ ^ (V11V22 ~ Vi 2 2 )‘ 
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also, we have 


and, if 


po p y’ 


-= fau]?>' 2 + 2 fa 12 ] pV + fa 22 ] ?' 2 > 


^o 2 ^=V;{hn]h22l-hi 2 ] 2 }. 

/i 2 ) is the sphericity of the domain in the orientation of the surface. Further, 


l _ dy dy 
y dn+g* dv 

1 /I cos i\ dy 1 
sin 2 1 \y ( y w / dn sin 


1 / 1 cos 

in 2 i\y w y c 


■°--r(!!r-T m ') + --& - t«“) 

y f sm 2 1 \an dv / y m sin 2 1 \dv dn / 

1_ i 

y f smt y " y w sin 6 

where y € and denote (§ 349) the typical direction -cosines of the e-regional 
normal and the co-regional normal respectively to the surface. We therefore take 

l = { uj/' + UnM + M', 

y 

where 

t ■ 

?uSini= — y w + - y c , 

^ n 

. E 1 2 Q 12 

€ n CO, 

> * ^22 <^22 

£ 22 sin t=— 2 y w 4 

with the preceding notation ; and thus we have 

*711 = fall] -f £ll> %S=falt] + fl2> %2=( 7 ?2 2 ]+^22 2 » 

the equivalent of the relations on p. 483. 

To develop the expression for K s , we note that (§ 345) each of the quantities 
[rj l} ] is a linear combination of the quantities r] aft and that the quantities g i} are 
linear combinations of y t and y wi that is, of y\,y^y^Vx\ also, for all values of 
a, /}, A, we have 

'Lv+y. a=°- 

Hence all the combinations 


^{faiiJU, 2 MU. 
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355 ] 

vanish ; and therefore 

V o*K s = (rj n rj 2 2 ~ ^i 2 2 ) 

= X (hnlhsal - [ihJ}+ D (fnfti - fu*) 

= F 0 2(A' d +AV), 

where K D is the sphericity of the domain in the orientation of the surface, and 
K F is a new magnitude defined by the equation 

Having regard to the similarity of the forms 

7 =^n. ./* + 2 VuP'<l' + W/ 2 > ~ - In/ 2 + 2 £ u p'q' + | 22 '/ 2 , 

P v 

the one belonging to the prime normal and the circular curvature, and the other to 
the direction and the magnitude of the radius of domainal flexure, all the quan- 
tities rj i3 and being independent of the direction- variables of the superficial 
geodesic, and to the fact that the quantity 

ITa 
v 0 

is the Riemann measure of sphericity of the surface as a configuration in the 
plenary homaloidal space, we may regard K F as a measure of domainal flexure of 
the surface, corresponding (though in a different range) to K$. Thus the sphericity 
of the surface is the sum of (i), the sphericity of the domain in the orientation of 
the surface and (ii), the measure of domainal flexure of the surface. 

The value of the measure of domainal flexure K F , developed from 

v 0*^= 2 -!«■), 

arises by substituting the foregoing values of £ u , £ 12 , £ 22 . Because 

V] y f y w = - cos t, 

we have 

^](lnl22-li2 2 )sin 2 i 

1 COS L I 

= ““a (-®ll-®22“ ^12 2 ) ^ (^11^22“ ^12 ^12 + ^22*^11 M 2 (^11^22 ~ *^12 2 ) 

€ n<*> V <*>/ 

— V 0 2 (K € - I fW cos i + KJ). 

Therefore 

K f ‘ a - COS L -f- w ) , 

Sill L 


where K f is the domainal flexure of the e-region, K w is the domainal flexure of the 
co-region, and I eu) is a composite measure : all the measures being estimated in 
the superficial orientation of the surface that is the intersection of the regions. 
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When the values of the principal radii of flexure in the e-region and the co-region 
respectively are inserted, and account is taken of the inclinations of the superficial 
directions in the orientation, the expression giving K F becomes 


K f sin 2 h — 

7u7 2 , y* 


(- »»-4 

-y** [\ynyico y*y*»J \yuy*» yi*yJ J 

Other forms can be obtained. Thus, for instance, we find 


COS 4. 


€ 11> 

*12 > 

*13> 

*14 > 

*1> 

Ml 

€ 12> 

*22 > 

*23 > 

*24 > 

*2> 


*13 > 

*23 > 

*33 > 

*34> 

*3> 

a>3 

*14> 

*24 > 

*34 > 

*44 > 

*4> 

o> 4 


*2> 

*3> 

*4> 

o, 

0 


“>2> 

<*>3> 

0> 4 , 

0, 

0 


and, for all values of a and /J, 
a 2 Jf € + a/3/ cw 4- p 2 K ai 


1 


Qejw 2 sin 2 1 


a €n + )8- u . 




a>i 


a-— + p 

€ n to„ 

a>i, 


6 44 . n W 44 

, a — + p , € 4 , a> 4 


€ 4> 

<*>4> 


0, 0 
0, 0 


But the form that will be used, in what follows immediately, is 

V 0 2 Kp— (£ll^22~ ^12 2 )» 

taken in connection with (i), the arc-relation of the domain, when specialised for 
the surface, that is, 

^+2Jj oP y+« 0 ^=i, 

and (ii), with the typical equation 


y~~£\\P 2 + 2£ 12 py + ^22? /a > 

for the direction-cosines and the magnitude of the radius of domainal flexure of 
the superficial geodesic. 


Alternative bi-paramelric representation of a domainal surface , 

356. Thus far, the source of the domainal surface has been bi-regional within 
the domain ; the equations of the surface have been those of the two regions, 
taken in combination ; and some of the properties of the surface have been 
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dominated by its relations to the regions. An alternative representation is 
provided by postulating the domainal parameters p, q , r, t, as functions of 
two independent parameters x and z; or by taking r and t as two independent 
functions of p and q. Such a representation is equivalent to the two equations 
6=0, co=0, the equivalence being obvious when these two equations are 
combined, first so as to eliminate t, and next so as to eliminate r ; and, indeed, 
the bi-regional representation is not unique, for any two equations 

ae + /3o> — 0, a'e-h — 0, 

where a/3' -a'/} is not zero, would provide the same surface, while the detailed 
expressions for magnitudes and relations of the surface would be concerned with 
the modified regions. But whatever transformations of this character be adopted, 
geometrical magnitudes represented by expressions such as 

1 /I 2 cos l 1 \ 
sin 2 1 \y ( 2 y ( y u , + yj) ’ 

t-„ (K c -I (W cosi + K w ), 
sin* t 


are absolutely invariantive in analytical expression. 

In particular, the transition to the second method can be made by taking 

e(p, q , r , t)=<f>(p, q) - r=(), 
co(p,q, r , t)=iP(p,q)-t=Q, 

where <f) and 0 arc independent functions of p and q ; and then the superficial 
parameters p and q can be changed to any other independent parameters x and z. 

When this bi-parametric representation of the domainal surface is adopted, 
we take the element of arc in the form 


(h 2 — A 0 dp 2 + 2// 0 dp dq + B 0 dq 2 ; 
and we use the equations 


1 =£ll/ 2 + 2 £l2?>y + £22?' 2 

y 


for the domainal flexure. Some inferences from these equations will be made ; 
where desirable or useful, reference will be made to the relations 




. E tfyifx 

sm i == y t0 f 


for the combinations nip — 11, 12, 22. 

We proceed as for the (spatial) circular curvature of geodesics on a surface 
existing freely in its plenary homaloidal space. The parametric derivatives of the 



522 BI-PARAMETRIC [ch. XXX. 

typical spatial variable y will be denoted by y x and y 2 , so that (as compared with 
the domainal parametric derivatives of y) we have (§ 347) 


- ^23 l ^24 - ^31 £41 

yi=yi-—y*~ry* y*=yt-— 


2 


a 12 


°12 


*18 


the variables s a/3 being the orientation-variables of the surface in the domain. 
It is easy to verify that 


Yjyiy <= °> 


and therefore 




for all values of m/x ; while 


S^i=o, £%=o. 


relations to be expected, because the radius of domainal flexure (with the typical 
direction-cosine l) is perpendicular to the tangent plane of the surface. 

Let two sets of quantities be introduced, under the definitions 


for the one set ; and 


u = f, 

r l 


^ > ^22 

UL 

^£u 2=a > 

2£t. 2 =&, 



2 ^22^11 — ^5 

^1/ £ll£l2~ 


for the other set. It is convenient to introduce a symbol l such that 


and we evidently have 
Then there are the relations 


g + 2b=3f ; 
g-b=JVAV 


i=#p'« + 2/py+^; 

e — ap ' 2 + 21 )p'q' + Qq" 1 
£ = t)p' 2 + 2bp'q' + VP . 
^ = 9p' 2 + 2fpV + c 9 ' 2 

*y > 


- = ap ' 4 + 4 l)p'*q' -f (>fp' 2 </' 2 -i 4f//<y' a -f Cr/' 4 . 


and 
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Moreover, in connection with the bi-regional representation of the surface, we 
have equations 


asin 2 i= 


An 2 


a* 2 


2_-n:_ 2 ff^n C ost + ^ 11 




CO,, 


t • o n ^12^12 ^12 2 

b sin 2 1=-4 - 2 cos t + , 




0)„ 


• , ^ 22 2 ^ 22^22 ^ 22 2 
c sin 2 l — - 2 22 — 2 cos t + 


f sin 2 4 : 


2 

n 

E„E 


12 " 22 (^ 12 ^ 22 + E 22 Q n ) + 


« - ^ 12^22 




C0„ 


EooE, 


8 sin 2 1 = — 2 -~- - C — (E 22 Q n + E U Q 22 ) + 

€ n € n^v w v 

. _ E -i-tE -to COS l . r; r? 7S \ 

h sin 6= - (A 11^12 4- ^ 12 *^ 11 ) 4~ 


1 1 r? r\ • v s~i \ . *^22^1 


*n<*>v 


*11"_12 
2 


357. On account of the relations 

V\ £mn ~ ^ j 0 , 

for nifi— 11, 12, 22, it follows that the three directions typified by direction- 
cosines 

G *£ 11 ’ h 2 £ 12 j C 2 ^22> 


lie in the domainal plane orthogonal to the surface ; and therefore there must 
exist a homogeneous linear relation connecting £ n , £ 12 , £ 22 , with coefficients the 
same throughout the whole set of which the linear relation is typical. It might, 
in fact, be taken in the form 



^ 12 » 
-®22> 


Q n 

Q 12 

•0*22 



but there is an analytical advantage in assuming it to be of the form 




with coefficients P and Q to be determined. 

To determine P and Q, we multiply the relation by £ n and add : also by £ 12 
and add : also by £ 22 and add : and we obtain equations 

\) = Pa+Q& 
b = Pt) + Ql 
f = Pcj+Qc. 


Of these equations, two uses are to be made. 
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Ill the first place, the elimination of P and Q leads to the condition 


Y= 


a, t), 9 
f), b, f 
9> f, c 


= 0 , 


a condition which is satisfied identically when the foregoing values of the con- 
stituents in terms of the quantities E tJ , Q u , are substituted. As the determinant 
vanishes, there are relations connecting its first minors which can be constructed 
as follows. 

Owing to the identity 

sin 2 (<f> - 1 ) - 2 sin (<f> - 1 ) sin <f) cos t + sin 2 </> = sin 2 1 , 


where <f) is any quantity, we can modify the expressions for a, b, e, by taking 

a 8 sin ( 9 1 -i ), — =a 8 ~sin0 1 , 

€ n 

^ 12 =b* sin (0 2 -i), ^- 2 =b“ sin 0 2 , 


— e 8 sin (0. } - 1 ), “-C* sin 0 
' o) v 


Let these values of E l} and Q l3 be substituted in the expressions for f, q, \) ; then, 
after simple reductions, we find 


f— (be) 8 cos ( 0 2 -d 3 ), q = (ae) 8 cos (0 S -6J, l) = (ab) 8 cos 


It will appear immediately that no two of the angles 0 U 0 2 , 0 3 , can be equal ; and 
as square roots of the positive minors be - f 2 , ae - q 2 , ab - 1) 2 , will be required, we 
associate a positive sign with each of those real square roots. As the standard 
of reference, we assume 

9 \ > 0 2 > 6 $ ; 

and thus we have 

(be) 8 sin (0 2 - 0 3 ) = (be - f 2 )* , 

(ac) 8 sin (6 1 - 0 3 )= (ac - q 2 ) 8 , 

(ab) 8 sin (0 l -0 2 ) = (ab-f) 2 )‘. 


With the foregoing values obtained for f, q, f), we find 

ql)_af— a (be) 8 {cos (0 1 - 0 3 ) cos (0 1 - 0 2 ) - cos (0 2 - 0 3 )} 
— — a (be) * sin (0 3 - 0 X ) sin (0 2 - 0 t ) 

= -(ac-q 2 ) 8 (ab — I) 2 )* ; 
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W-bg= (ab -b 2 )* (be -f 2 )* 
f9 - cf)= - (be - f 2 )“ (ac - g 2 )*, 

which are the standard relations * among the minors, all being valid in virtue of 
the relation Y=0. 

In the second place, the values of P and Q are given by the two equations 
b=Pa+§g, f=Pg + Qc, 

so that 

p_ d) - fg _ (bCj-f*)' 

ac-g 2 (ac-g 2 ^’ 

^ = af-_gb = (ab-b 2 ) i . 

V oc"-g 2 (ac-g^’ 

and therefore the linear relation connecting the three typical magnitudes 
In, lia, I13, becomes 

(be - f 2 ) 1 In — (at - g 2 )“| 12 + (ab - b 2 )*| 22 =0. 

Ex . 1. Let the last equation be multiplied by l , and the result be added for all 
equations of which it is typical ; then 

(be - f 2 )“"e - (ac - g 2 ) 2 /+ (ab - = 0. 

Ex. 2 . When the equation is multiplied by £ n , and the results are added for all 
the equations, wc have 

a (be - f 2 )* - I ) (ae - g 2 )* + g (ab - f) 2 )*=0 ; 

and similarly 

f) (be - f 2 )* - b (ac - g 2 )* + f (ab - b 2 )* =0, 
g(bc-f 2 )I- f(ac-g 2 )l+c(ab -t) 2 )*=0, 
all valid in virtue of the single equation V— 0. 

Ex. 3. By direct substitution, we have 

— — (^12 Aj 2 “ ^22^12) = (be)' '* fain (0 2 - 0 sin 0 3 - sin (0 3 - 1) sin 0 2 } 

€ n OJ v 

- (be)* sin l sin (0 2 - 0a) = (be - f 2 )* sin 1 ; 

and similarly 

(^22^11 — ^11^22) ~ ~~ — 9 2 )* 8 ' n (Ajj^| 2 — Ei2&n) " (ab — f) 2 ) 2 sin l. 

€ n OJ v € n^v 

* The results are similar to those in the corresponding investigation connected 
with the circular curvature of a geodesic on a surface existing freely in a quadruple 
homaloidal plenary space : see G.F.D. , vol i, p. 401 . 
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Thus the relation (p. 523) 


£ll> 

*U. 

Q u 

£l 2 > 

E 12 , 


£22 > 

U22, 

@22 


becomes the preceding relation 

(be - f 2 )i f „ - (oc - g 2 )* in + (Ob - in = 0. 

Ex. 4. We had relations (p. 521) 


E u Q u 

£,,.sin » = — 1 y w + — p y t 

€ n °>v 

where 

dy dy . dy dy 

y € sin l — cos t - ~ , y (l) &mi = -~ cos i - ~- 
j€ dn dv 1 ^ dv dn 

Let the relation be multiplied by l , using the equation 


y € sin l — ~ cos i - ~ , y. 0 sin i = cos i- ~- . 

j€ dn dv 9 dv dn 


l dy dy 
y =!l, dn +!)w dv 

for the evaluation of the right-hand side ; then, as 


we have 


and similarly 


1 S = ~ (Jo, si" 1 '£tyo,= - (If sin t, 

y y 


f An 42j| 

= - - Of- ,7 -J7«; 
y € n 


y e n <*>V 

9 ^22 ^22 

= - </o>- 

y e n 


When regard is paid to the relations 

1 1 

9e +9u> cos i ■= - , <7« f //c cos t = - , 

y v 

these results can be transformed to the expressions on p. 482. 
Also the relations on p. 484 can be expressed in the form 

L 0 _^4 0 ^e M 0 _H 0 +f N 0 _B 0 +g 

po p y 9 Po p y 9 po p y m 


Ex. 5. When the surface is referred (as in the text) to p and q as its parameters, 
these being original parameters of the domain, the reference can be made by taking 
r and t as two independent functions of p and q , so that we take 

e = ?)-r=0, w = t(p, q) ~t = Q. 
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Denoting derivatives of r (p, q) and t ( p , q) with respect to p and to q by a suffix 1 and 
a suffix 2, we have 

€ 1“ r l> € 2 = r 2> € 3 = “1> € 4 = 

CO l =t 1 , CO 2 ~ t'2 j Ct>3 = 0, OJ 4 = ~ 1, 

so that the suj)erficial variables s are 


34 -r / _r t 

— '1&2 r 2 r i> 

*12 



6> 41 
5 12 





^2> 


• v 23 = 
s ‘l2 


~ r l- 


Also 

for = 12, 22, in the first instance, and for any combination of the integers 

1, 2, 3, 4, involving 3 or 4 or both 3 and 4 ; and similarly, for like combinations, 


Then we have 

fiii = *n + 2 ' r i*i 3 4-2^€ 14 + ri 2 € 33 + 2r 1 l J i 34 -hti 2 i 44i 

^12 = *12 +r 2^13 + r i^23 + ^2*14 “ , “^1^24 + r i r 2^33 + ( r i*2 + ^l)*34 + ^2^44* 

^22 “ ^22 + 2 ^ 2^23 ^ ^ 2 € 24 + ^ 2* 2e 33 ^ 2 ^ 2 € 34 ^ 2*^44 > 

while fl n , ^ 12 , £? 22 , are the same combinations of the foregoing magnitudes as 
E lv E l2 , E 22 , are of the magnitudes € /r 


358. Substituting the values (p. 524) of E 1V E 12 , E 22 , in the equation 
— € - — E u jj ' 2 -+ 2E 12 p'q' 4- E 22 q' 2 , 

y< 

we have 

- ^ =.a*p' 2 sin (0] - i) +■ 2b*p'q' sin (0 2 - 0 + c* </' 2 sin (0 3 - 1 ) 

7c 

— {a*p' 2 + 2b *p'q' cos (0 X - 0 2 ) + q' 2 cos - 0 3 )} sin (6 1 - 1 ) 

- {2b*p'q sin (9 1 - 6 2 ) + c *q' 2 sin (9 1 - 0 3 )} cos (9 X - 1 ). 
On the right-hand side, the coefficient of sin (9 X - i) 

= 1 (aj»'*+2^Y+fl?' 2 )=-l ‘ ; 

a“ a* y 

the coefficient of cos (0, - 1 ) is 7 1 1 /a% where 

T x = - 2 (ab - h 2 )V - (ac - g 2 ) fy 2 : 


(l'_e 

y< y 


sin (d x -i) + T x cos (d x - 1 ). 


anil therefore 
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Proceeding similarly from the value of y w , we find 

- -=- sin 4- Ti cos 
y<o y 

When these two relations are resolved for ejy and T t , we have 


cos 9 X cos ($ l - 1 ) 


- suit- -a“ i - — - 4* 

Ve y« 


sini — - a 8 < * 4 * 

y* 


f sin 0 X sin (0 X - i)l 

1 y* y« J ‘ 


It is easy to verify that 


© 


2 a 

y/ y 2 


the three results being in accord because of the relation 

sin 2 1 1 2 cos l 1 

y 2 ~y t 2 y.y^ yJ ' 

Proceeding from the same initial equation, and retaining (instead of 0 X ) the 
quantities 0 2 and 0 3 in turn, we find similar expressions for / and g, with modified 
two-term expressions T 2 and T :} : the values are 

b* f 

sin (Oo - 1 ) + T 2 cos (0 2 - 1 ), 

y e y “ 

1 

C 2 Q 

= - sin (0 3 - 1 ) 4- T 3 cos (0 3 - 1 ), 

y* y 

b* f 

= i/ sin do + T 2 cos 0 2 , 

y* y “ 


where 


c* # 

= - sin 0 3 + 7'., cos 6., , 

Yu y 


T t =(db-&*)V # - (bc-f*)V*. 
r 3 =(ac -g*)V 2 +2(bc-f*)V?'- 

Moreover, the values of 7^, T 3 , satisfy the relation 


while 


and we have 
where 


T l p' 2 + 2T 2 p'q + T 3 q' 2 =0, 



TiP' + T 2 q'= -q'W, T 2 p' + T 3 q’ =p’W, 

W = (ab - b z )V 2 +( ac - g + (be - 
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a quantity that will occur in the expression for the domainal tilt of the superficial 
geodesic. And, by using the results of Ex. 3, p. 525, we have 


1 


C n OJ v 


E n p' + Ei 2 q', E 12 p' + E2 2 q' 

&nP “b *^1217 5 *^12 V *^22? | 


Domainal torsion and tilt of a geodesic on a domainal surface . 

359. To estimate the domainal flexural curvatures, we require a frame of four 
lines (as the domain is four-dimensional) which, orthogonal to one another, shall 
constitute an organic frame for a superficial geodesic. Of these, two must be 
gremial to the surface ; they are the tangent of the geodesic with a typical direction- 
cosine y\ and the binormal of that geodesic with a typical direction-cosine A 3 . 
The other two lines, within the tangent block of the domain, must lie in the 
orthogonal plane of the geodesic represented by the equations 


y-y> 


dy 

~dn' 



One of these two is the direction of the radius of domainal flexure, with a typical 
direction-cosine l such that 


where 


dy f ^ dy 

y 


-~ 9 'dn +9m <h>’ 


1 1 

St+ga, cosi= , g a +g t cosi= - 

Ye Yo, 


Let m denote the typical direction-cosine of the remaining line, lying in this 
orthogonal plane and at right angles to the radius of domainal flexure. We easily 
find 

m . 1 dy 1 Ay 

-si nL = —f-- - , 

Y Y«> an y e dv 

S m 9i= o. S»»?y 2 =0 ; 


and this line can be regarded as a trinormal within the domainal range. Let 1 jo D 
and 1 /t/j denote the domainal torsion and the domainal tilt of a superficial geodesic : 
then Frenet domainal equations for a superficial geodesic are 


di/_ l 
ds' ~ y ’ 

d L = h_t 

ds' a D y ’ 
d\ a m l 
ds' t d o d ’ 


K.I.U. II. 


2l 
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where d/ds' denotes differentiation along the superficial geodesic and is the same 
as d/ds only when applied to magnitudes of position. We proceed to find expres- 
sions for the domainal torsion and the domainal tilt which, in the first instance, 
are given by 


1 v,, dl 

— Zj ^3 
°n 


ds' 9 


1 

Tn 


d A 3 

ds' 


=y,m"3=-s a 3 


dm 

ds' 9 


because of the relation ^ ^A 3 = 0. 
From the equation 


l __ dy 
y~ 9( dn 



we have 


Now 


1 a 4.1 A. ( ] \ = n —( d y\A. dLfdA.fyfy'.dyfy* 
y ds ,+ ds' \yj 9c ds' \dn) 9a ds' \dv) dn ds' dv ds' ‘ 


^ i A 3 1 — 0, 


2*3 


9 l__ 

dn 


=o, 2*3 


dy 

dv' 


because the binormal of the superficial geodesic is at right angles to the ortho- 
gonal plane: and the first arc-derivatives of ^ and ~ along the superficial 


geodesic are the same as those taken along the domainal geodesic. Hence, 
multiplying the equation throughout by A 3 , and adding for the range of the plenary 
homaloidal space, we have 



Similarly, from the equation 


we have 


m__ 1 dy 1 dy 
y Yco dn y € dv 9 


A (l\\ ] ( d9 \ . ^ A f 1 ] 

\y ds' ds' \yj J y w ds' \dnj y e ds' \dv/ + dn ds' \yj dv ds' \yj * 


We have 2*3 m ~ 0 ; and therefore, multiplying by A 3 and proceeding as before, 
we have 


sin t _ 1 
y^i) Yw 
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Now, as in § 345, we have 

f \ df dy \ 1 1 a 

- & € n co„ 

v/a d ( dy )\ -- A - 

^rAU7r«v 


- Q*€ n co v sin i 


where 


Az — 


e l> € 2’ e 3> 5 6 4 

'^1 ? U 2 , u%, u 4 

€ 1J € 2 » e 3 ? € 4 

U>1 j tt>2> w 3> ^4 


with a like expression for A^. But 


T? * 1? - 23 - °24 - 

^11 V + ^12 <7 = € 1~ — e 3 T ^4 

*12 *12 

*12 *12 

*12 *12 

// 0 ^' + B 0 q'=u 2 - w 3 - - 41 w 4 


°12 *12 


and therefore, in the notation of p. 485, 


A c =(e 3 co 4 -e 1 <o 3 ) 

Similarly 

Jj;=(e 3 <o 4 -e 4 aj 3 ) 

Also 

and therefore 


E n p' + E 12 q', E l2 p’ + E 22 q' 
A oV '+H 0 q', H 0 p'+B 0 q' 

^ ^12 *7 > ^VlP ~‘ r ^22*1 

A„p' + H 0 f, H 0 p'+ B 0 q' 

l 7 o ( e » w 4 ~ e 4 w 3 ) = @***< 0 , sin t ; 


= (e 3 oj 4 -e4a> 3 ) R c . 


= ( e 3 (J >i- e i C °3)ftco- 


~ =7^ + # T^* 

y^D e n ^ 

F 0 sini 1 1 . 1 1 „ 

= ~ It € . 

7 t D ^ Ye € n Yoj 

In the equation for <j n , the coefficient of II 0 p' + B Q q' on the right-hand side 

5 f e( j ^llP , H"^X2? / )+ 9o>(E\2.P + ^22?) 

€*. (JJ U 
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by the use of Ex. 4, p. 526 ; and, similarly, the coefficient of A 0 p' + H 0 q' 

= +~ / (fp'+gq ') ; 

and thus the equation for the domainal torsion of a superficial geodesic becomes 

}[o = ep'+ fq', fp'+ gq' 

°J> Ap' + H 0 q', H 0 p' + B 0 q' 

Consequently, also, 

V Q= + A 0 p'+H 0 q f 

y°D I)// 3 + 31 p 2 q + 3f //</' 2 + fr/ 3 , H 0 p' + B 0 q' 

Again, in the equation for t v , the coefficient of H 0 p' + B 0 q' on the right-hand 
side 

= (&nP +^i2lZ ) ~ (^nP +-^123 ) 

€ nYlO 

__q' E n p' + E l2 q', E 12 p f + E 22 q f 
i &nP + Q 12 q , *^i 2 P "I" ^ 22 $ 

= Wq’ sin l , 


by the result on p. 529 ; and similarly the coefficient of - (A 0 p' + H 0 q') on the 
same right-hand side is 

= - Wp’ sin l. 

We therefore have 

- ~ = W i W + BJ) <]' + W + Bo 1')P') 


- (ab - f) 2 )V 2 + (ac - + (be - f*) Y* 


All these expressions, for the domainal flexure, the domainal torsion, and the 
domainal tilt, of any geodesic on a surface in the domain, are formally similar to 
the corresponding expressions for the circular curvature, the torsion, and the tilt, 
of a geodesic on a surface existing freely in four-dimensional homaloidal space.* 


360. One other property affecting the relation between the spatial torsion and 
the domainal torsion of a superficial geodesic may be established here. 

In connection with the domainal surface, we have obtained (pp. 484, 526) the 
relations 

A) — ^9 ** M ° —^9 + f _j_ H 

po~ p y’ po~ p y’ Po~P y’ 

* G.F.D., vol. i, §§ 215, 234, 235. 
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where L 0 , M 0 , N 0 , are secondary magnitudes for the circular curvature of the 
superficial geodesic ; a, /, g , have the same relation to the domainal flexure of 
that geodesic as L 0 , M 0 , N 0 , to its circular curvature ; and A 0 , H 0 , B 0 , are 
corresponding magnitudes for the circular curvature of the domainal geodesic 
in the same direction. 

Now consider the surface, which is geodesic to the region at 0 ; these quantities 
A 0 , H Qy B 0 , are the secondary magnitudes for the circular curvature of its geodesic 
(being the domainal geodesic tangent), so that 

- = A 0 p'*+ 2H 0 p'q'+B 0 q'*. 

P 

Let the torsion of the geodesic on this geodesic surface, which is the torsion of 
the domainal geodesic tangent, be denoted by 1 /<r el , so that 

7o = A 0 p' + H 0 q', H 0 p' + B 0 q' . 
a ci A 0 p' 4 - H 0 q ' , II Q p' + B 0 q r 

Then, because 


r_o^ 

L u p’ + M 0 q’, 

M 0 p' + N 0 q' 

V o_ 

+ /'/ . 

fv' +n' 

°0 

A„p’ + H 0 q', 

ffoP' + B 0 </ 

’ Of) 

A 0 p' + H 0 q', 

H oV ' + B n q' 


the foregoing set of relations leads to the result 

1 1 J. 

Po G o P G a y°D 

which is the property in question : and it can be expressed in the form 

1 _cos«/f o ^sin0 () 

a 0 a el G I) 

where i/j 0 has the same significance as on p. 469. 

Curves of domainal flexure on a surface . 

361. We define the curves of domainal flexure on the surface to be those of 
which the superficial geodesic tangents have a maximum or a minimum value for 
the domainal flexure, among the values for all superficial directions through the 
point. To obtain their directions and also an equation for those principal values 
of the domainal flexure, we assign the critical equations for a maximum or a 
minimum value of 1/y 2 , where 

i-=op' 4 -f- 4f)jo'Y -f 6fp'V 2 + 4fy/? ,3 -f Cy' 4 , 

7 

the variables p' and q' being subject to the condition 

A 0 p'* + 2H 0 p'q' + B 0 q'*=l. 
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We have 


3 

dp' \y 


and therefore 


and similarly 


7 (-,) = 4 (ap' s + sf»y + we + f g' 3 ) 
r 

9yO= 2( 'V+A' ): 


Thus the critical equations can be taken in the form 

+/?' = A (/l 0 p' + #„?'). // +n'=* (H op' + B o <i')> 

the quantity A being undetermined in the formation of the critical equations. 
Multiplying the two equations by p' and q respectively, and adding, we obtain 1/y 
as the value of A ; and therefore 


ep'+fq'^Aop' + Htf 1 ), 
fp' + g< } '=\H 0 p' + B oq '), 


are the two equations which determine the directions and the magnitudes of the 
principal values. 

In the first place, there is a descriptive property of the curves ; the elimina- 
tion of y leads to the result 


y+/?'» ^op' + H 0 q’ 
Jp' + gq', H 0 p + B 0 q' 



Consequently, we have (§ 359) 



that is, the domainal torsion of superficial geodesic tangents to a curve of domainal 
flexure vanishes. 

In the next place, if we denote by (J 0 the quartic expression in p\ q\ which is 
the value of 1/y 2 , and by U the quantity 


U 0 - ~ 2 (A 0 p' 2 + 2H 0 p'q' + B 0 q' 2 ) 2 , 
the two critical equations arc 

dU „ dU 
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that is, the discriminant of U 0 , regarded as a binary quartic in p\ q\ is to vanish. 
We write 


^o 2 Go? Aja 0 — Do? A 0 B 0 +2H Q >-tf 0 , BqHq— f 0 , B 0 2 — c 0 , AqB 0 —q 0 , H 0 2 —b Q m , 
and also 


Do 


ft. 


ft 


rt U '0 £ v 0 z fo 

G ^72 — a 05 v o — a l’ * o a 2’ ' ..2~ a; 


a 4 ? 


then 


y 6 ~ y** 

U = (a 0 , a l5 a 2 , a 3 , a 4 $ p', ?') 4 . 

Let / and J denote the quadrinvariant and the cubinvariant of U, so that 


I ~ a 0 a 4 — 4aja 3 4- 3a 2 2 , 


a 05 a„ a 2 


= a 0 a 2 a 4 + 2a x a 2 a 3 — a 0 a 3 2 — a^aj 2 — a 2 3 . 


a l5 a 2 , a 3 
a 2 , oi 3 , Q- 4 


The discriminant is P-27J 2 ; and thus the equation, giving the principal values 
of y, is 


P-27J 2 =0. 


To develop this equation, we denote by 7 0 and J 0 the quadrinvariant and the 
cubinvariant of U 0 alone, so that 

7 0 -ac-4f)f+3! 2 , 

,/ 0 =aIc + 2f)ff-af 2 -cf) 2 -I 3 . 


Now the quantities a, b, c, f, g, I), are subject to the condition 



a, f>, 9 

f>, *>, f 
9, f, c 


= abc + 2f gf) - af 2 - bg 2 - cl) 2 ; 


hence taking a quantity 0, defined by 

30=g-b, 

so that i’ 0 2 /l F = 30, where K F is the superficial measure of domainal flexure 
considered in § 355, we find 

J o =0I o -40\ 

Also we take intermediate invariants I y and J 1( according to the definitions 

h = c 0 a - 4f 0 f) + 6f 0 f - 4f) 0 f + a 0 c 
=B 0 2 a - lH 0 B 0 t ) + 2 (A 0 B 0 + 2H 0 2 )i - 4A 0 B 0 f + A 0 % 


being 
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and 

7 / 3 r 3 f 3 * 3 3\ _ 

Jl ~ \ a °da +])o fy +lo d t +fo af + ScJ J °’ 

an equivalent value of which is 

J, =- 61 \ + \ F 0 2 (/„ - 120 2 ) + ^ 2 {^ 0 (be - f 2 )* - 77„ (at - fl 2 ) 1 + 7>o (Ob - d 2 )*}*. 

K o“ 

Then, after substitution, we find 


J—T - I — 4-AF 4 1 
1 — i 0 ** 1 »T 3 U 

y 2 y 4 


and after further substitution, the vanishing discriminant P-27J 2 yields the 
equation 

Do \-D 1 - 6 +D t \~D 3 - i +D i =0, 

y 8 fy™ yr * 

where 

Da=V 0 *(IS-WV*J 1+ i£V 0 %), 

D, = 7^ - \8Vo%J, + 8 K 0 4 7 0 Zj - 16F 0 6 </„, 

18I / 0 2 7 1 .7 0 -27«/ 1 2 + 4TV7 0 s , 

7) 3 =37 0 2 7 1 -54J 0 J 1 , 

D t =I 0 3 -27 J 0 *, 


the quantity 7) 4 being the discriminant of f/ 0 alone. 

The four quantities DJD 0 , for /x=l, 2, 3, 4, give measures of the squares 
of the domainal flexure of superficial geodesics, this domainal flexure being a 
linear measure. Thus the product of the four principal domainal flexures is 
(L)JT) q Y ; and similarly for other measures. 

It is again to be noted that, when the domain becomes a (homaloidal) block, 
the domainal flexure of a superficial geodesic becomes its circular curvature ; 
and the foregoing results attach themselves to the principal values of that circular 
curvature *. 


Ex. Verify the transformations 

(i) D 4 M/ 0 - m (/ 0 - 120 2 ) 2 ; 

(ii) D 0 V 0 - 4 = (Zi - 8F O 2 0) 2 - 16F 0 2 {.4 0 (be - f 2 )^ -H 0 (ac- q 2 )* + if 0 ( a h “ I) 2 )*} 2 - 


Asymptotic curves of flexure . 

362. We can define, for a domainal surface, asymptotic curves of domainal 
flexure (being the domainal counterpart of asymptotic curves on a surface existing 
freely in a four-dimensional homaloidal plenary space) as the curves, the super- 

* G.F.D. , vol. i, §§ 238-240. 



362] 


ASYMPTOTIC CURVES OF FLEXURE 


537 


ficial geodesic tangents along which have zero domainal flexure. The direction- 
variables of these domainal asymptotic curves are obtained by assigning a zero 
value to 1/y 2 , and therefore satisfy the equation 

Cip' 4 + 4f )p'*g' 4- 6tp' 2 q' 2 4- 4 f p'q' 2 4- C <y' 3 = 0. 

The roots of this quartic may all be real, and then there are four real asymptotic 
curves through a point on the surface ; or two may be real, and the other two 
complex (and conjugate to one another), so that there are two real asymptotic 
curves ; or all four roots may be complex (in conjugate pairs), and then there are 
no real asymptotic curves. 

To resolve the equation, let p'=xq', so that x is a root of 

4- 4f):r 3 4- 6t# 2 4- 1 f & 4 C = 0. 

Let x l9 x 2 , x 3 , # 4 , denote the roots, and let t be taken so that 

l~X x X 2 + 33 ® 4 , 

so that t is a three-valued function. Then, if 

at -2 l—iv, 

the customary calculations give 

a (x l 4- x 2 ) (x 3 + x A ) = 4 (f - v), 
while v satisfies the equation 

J 0 -=vI 0 - lv 2 , 

where I Q and J 0 are the quadrin variant and the cubinvariant of the quartic in x, 
being the magnitudes of p. 535. There is the relation 

J o -0/ o -40 3 ; 

and therefore the three values of v are 

0=0, v^-i(9-T), 0=-i(04-T), 

where 

0=i(8-6), T = (I 0 -mK 

Then, corresponding to the value v~0, we find 

a (x x x 2 4- x 3 x 4 ) =2 q, a (x 1 4- x 2 ) (x 3 4- x 4 ) = 4b ; 
to the value v= -\(9~ T ), 

a (x x x 3 4- x 2 x 4 ) = 2b 4- 2T, a (x x + x 3 ) (x 2 4- x A ) = 2b 4- 2cj - 2 T ; 
and to the value 

v— 

a (x 2 x 3 4- x x x 4 ) = 2b - 2 T, a (x 2 4- x 3 ) (x x 4 - x 4 ) = 2b 4- 2g 4- 2T. 
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The combination of the first set of values with the relations 
ax^x.^ = c, a (x t + x 2 +xs+x 4 )=- 4f), 

gives 

ax x x 2 = g -f i (ac - g 2 )% a (x x + x 2 ) = -21)- 2 i (ab - b 2 )‘ j 
g - i (ac - g 2 )*, a (x 3 + x A ) = - 21) + 2i (ab - 1) 2 )* j ’ 

where the initial attachments of signs in the expressions for x ± x 2 and x. A x 4 are 
obviously at our choice, and then the attachments of signs in the expressions for 
x 1 + x 2 and r 3 f x 4 are a consequence of the standard reference for the signs in 
§ 357 in relation to the minors of the vanishing determinant Y. 

Corresponding results, which involve also the magnitude r J\ can be deduced 
from the other two sets of values in connection with the same set of relations for 
the completely symmetrical combinations x x x 2 x 2 x 4 and x x + x 2 + x 3 + x 4 ; but, for 
each set of results, it is necessary to select the attachments of signs so as to 
conform to the same standard of reference. The resulting equivalences in the 
expressions for x J} x 2 , x 2 , x 4 , are satisfied, either in virtue ofY*=() or else 
identically. 

Orthogonal centre of a geodesic on a domainal surface. 

363. Connected with any point on a domainal surface, there are two loci 
which arise through the aggregate of superficial geodesics passing through the 
point. One of these is the locus of the orthogonal centre connected with a geodesic ; 
the other is the locus of the flexural centre. 

The orthogonal centre of any superficial geodesic is defined to be the limiting 
position of the point of intersection of two domainal orthogonal planes of the 
surface drawn at consecutive points along the geodesic. As guiding lines of the 
orthogonal plane, we selected the domainal normals of the two regions in the 
domain which, by their intersection, provide the surface ; then, later (§ 359), 
there were two organic lines of the superficial geodesic lying in that plane, one 
being the radius of domainal flexure with a typical direction-cosine l, the other 
being the domainal trinormal (p. 529) of that geodesic, with a typical direction- 
cosine denoted by m. Hence the typical equation of the orthogonal plane has 
the form 

y-y=l a+m/9, 

where a and are parameters of the plane. 

Consider the ultimate intersection of two such planes at consecutive points 
along the superficial geodesic in the direction p', q'. Its coordinates will be given 
by a combination of these equations of the plane with those which belong to 
the consecutive plane and are typified by 


— y~ la -f m/J' 4- Va + m'j 3, 
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the quantity y now denoting the typical space-coordinate of the orthogonal 
centre, and symbols such as a implying arc-derivation along the superficial 
geodesic. 

The quantities a, j8, a', /}', (the two latter being associated solely with the 
intersection of the consecutive orthogonal planes), have to be determined. For 
the domainal flexure and other domainal curvatures of the superficial geodesic, 
the equations of the Frenet type are 


dy' _l dl~_ A 3 y dX^__m l 
ds y 9 ds Gj) y 9 ds rj) gjj 

From these equations, we have (on taking summations for the range of the plenary 
space) 


V 


m ^=r-(S wA 3)-r.Q] OT S'') =0 > 


<*T> 


because the trinormal, lying in the orthogonal plane, is at right angles to the 
binormal and the tangent which lie in the tangent plane ; and therefore, as 
V; ltn= 0, we also have 

v;4 m=o - 

— ' (In 


Obviously, from the Frenet equations, 


and as ^ y'm=0, we have 


v , dl \ 


y - v,$’ = _ 1 


ds y 4 


Again, we have ^mA 3 — 0, and therefore 

_ _J 

5 

from the Frenet equations ; and therefore 


^ > dl dm __ 1 / . dm\ 1 /<* > ,dm\ 
*ds)~ yV 2 ' 2 ' ~ds) 


1 

ODTJ) 


These results are used in connection with the typical equation 
— y r ~ Id 4" mfe -\-l cl-\-7h f3. 
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Multiply throughout by Z, and add ; then, as 


it follows that 


£V=o, 2>=o, 2«'=o, 

a' = 0. 




Similarly, on multiplying by m and adding, we find 

)S'=0. 


(These results are only related to the point of intersection of the planes and are 
not continuous along the superficial geodesic.) Next, multiply by y r and add ; 
then, as 

SyW = 0, 
y 

we find 


a—y. 


Finally, multiply by V and add ; then, as 


we have 


and therefore 



Hence the typical space-coordinate y of the orthogonal centre is 


y=y+ly+nJ ~ ; 

a i> 


and the length p of the orthogonal radius of the surface is given by the equation 



T n 


2 


°1) 


2 ’ 


this orthogonal radius being equal to the radius of domainal flexure for all geodesics 
touching a curve of domainal flexure, because then (§ 301 ) the domainal torsion 
of the superficial geodesic tangent vanishes. 

The result may be obtained also as follows. The homaloidal configuration, 
which is orthogonal to the tangent plane of the surface (a plane having y ' and A 3 
as typical direction-cosines of its leading lines), can be represented by the equations 

^{(y-y)y'\=o, ^{(y-y)X 3 }= o. 

The ultimate intersection of this homaloid with the like homaloid at a consecutive 
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point along the superficial geodesic is represented analytically by combining these 
two equations with 




But, for the domainal curvatures, 

( M_~ 1 vy 2 -i 

ds ~ y’ ’ 

(ZA 3 _m J 

7 — i Z^J y A 3 — U > 

(h Tj } a D ^ a 

and therefore the new equations are equivalent to 

^y, 


]{(y-y)™}=y 


TV 

°v 


The orthogonal centre lies in the domainal orthogonal plane represented by the 
typical equation 

y-y=la + mf } ; 

and therefore when this set of equations is combined with the foregoing set, we 
have 

p Tl) . 
a-y, p=y- : 

<*D 

that is, the typical spatial coordinate of the orthogonal centre is given by 

y-y-ly-Ymy— . 

a D 


Locus of orthogonal centres of concurrent geodesies on a domainal surface . 

364. This orthogonal centre of a superficial geodesic lies in the orthogonal 
plane of the surface ; and therefore its locus, for all the geodesics, lies in that 
plane. 

We had 

1 - £n?>' a + + $ 22 q’ 2 , 

7 

where 

> • * Qf," 

£„sint=— y w +— y c . 

€ n CO v 


m . 1 dy 

- sm l=~ -- 

y y<odn 


i dy 

y e dv’ 


Also 
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and therefore we take 


where 


m 


— £np , 2 + 2 £ 12 py 4- £22? 2 > 


€ n dv co v an 


Now 


so that 


dy dy 


d y _ . d v 


y < sm cos 1 - ± > y « 8in t= x. 008 1 ~ > 




dv 


An 5 


Sy.|= 0 ’ 


dv 


dn 


* dy 


Hence, by the results in § 357, 2?.r. 4, we have 


2 fuCii-o 

S^u=-(ab-f) 3 ) i | 

S«i=-(ac-fl 2 ) r 


’ ’ 2 ^12^12 = ® | 

S^i2=-(t>c-f 2 ) i ' 

2 £22 ~ ( ac “ fi 2 ) 2 „ 

Sf»c»= ( bc -f 2 n 

2 ^£ 22=0 


and therefore 


1 2 «*£„ = 2 (ab - 1) 2 ) 2 2 >y + (ac - g 2 ) 5 q' 2 =-T v 
7 

1 '2 m €n=-(< a >-V) i P' M + (*>c-f 3 )V 2 = -?« 

y 

- 1 >>£«= -( flC -9 S )V 2 -2 (be - f 2 )V?'= -r„ 

y 

with the significance of T v T 2 , 1\, as defined in § 358, so that 

T lP ' + T iq '=- q 'W=q T 2 p'+T 3 q'=p'W=-p'^. 

yr d 7 t d 

And we defined (p. 522) 

2*fn=*» 2^i2 := /> 2 1^22— 9- 

The magnitudes £ n , £ 12 , £ 22 , independent of p r and q ' , satisfy the relation 

(§357) 

(be - f 2 )* $ n - (ac - g 2 )* | 12 + (ab - I) 2 )* £ 22 =0 ; 

and the quantities a 2 £ll> & 2 C 2 ^22’ are typical direction-cosines of three 
directions in the orthogonal plane, independent of directions in the tangent plane. 
We therefore take the first and the third of the three directions as coordinate 
axes of reference, with coordinates x and z, denoting by n the inclination of these 
axes so that 

(ac)* cos 



364 ] 


ORTHOGONAL CENTRE 


543 


and we retain the second of the three directions as a subsidiary line of reference. 
Then for the orthogonal centre, we take 

(y-y)g u }=X=x+zcos P , 

c~*{S iy-y)i s *}=2=* cos/x+z, 

while there is the homogeneous linear relation between X, Y , Z, 

{a (be - f 2 )}‘X - {b (ac - g 2 )}’ F+ {c (ab - I) 2 )}*Z=0. 

The typical space-coordinate of the orthogonal centre is given by 


and therefore 


Hence 


7 , T » 

y-y=iy+my 

Oi) 


^a*=y(^*f u ) + y T ^(Smf ll )=yJ-y > ^ 

cr/> <?j) 

rb J = y( V ZfJ + y TP(^mf ta ) = yf- y * Tl) T 2 , 

Zc^y&lU t y-{^ t2 ) = yg-y^T 3 . 

<*D °D 

p'Xa* + q' Yb* = y{ep' +/}') -y^q'=A 0 p' + H 0 q', 

an 


p'Yb‘+ q'Zc*=y(jp' + gq') + y~ V' = # 0 / + 

0D 

because of the relations 


y 0= ep'+ I<i', Ip'+ m' 

°n A 0 p' + H 0 q', II 0 p' + B 0 q' 

1 =ep'* + 2fp'q' + <jq'\ A 0 p' 2 + 2H 0 p'q' + B 0 q' 2 =l. 

Y 

Accordingly, we have 

Xcfi-A 0 , Yb*-H 0 =0, 

Yb*-H 0 , Zc*-B 0 

which is an equation of the second degree in x and z, because there are surviving 

terms in (ac)“XZ-bY 2 . It follows that the locus of the orthogonal centre of 
domainal flexure for the domainal surface is a conic in the orthogonal plane 
of the surface. 

The result is the extension to domainal surfaces of the property that, for 
surfaces in a plenary homaloidal quadruple space, the locus of the orthogonal 



544 CENTRE-LOCUS FOR [ch. XXX. 

centre of circular curvature is a conic (Kommereirs characteristic conic) in the 
orthogonal plane.* 

In passing, it may be noted that the envelope of the orthogonal plane of a 
domainal surface is represented by the equations 

y,{(y-y)l} =y> ^£{(y-y)m}=y T, ~. 

°D 

The section of this amplitude by the orthogonal plane itself is the foregoing 
conic-locus of the orthogonal centre of domainal flexure for the surface. 


Lcmniscale-loc us of centres of domainal flexure of concurrent geodesics . 

365. The centre of domainal flexure of any superficial geodesic lies in the 
orthogonal plane of the surface ; and it belongs to a locus arising out of the 
aggregate of those geodesics. Let y D be the typical space-coordinate of this 
centre of flexure, so that 

y D -y=ly, 

and therefore 

£ <3ti> - y) = f u /* + 2 inv'q' + £*?*'. 

Referring the locus to the same axes of coordinates in the orthogonal plane as 
have been used for the locus of the orthogonal centre, we take 


a J S { (yi) - y) & 1 } : - Xn = Xn + Zj) cos p, 

^^{(yn-y^-Yj,, 

c ~ i y i {(yi>-y) ^ 22 } ^Z D =x» cos p + z D , 
with the corresponding relation 

{a(bc- f *)}* X n - {b (ac - q 2 ) ‘} Y D + { c (ab - ^ 2 )*} Z D - 0. 


Also, we have 


y 2 — xjf + %Xi>zn cos / x + z D 2 , 


so that y can now be regarded as a function of x D and zp ; and 


^ 2 X n a*=ap' 2 + 2f)7?y + Q?' 2 . 
i r fl b*=^'*+2bpY + W 2 , 

\ %D C * =Qp' 2 + 2f jo'y' + cq' 2 . 

* Kommerell, Math. Ann., vol. lx (1905), p. 554 ; also my G.F.D., vol. i, § 251. 
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\=A oV '* + 2 H 0 p'q' + B 0 q'*. 

Now 

\ {a-X D p'* + 2b i Y D p'q l + C *Z D q'*) 

V =fl/ 4 + %'Y + c>tp' 2 q'* + 4fpY 3 + Cq'* 

_ 1 
~y 2 ’ 

so that 

(X^ - A 0 )p'* + 2(iy>; - // 0 ) P V/ + (Z n ci-B 0 )q'*= 0 . 

Another equation, homogeneous and linear in p' 2 , //</', < 7 ' 2 , is 

Z^ac*)/ 2 -!- 2 (A„fa= - Z /j f)c i )pV + (X 7) ca l - Z^gc*) r/' 2 =0. 

Let 

L*=(Y D tf-HJ(X„<a' -Z D w*)-iZ„ci - B 0 )(X» fa* -Z^c*), 
M^Zjyt* - B 0 ) (J?Dga* - Z w ac“) - (Z D a*- x 4 0 )(X,,ca* -Z v qc‘), 

N 0 = (Z w a« - A 0 ) (X/)fa“ - Z^c‘) - ( Y„ b‘ - //„) (A„ga* - Z D ac±) ; 

then 

p'*‘W_ ?' 2 

Z 0 M 0 1V 0 ’ 

and therefore the eliminant is 

M 2 =il 0 N„ 

which is an initial form of the equation of the locus. 

For a developed form, we use the relation 

Xj ) 1 - 2 A' pZj) cos /i 4 - Zi> i = y 2 sin 2 /x ; 

and we find 

/be _ fax 1 , _ , 

L 0 =y 2 [ ac _'tf) Qf sinV-O^^o" fB 0 )A’s + t ! P 0 -^(i)^. 

Af 0 = -y 2 ac sin 2 ju.-a^(qB 0 - cA 0 )X n + ^{aB 0 -^A^Z D , 

N 0 =y 2 oc sin 2 /x - a 1 (f/l 0 - g// 0 ) X D + c 1 (l)A 0 - aH 0 ) Z D . 

Thus the equation of the locus is 

T q (xd 2 +■ 2 ^ 2 >^/>cos/x + 2 d 2 ) 2 + T x (x D *+' 2 xj)Z D cosja + z/; 2 ) 4 -T 2 = 0 , 

where 

T 0 = (ac - g 2 ) (oc - g 2 - 4f I) + 4bg) = (ac - g 2 ) (/ 0 - 120 2 ), 

1 \ is a linear homogeneous function of xr> and z D , and T 2 is a quadratic homo- 
geneous function of Xd and Zj). 

F.I.G. II. 


2m 
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The locus of the centre of domainal flexure of superficial geodesics is therefore 
a lemniscate curve, with its (real or imaginary) double point at the origin. 

Let Q d be the centre of domainal flexure for any superficial geodesic, and Q 0 
the orthogonal centre for that geodesic, so that the typical space-coordinate of 
Qd is 

yn-y=ly, 

and the typical space-coordinate of Q 0 is 

V]) 


In these expressions, l and m are the typical direction-cosines of two lines in the 
orthogonal plane, one of them the radius of domainal flexure, the other the 
domainal trinormal of the superficial geodesic ; and the two lines in that plane 
are at right angles. 

The locus of Q 0 is a conic ; and the locus of Q D is a lemniscate. It is a known 
property that the pedal of a conic is a lemniscate ; and thus the preceding forms 
for y 0 and yn suggest that the lemniscate-locus of the centre of domainal flexure is 
the pedal, with respect to the initiating point 0 on the surface, of the conic-locus 
of the orthogonal centre. To test this surmise, we note that, if the direction 
of the tangent to the conic at Q 0 be given by dx 0 and dz 0 , and if the conic be 
represented by f(x 0 , z 0 ) — 0, we have 


3/ 

dx a 


dx 0 + 



Again, the direction of ()Q D is given by x D and z D ; and the condition that OQd 
should be perpendicular to the direction dx 0 , dz Q> is 


that is, 


(x D 4- z I} cos /x) dx Q -I- (x D cos fi -f Zjj) dz 0 =0 , 

x df z a/ ~o 

x ° dz 0 ~ Zj) dr 0 ~ 0 ’ 


Now as the conic is 


f(x o, Z 0 ) = (Xa* - A 0 ) (Zc* - B 0 ) - ( Yb * - 0 ) 2 =0, 


we have 


= (Zc* - B 0 )a l + (Xa‘- A 0 ) c* cos /x 

uX(\ 


-2(Fb“- Z/ 0 )b* 


ffa(bc-f)'l* fc(ab-t) 2 )'}* 1 

+ {b(a^)j C0S/i J’ 

where (ac)* cos g. But the factor of - 2 ( Yb’ - H 0 )b * 

f roving ^ U9.\h ^ 
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by the result in § 357, Ex. 2 ; and therefore 

M. 

dx { 


df =a?(Zc*-B 0 )-2\(Ytf-H 0 )+ 9 t (Xa *-A 0 ). 

a 8 


"o a 8 

Also from the equation of the conic, we have 

X&*-A 0 Fb 8 ~// 0= Zc 8 -P 0 

?' 2 ~ -?y V ' 2 

where, for the result, the explicit value of © is immaterial ; thus 


Similarly, we find 

Consequently 


5 = <r + 2 Wq' + S?' 2 ] = %X D . 

dx 0 y i 


g=:C-i0[fl/H2fpY + c q'*]=~Z D . 


x df 7 df -o 

V~0 0 


and the condition is satisfied. 


It follows that the lemniscate-locus in the orthogonal plane is the pedal of 
the conic-locus in that plane with respect to the central point 
0 ; and, in the diagram, we have 


while 


OQn—y , QnQo~y 


tan Q 0 OQd=— . 

<?D 


TJ) 
Qi) 3 



Various geometrical infcicnces follow from this relationship 
between the curves : they will merely be stated, and left without the respective 
analytical verifications. 


(i) From the point 0, four normals to the conic can be drawn : at the foot of 
every such normal, the tangent to the conic being at right angles to the normal, 
there is a point on the lemniscate ; and considerations of normality shew that the 
line is there a tangent to the lemniscate. Thus the conic and the lemniscate touch 
in four points. 

(ii) At any such point P, the line OP is normal to the lemniscate, and there- 
fore is a maximum or a minimum radius vector, the point being an apse ; 
hence the directions of the four normals to the conic are the directions of the 
four principal radii of domainal curvature. Consequently, the directions of 
the curves of domainal flexure on the surface are determined by means of these 
four normals. 
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(iii) Wo know (§ 361) that the domainal torsion Ijcrj) of a superficial geodesic 
tangent to a curve of domainal flexure on the surface vanishes, so that 

ep' + fq', A 0 p' + H 0 q' =0, 
fp' + gq', II 0 p'+G 0 q' 

that is, 

ap' 3 4- 3 hp'V + 3fpY 2 4- f < 7 ' 3 , A 0 p f 4- H 0 q' = 0, 

W* -I 3f p'V 4- 3f p'q ' 2 + cy /3 , oP' + A// 

a quartic equation in p' : q'. This quartic equation gives the directions connected 
with the four normals drawn from 0, alike to the conic and to the lemniscate. 

Ex. Prove* that the* value of the quantity & in the preceding investigation 

= __ (ab - b 2 J^ozi5 ±& c zf)*Ao 

(ab - I) 2 )^p' 2 4* (ac - 9 8 )*pY + (be ~ f 2 ) V 2 ’ 
or, what is the same thing, 

— 0 0 (ab - lf)lB 0 - (ac - + (be - f )U 0 . 

7 t d 

Two propositions on centres of circular curvature of superficial geodesics. 

366. Two propositions are stated here, to complete the consideration of the 
loci of centres of curvature and centres of flexure ; they can be established by 
analysis similar to that employed in § 113. They will be considered in more detail 
for the special case when the domain is primary (§§ 374-376). 

I. The locus of the centre of circular curvature of concurrent geodesics on a 
surface enclosed in a domain is a skew quartic curve lying in a flat, which is ortho- 
gonal to the surface ; the curve is the intersection of a sphere and of a quadric 
cone with its apex on the surface of the sphere, both quadrics lying in the flat. 

II. The locus of the centre of circular curvature of the domainal geodesics 
touching concurrent geodesics on a surface in the domain (or, what is the same 
thing, of concurrent geodesics lying in any superficial orientation in the domain) 
is a lemniscate curve in a plane orthogonal to the domain if the plenary homaloidal 
space is six-dimensional, and is a skew quartic curve in a flat orthogonal to the 
domain when the plenary space has more than six dimensions. 

The relation between corresponding points of these two loci and of the locus 
of the centre of domainal flexure, arising out of the same superficial geodesic, has 
been established in the investigation of § 342. 
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Properties of Primary Domains 
Principal circular curvatures of geodesies . 

367. The different kinds of measures of curvature, characteristic of a domain, 
are expressible in simple form when the domain is primary, that is, when it exists 
in quintuple space. 

The principal measures of linear curvature are obtained by obtaining the 
maximum and minimum values of 1/p, the circular curvature of a domainal 
geodesic. For this purpose, the conditions to be satisfied, in order that 


- = V] A ]/ 2 


may be a maximum or a minimum subject to the relation 

1 = VAj/ 2 , 

are the four critical equations 

Vi =. Xu j , v 2 - A u 29 p a = A w 3 , = A 

The value of the multiplier A is obtained, from multiplying the equations by 
p\ q' , /, l', respectivel) r , and adding the products : thus 

U. 


When this value of A is inserted, the critical equations become 


(n-y + (B-y + (r-ty+(M-y = « 

Elimination of p\ q f , /, leads to the equation 
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^ 1 <*. 

1 

P 
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which determines the maximum and minimum values in question. Thus there 
are four principal linear curvatures, being the roots of this quartic which may be 
written 

x +\e 2 - ] E a +Y=0, 

P i P 3 P 1 P 

with the customary significance for Q and Y, while 






E - V V 4 AB— - V V 4B — 


d*Y 


BAdB 


dAdB 


Consequently, there are four measures of curvature of the domain, originating in 
the principal linear curvatures ; these are 


NP 1 E l 

v _L . _ 

E, 

- J p 1 a’ 

t 

J 

"O 

W 

1 

£3 ’ 

1 

1 

Y 

2j = n ’ 

PlP2 M 

PlPzPzpA 

Q 


Moreover, the same four equations determine the four principal directions 
corresponding to the four principal linear curvatures, the values of p f : q ' : / : t f 
being determined for each of these directions by any three of the equations. 
Also, on the assumption that no two of these curvatures are equal— a contrary 
assumption would imply relations connecting the fundamental magnitudes — , it 
is easy to prove, by the usual kind of analysis, that every two of these four prin- 
cipal directions are at right angles to one another. The domainal envelopes of 
these directions are curves of curvature ; and therefore the domain possesses four 
distinct families of curves of curvature which constitute a quadruply orthogonal 
system of curves in the domain. 

The quantities E v E 2 , E 3 , like Q and Y, are invariants of the domainal con- 
figuration : and the discriminant of the quaternary quadratic form ^ (A- 6A)p' 2 
is 


Y-OE z + e*E 2 -0*E 1 + O*Q. 
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When the two quaternary quadratics V] Ap' 2 , V Ap' 2 , are taken in the canonical 
forms (obtained from interpreting them by means of two quadrics and referring 
the quadrics to a common self-conjugate tetrahedron), we denote the direction- 
variables by p 0 ', q Q ', rf, t 0 \ the new parametric curves being the curves of 
curvature of the primary domain ; and the two forms then are 

yA 0 p^+B 0 g^ + C 0 r 0 ^+D 0 t 0 ' 2 } _ 
j = A 0 p o'* + IW 2 + W + A>C J 


The equation for the principal circular curvatures of domainal geodesics then 
becomes 




while the invariants assume the values 


Q=A 0 B 0 C 0 D q , ^ Y=A 0 B 0 CqD 0 , 
h 1 =-.B 0 C 0 n 0 A 0 + C 0 D 0 A q B 0 + D 0 A 0 B 0 C 0 + A 0 B 0 C 0 D 0 , 

E% = A qBqCqDq -f B 0 CqD 0 A 0 4- C 0 B 0 A 0 Bq + D 0 A 0 B 0 C 0 , 
frj^ ~ BqCqAqI)q -f- AqDqBqO q “h CqAqBqDq -j- B 0 D {) C 0 A 0 + A 0 B 0 C 0 D 0 +C 0 D 0 A 0 B 0 . 

Ex. Denoting by a , h , ... , the minors of A, H, ... , respectively in y, analogous 
to the minors a, ft, ... , of the constituents of 12, establish the results 

_ 12 

= - , 

PlP2PzPt 


y 


ay 


2 


12 


PP\P'tP 3 Pi 

and obtain a geometrical interpretation of the concomitant 


, a a, 


Volumetric measures of curvature of a primary domain . 

368. When a geodesic in any domain touches a region €( 7 ?, q , r, £) = 0 in that 
domain, its direction- variables are subject to the two conditions 

^Ap' 2 = 1, 6iP , + e 2 7' + 6 3 r' + 6 4 <'=0; 

and the direction can be regarded as originating in the region. Among these 
regional directions, there are principal directions : that is, such as provide a 
maximum or a minimum among all the values of the circular curvature of the 
domainal geodesics ; and it has been proved (§ 293) that the critical equations 
for these principal directions in the region are 

u i__ 1 €_i 
— > 

P °c n 



552 


VOLUMETRIC- 


[CH. XXXI. 


where i— 1, 2, 3, 4, and 1/a is the torsion of the domainal geodesic. (This torsion 
vanishes for a direction that is principal to the domain, but not for a principal 
direction in a region of the domain.) 

When the domain is primary, its magnitudes A, are quantities of 

position, and not of direction. Let the magnitudes p\ </, r\ t\ 1 fcr, be eliminated 
from these four equations and from the condition erf)' + e 2 q' + e 3 r' + €^=0 ; then 
we have 


T A 

A — , 

P 

R-“, 

P 

5 -?. 

p 

^ 1 CL 

1 

*1 

B-*. 

P 

B- B , 

P 

- F 

F- 

P 

M- 

p 

*2 

0 p F 

(i , r , 

P P 

o-2, 

P 

p 

€ 3 

L~ L 

p 

a M 
M-- , 

P 

P 

B-P. 

p 

*4 


*2, 

e 3> 

*4> 

0 


The three roots of this eliminant equation are the three principal values. On using 
a, Ti, ... , to denote first minors of Y as a, ... , denote first minors of Q, and 
writing 





the eliminant assumes the form 



Moreover, for each of the three roots, the foregoing critical equations determine 
a unique set of values for p' : q : r ' : t', and the actual values of the direction- 
variables satisfy the condition ^Ap' 2 = I ; so that there are three principal 
regional directions for domainal circular curvature. 
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These three principal regional directions are at right angles to one another. 
Let p /, q/, r/, t/, be the direction of the domainal geodesic with the circular 
curvature l/c n for i— 1, 2, 3 ; then we have 


that is, 


and similarly 


2 «i°W= * 2> 1 ? v=0, 

C 1 a l € n 

C 1 

S ZptP 1 - ~ ZC d.p s 'pi—i). 

L 2 


For any general region, the quantities Cj, r 2 , r 3 , are unequal : hence 

i> 2 '=0; 

and, similarly, 

S Apip a '-0, A PiPa-O. 

The orthogonality of the directions is thus established. 

It follows also that there are three measures V l9 F 2 , F 3 , of circular curvature 
of domainal geodesics for directions in the orientation of any region. 


369. If, instead of assigning the equation of a region as the means of estimating 
a domainal orientation, we determine the orientation by volumetric variables 
P, Q, R, T, as in § 269, the three measures of circular curvature of domainal 
geodesics, which originate in that orientation, are 

v _^»p 2 

2 3 V a p*’ 

We have ^aP 2 = 1 when the variables are in canonical form; for the values 
of F 1 , U 2 , Fy, the ratios of the variables P are sufficient. 

When these magnitudes \\, F 2 , F 3 , are associated with a specific region € — 0, 
they are isolated quantities, certainly independent of directions touching the 
region ; but they are functions of position only, and their relation to the region is 
as intrinsic in quality as is their relation to the domain. When they are associated 
with the variables P, Q , P, 7 1 , in the domain, they become the measures of curvature 
for any arbitrarily assumed volumetric orientation ; as functions of the variables 
of that orientation, they acquire principal values, being the maximum or the 
minimum among all the values which arise from all admissible orientations. These 
principal values are obtained by making the magnitudes V l9 F 2 , F 3 , subject to the 
critical equations for maximum or minimum values as functions of P, Q, P, T ; 
but the principal values do not emerge simply when a parametric region is 
postulated as the origin of the magnitudes. 
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Accordingly, we take (as in § 269) any three non-complanar directions with 
direction- variables p t \ q t \ r/, t/, for i=l, 2, 3 ; and we regard them as leading 
lines for the determination of a volumetric orientation, with volumetric variables 
P, Q , P, T , defined by relations 


1>1, 


*1, 

h' 

Pz, 

9t> 

r,\ 

1* 


( h , 




As before, we have 


V a ^V 

B, F, M 


<Ji, f/, h' 


F, C, N 


?2 , r 2 » U 


M, N, D 


?3 5 , ^3 


'£A v i\ m Pl %' 

v ApiPz, V Apz'p;/ 

SApiW, y,Ap 3 '* 



1, 

C 12 , 

C 13 



1, 

C 23 


C 13j 

C 23> 

1 


where is the cosine of the angle between the directions determined by ij . (If 
it should happen that the three lines are orthogonal, © = 1 ; if they are not ortho- 
gonal, the canonical variables are P© Q@ * R© * T&~* ; the discrimination 
between the alternatives is unessential to the results.) 

Any direction p\ q\ r\ t\ lying in the volumetric orientation is such that 


for z=p, q, r, /, so that 


and therefore 


z' = Xzi+fiz 2 '+vz 9 \ 


V, 

?'» 



Pi, 

<h', r i, 


Pi, 

<]2, 


' 2 ' 

Pa, 




p'P + q'Q + r'R + t'T= 0. 


In order to find the principal values of the circular curvature of domainal geodesics 
originating in the specified volumetric orientation, we have to make 1/p, where 



a maximum or a minimum for values of the variables q\ r\ t\ which are subject 
to the two conditions 


£Ap'*=l, p'P+q'QWR+t'T=0. 

The critical equations are 

v^k^ + ^P, v 2 =ku 2 +£Q, v z =ku 3 + £R } v^kUi+^T, 
where k and £ are left undetermined in the construction of the equations. 
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Multiplying by p f , q', r', l', and adding, we have 

1 

-=k, 

P 

on account of the two conditions ; so that the equations are 

(i=l,2, 3,4), 

P 

where X l9 X 2 , X 3 , A r 4 , = P , (), i£, 2 T . When we eliminate p', q\ r', t\ between 
these four equations and the second condition, the eliminant is 


1- 

A 

j 

P 

b- h , 

P 

0 

G 

J 

P 

L--, 

P 

P 

=0, 

S- 

II 

> 

P 

B-*. 

p 

F 

F 

P 

„ M 

M > 

P 
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G- 

G 

J 

P 

- F 

F 

P 

C- 

a 

9 

P 

P 

R 


I- 

L 

P ’ 

a M 
M-- , 

P 

N' 

N 

P ’ 

B- n , 

P 

T 


j 

P, 

Q, 


R, 

T, 

0 



a cubic equation which, when the determinant is expanded, acquires the form 

a/ J2 + i V aP 2 - S «^ 2 =0, 

with the former significance for coefficients of the type a, a, a. 

Manifestly, there are three principal values ; and the simple symmetric 
functions V v V 2 , V 9 , of these principal values, in the forms 

y y = Z dP2 

1 v>p*’ 2 £«**■’ 3 ZC aF1 ’ 

are three volumetric measures of circular curvature of domainal geodesics 
originating in the volumetric orientation specified by the orientation-variables 
P, Q , R, T. As these measures V l9 V 2 , V 3 , involve only the ratios P : Q : R : T 
of the orientation- variables, the relation V) aP 2 = 0 does not affect the values 
of the measures. 

But the critical equations 

v t --u t =(;X £ 

P 

also determine the ratios (and, with J]Ap' 2 = 1, determine the values) of the set 
of direction- variables to be associated with a principal value of p ; and thus there 
are three principal directions in any volumetric orientation. As in § 368, these 
three principal directions are orthogonal to one another. 
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The value of £ is determinable as before. Because 


V>P 2 =<9, 

and the quantities X, are the orientation-variables P, we have 





Q 

o ’ 
< 7 “ 


where l/cr is the torsion of the domainal geodesic in the direction j/, q\ r\ t ' ; 
and thus the critical equations are the four of the type 


1 

li p Uy ~ [&) J’ 


the equations referring to the principal directions in the volumetric orientation. 


Ex. Shew that when the primary domain is referred to its own four curves of 
curvature as parametric curves, the equation for the principal circular curvatures 
in the volumetric orientation P, Q , R, T, is 


P 2 


A - 


A 

P 


+ 




=r(). 


370. It thus appears that, for any volumetric orientation in a primary 
domain, there are three distinct measures of circular curvature of the domain, 
each of the measures being a homogeneous function (of order zero) of the variables 
of the orientation. They have been constructed from the circular curvatures of 
domainal geodesics originating in the orientation. But the results are independent 
of all such geodesics ; they constitute volumetric measures of domainal curvature 
in any orientation, and they are dependent solely upon the orientation. 

Each of these three volumetric; measures Fj, F 2 , F 3 , acquires a range of values 
when all the possible volumetric orientations in the domain are taken into account. 
Thus each of them, by itself, has its own principal values — that is, the values 
which are a maximum or a minimum within its own range ; it will appear that, 
for the primary domain, these principal values are compounded of the principal 
values of the circular curvature of domainal geodesics. Corresponding to each 
principal value, there are principal volumetric orientations ; it appears that these 
principal orientations have, as their leading lines, appropriate sets of the principal 
directions of the circular curvature of domainal geodesics. 

The three measures will be considered briefly, in succession. 

I. The general value of the measure F 3 is 

* 
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Hence, by the customary analysis for the determination of the maximum and the 
minimum values of F 3 , we find that these principal values are the roots of the 
quartic equation 


d-aV 3 , 

K- hV 3 , 

g-gv 3 , 

i- iv. 

R-hV 3 , 

5 - bv 3 . 

I-fV 3 , 

m-mV 3 

g-gV 3 , 

/- fV,, 

c- cV 3 , 

n- nV 3 

1- iv 3 , 

m-mV 3 , 

n-nV. j, 

d- dV 3 


In this equation, when the determinant is expanded, the term independent of F 3 

= | dhcd \ — Y 3 ; 

the coefficient of - F 3 

=s(4)i»«i 

= F 2 V a A - Y 2 E V 


where E l is the invariant from § 367 ; the coefficient of F 3 2 


-s(«b) , hwi 

=aY(ZAK™ s )=OYE,. 

with the same source for E 2 ; the coefficient of F 3 4 

= | abed | =f2 3 ; 

and the coefficient of - F 3 3 

=Q 2 ^aA=Q 2 E. t . 

Consequently the equation, giving the principal values of the measure F 3 is 
Y 3 - Y 2 E 1 V 3 + YQE 3 V. 2 ~Q 2 E :i V s 3 + Q 3 F 3 4 = 0. 

Having regard to the equation for the principal values of the circular curvature of 
domainal geodesics on p. 550, we see at once that the principal values of F 3 are 

J_ _1 J 1 

P2 P’6 P\ PllPiPl P*Plp2 P 1 P 2 P 2 

that is, the principal values of F 3 are compounded of the principal values of the 
circular curvature of the domainal geodesics. 


II. The general value of the measure F 2 is 


VoP2 
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and the equation, which determines the principal values of V 2 among all the 
values arising from the variety of orientations, is similarly found to be the quartic 
equation 


a-aFj, 

£- hV 2 , 

t -gV», 

1 - IV t 


6- bV 2 , 

f -fV 2> 

m - mV 2 


f- fV 2 , 

c-cV 2 , 

ii- nV 2 

i- rv 2 , 

m -mV 2 , 

n - nV 2 , 

i- dV 2 


The coefficient of V 2 in this quartic equation 

-~| abed. | =Q Z . 

The coefficients of the other terms can be evaluated by using the forms connected 
with the reference of the whole domain to its curves of circular curvature as the 
parametric curves, as on p. 551. For these forms, the preceding invariantive 
equation becomes 

(a„ — a 0 V 2 ) (6 0 — b Q V 2 ) (c 0 — c 0 \ 2 ) (d 0 — d 0 V 2 ) = 0. 

The roots of the equation in this form are of the type 

F 2 = a ° 

a o 

(b 0 c 0 B„+c 0 d 0 b 0 +i) 0 B 0 c 0 ) 

= po P0D0B0B0 Co 

-ColC D 0 B 0 ^B 0 C 0 
__1 , 1 , 1 
P 3 P 4 P 4 P 2 P 2 P 3 

Thus the roots of the general quartic equation are the four quantities of this type, 
obtained by taking the like combinations of the roots p l? p 2 , p 3 , p 4 , of the equation 

\q- \e 1+ \e 2 -' e 2 +y= 0, 

p p p p 

which give the principal values of the circular curvature of domainal geodesics. 
Denoting the four roots of this quartic in 1/p by a, y8, y, S, we take a quantity 

£ = yS + S/?4-/3y, 

which can have four values arising out of the various combinations of the four 
roots a, /3, y, 8 ; and the quartic equation satisfied by £ is 

4 - 2 Q 2 E 2 ? + Q {E 2 + E, E 3 + 2 QY) £ 2 
- (QE 3 2 + E x E 2 E 3 +2QE 2 Y- E 2 Y)£ + {E 2 E 3 2 -E x E 3 Y+QY 2 )^0. 

Consequently, when we take £=V 2 , we have the quartic equation giving the 
principal values of V 2 ; and the roots of this equation are known in terms of the 
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roots of the equation for the principal values of the circular curvature of domainal 
geodesics : or the principal values of V 2 are compounded of the principal values 
of these circular curvatures. 

Moreover, as the expressed values of invariantive forms, we have the results : 

and therefore 

£ a,A=2E 2 ; 

also 

£ {(a |-) 2 | abed +B 1 B,+2i)Y), 

| a6c<3 | =£ 2 E s •-E l B a Y+ay, 

I I } = QE * + E i e 2 e* +2QE 2 y- e? y. 

III. The general value of the measure V l is 


S'* qP2 
-• 

1 Va/*’ 


and the quartic equation, which determines the principal values of V x among all 
its possible values, is found to be 


a -aY 1 , 

h- 

AF lf 


1- 

=0, 

h -hV lt 

b- 

6F lf 

*-/r„ 

m - ml’, 


i-ffVi, 

f- 

/Fi, 

c-oF lt 

n- /tF, 


1 - iv lf 

m - 

mFi, 

n-«F x , 

d- dV l 



where the term involving V { * is Q 3 V X A . 

In the same way as for the quartic equation which determines the principal 
values of F 2 , we determine the explicit forms of the coefficients of this equation in 
terms of the invariants Y , E 2 , E Xl by means of the canonical forms occurring 
when the whole domain is referred to its curves of curvature. The quartic 
equation then becomes 

(a 0 - tf 0 Fj)(b 0 - 6 0 F|) (c 0 - c 0 l\) (d 0 - rf 0 F.) =0 ; 
and, in this form, its four roots are of the type 


(T 0 

— if pi) (B 0 C 0 D 0 + C 0 D 0 B 0 + D 0 B 0 C 0 ) 

= s 0 c 0 A, 

B„C»D 0 

1 1 1 

— 1 1 , 

P 2 P 3 Pa 
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Thus the roots of the quartic equation for V u in its unspecialised form, are the 
four quantities of this type constructed from the roots of the equation 


^- 1 ^ 1 +- 2 ^ 2 - 1 ^3+y=o ) 

ft 4 


which determines the principal circular curvatures of the domainal geodesics. 

As before, we denote the four roots of this equation by a, j8, y, 8 ; and we 
use a (four-valued) magnitude 77 defined by the relation 


r} = /3 + y±8. 


The quartic equation satisfied by 77 is 


flV - 3i2 2 £ 1 77 3 + Q (3 E 2 + QE 2 ) v 2 

- ( E x 3 + 2QE x E 2 - Q 2 E 3 ) 77 + (Q 2 Y- QE X E :i + E\ 2 E 2 ) = 0. 


Consequently, when we take 77— T 7 1? we have the explicit form of the quartic 
equation which determines the principal values of V x ; and the roots of this 
equation are known in terms of the roots of the equation for the principal values 
of the circular curvature of the domainal geodesics : or the principal values of 
are compounded of the principal values of these circular curvatures. 

Moreover, we have the following values of the invariantive coefficients in the 
equation : 

S{( a A)|«6ri|}=3M lf 

and therefore 

V>l = 3/? i; 

also 

^ {( a I l)' 1 ubal 1 1 QE & 

| abed \=Q 2 Y- QE X E 2 f- E X *E 2 , 

V | ( a 1 abed | |=/i\ 3 + 2QE l E 2 -Q*E,. 


IV. The principal orientations, for each of the three measures V l9 F 2 , F 3 , of 
domainal curvature in volumetric orientation, are compounded from the different 
sets of three directions, which can be selected from the four directions of curves 
of circular curvature of the domain. 

The result follows at once when the whole domain is referred to its curves of 
circular curvature as parametric curves. For each of the three principal measures 
of volumetric curvature of the domain, the principal orientations are seen to be 
the four of the type 


Q, R , T , =0 ; P^O : 
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that is, as 

P, Q, R ; T , = y/, y/, r/, , 

P2 J 7 2 > ^2) ^2 

7^3 5 > *3 » ^3 

in general, we have, for the particular reference of the selected orientation, 
P,Q,R,T,= 0, 1, 0, 0 . 

0, 0, 1, 0 

0, 0, 0, 1 

Thus the principal volumetric orientations of a primary domain are compounded 
by taking, as their leading lines, the sets of three out of the four directions of curves 
of circular curvature of domainal geodesics. 

Superficial measures of curvature of a primary domain . 

371. When we consider the aggregate of domainal geodesics, which originate 
in a superficial orientation with surface- variables .s 12 , .v 23 , s 31 , .s* 14 , .v 24 , s 34 , that are 
subject to the relation 

S 23 ,<? 14 + ,S *31 5 24 + ,S 'l2 lS ‘34 ~ 

(or, what is the same thing, the domainal geodesics which touch a surface given 
as the intersection of two regions e=0, co — 0, the orientation- variables then being 
expressible in terms of parametric derivatives of e and co, as in §270), the 
direction-variables p\ q\ r', t', of such geodesics are subject to the conditions 

\^Ap' 2 =], p's- i9 +q's 31 1- r'«j2=(), /s 2 4+?'s 41 +<'*i2= 0 > 
where we retain only two independent relations out of the four interdependent 
relations of § 272. 

Among these orientated directions, there are principal directions : that is, 
such as provide a maximum or a minimum among all the values of the circular 
curvature of domainal geodesics for the admissible values of the direction- 
variables. Such directions are obtained by assigning the conditions for a 
maximum or a minimum value of 1/p ; the equations are 

v t — ku x + A s 2 s -f-/^24> 
v 2 — ku 2 q- A s 3l + p^* 41 , 

~KU S ~b Xs ^ 2 > 

V^KUt +/X$i 2 , 

where the quantities k , A, p, are left undetermined in the construction of the 
critical equations. The value of k is found at once, on multiplying the equations 
by y', q r , /, t f , respectively : adding : and using the conditions attaching to the 
variables : it is 

1 

K — — . 

P 


F.l.O. II. 


2n 
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Thus the four equations are 

(ff- ?) ,■+ ( 5 - ?) r' + ( I- i ) 

(n-?)p'+ ( b - ?) ,'+ (/- £)✓+ (m-^) t'=h n +fis tl , 

and there are also the two conditions 

$23 v ' + $31 ?' + $12 r' = 0 , $24 p' + $41?' + $12^' = ^ 

When the quantities^', q, /, A, /x, are eliminated determinantally, there results 
the equation 


z-i, 
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h- h , 

p 

g- g , 
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i-2, 
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,<( 23) 

■ S 24 

r- h ~, 
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B-*. 
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- F 
F- , 

P 
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M-- , 
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S 31> 

S < 41 

g- g , 

P 

- F 
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o-2, 

P 
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S 12> 

0 

i- L , 

P 

a M 

P 

S-Z. 

p 

D- D , 
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0 , 

« 12 

$23 5 

$31 9 

$12 9 

0 9 

0 , 

0 

$24 9 

$41 9 

0 , 

$12 9 

0 , 
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obviously a quadratic in 1 /p. In evaluating the determinant, the relation 
$23$i4 + $3i$24 + $i2$34 = 0 is use d, and an irrelevant factor s 12 2 can be removed. 
Let 

$0— {(AB - H 2 )s 12 2 }= ^ {(A ik Aji - AnAjk)s 9 jS k i}, 
S 1 ='Z{(AB- 2 I/ 3 +BA)s 12 2 }, 

“ {(AifrAji — A tl A Jk — Ay k A{i~\~ AjiA tk )s i3 s kl } 9 
S 2 = £ {(AB-H 2 )s l2 2 }= £ {(IvJLn-^Alwd, 

so that the quantities S 0 , S l9 S 2 , are surface-covariants of the whole system 
of concomitants of the domain ; then the foregoing quadratic equation becomes 

S.--Si+^S.=0. 

p p 

Thus there are two principal values of the circular curvature of domainal 
geodesics originating in any superficial orientation within the domain ; and, in 
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every such orientation, there are two principal directions of circular curvature. 
Let these two circular curvatures be denoted by l/p x and l/p 2 ; then there are 
two superficial measures, K, and H„ of domainal curvature belonging to any 
superficial orientation, and they are 

W _I 1 Si *_J__s 2 

Pi P 2 ^0 PlP2 ^0 

These two measures correspond to the two measures ( K and H, the “ specific ” 
curvature and the “ additive” curvature) of a Gaussian surface in triple 
homaloidal space. Of these two superficial measures, K a actually is the same as 
the sphericity (the Eiemann measure of curvature) of the domain estimated in 
the assigned orientation. 

Further, the two principal directions of circular curvature of domainal geodesics 
lying in the assigned orientation are at right angles to one another. Let the 
direction-variables of these leading directions be p /, q /, r/, $/, (with quantities 
k 19 X l9 fJL v for the critical equations, the value of /c x being l/p x ), and p 2 ', q 29 r 2i t 2 \ 
(with quantities k 2 , A 2 , p 2 , for the critical equations, the value of k 2 being l//> 2 ). 
On multiplying the four critical 1 equations for the direction p/, q t \ r{ 9 t^, by 
p 2 , q 2 , r 2 , t 2) respectively, and adding the products, we have 

2 (ZpiPt) - jf- ( 2 a pip*) 

Pi 

— ^1 ( 5 23j Pi + S 2l9.2 + A ‘l2 r 2 ) + P'1 ($24^2 + S 41?2 + S 12*'2 ) = ® *> 

and similarly, on multiplying the four critical equations for the direction 
j? 2 ', q 2 , r 2 , t 2 , by p /, qi, r x ' 9 t x ' , respectively, and adding the products, we have 

(AP2 Vi A Pi V2 ) 

P 2 ♦ 

= K(**Pi + 5 3i?i' + Wi) +P 2 (*uPi + s *i ( h' + s i2h') =0. 

We assume that the orientation is arbitrarily selected, so that p x and p 2 are 
unequal ; then the two relations require the conditions 

ApiPt = °> S A Vip2 = 0 , 

the second of which shews that the two leading directions in the assigned orienta- 
tion are at right angles to one another. 

Ex . 1. Verify that each of the magnitudes S 0 , S v S 2 , satisfies the two partial 
differential equations 

d 2 S d 2 S d 2 S A 

05 2 3 ^14 ^31 ^24 ^12 ^34 

+M. a «. 0 

ds 22 ds u 3*24 ^ 5 12 ^34 
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Ex. 2. Shew that the quantities 

(§)*}. 

s {«-*>(£)*}. 

are concomitants of the whole system of the domain ; and obtain their values. 


372. These two measures of superficial curvatures are functions of position in 
the domain and of the orientation- variables s H ; and therefore, like the circular 
curvature of geodesics as a function of direction- variables, and like the volumetric 
curvatures as functions of the regional variables, they also have principal values : 
that is, values which are a maximum or a minimum among those arising when all 
the possible superficial orientations are taken into consideration. 

Proceeding as in § 313, we find that the critical equations for the principal 
values of H s are the set 


ds ti * ds tj U> 


for the six combinations ij~ 23, 31, 12, 14, 24, 34. These equations are linear 
and homogeneous in the six linearly independent orientation- variables s i} ; and 
when these variables are eliminated, there results a sextic equation in H s . Thus 
there are six principal values for H s ; and also there are six principal orientations 
for that measure of superficial curvature of the domain. 

Similarly, the critical equations for the principal values of K s are the set 


dS, 





= 0 , 


for the same six combinations ij . The principal values of K 8 , thus determinable, 
are six in number, being the roots of another sextic equation ; and associated 
with each such principal value, there is a principal superficial orientation. 

The forms of the sextic equations are derivable immediately from the respective 
sets of critical equations ; the discussion of their roots is simplified by referring 
the primary domain to its curves of circular curvature as the parametric curves. 
When this reference is effected, and when the orientation-variables of the super- 
ficial orientation continue to be denoted by s ij9 we find 


Sq= A 0 B q s i 2 2 -f C 0 A 0 s 31 2 + B 0 CqS 2 a 2 + AqDqSu 2 + B 0 D 0 s + CqDqSs 2 , 
$i= (A 3 Bq + -B 0 ^o) 5 i 2 2 + + A 0 C 0 )s 31 2 + {B 0 C 0 + CqBq)s 23 2 

+ (@qDq+ DqCq)s 3 4 2 + (BqDq+ D 3 B^)s 2 2 + (AqDq-\- DqAq)8h 2 9 
^2 ==: AqBqS^ ^0^0^31 2 4" BqCqS^ 2 4" AqDqS ± 2 4* BqDqS 4" OqDqS 3 ^ 2 * 
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I. Consider the principal values of K 8 ; they are given, together with the 
ratios of the variables of the associated principal superficial orientations, by the 
six equations 



that is, by the six equations 


^ 0 -® 0 ^ 12 ~ ^ 0 ^ 0^14 = 0 ^ 0^14 

^0^0^31 = K s (7q^4q5 31 , = 1£ 8 Bq Z)q^24 - . 

-®0^0^23 == ^8^-0^0 S 23 ) CqDqS<m — K a C 0 D 0 s 3A J 


Not all the quantities can vanish ; but their simultaneous values are subject 
to the relation 

^23^14 "t ^31^*24 "b ^12^34 = 


In the first place, let s 12 be distinct from zero ; then 

A 0 B 0 =K S A 0 B 0 , 


that is, 


__ A 0 Bq I 

^0 B 0 P 1 P 2 

where and p 2 are principal radii of circular curvature of domainal geodesics. 
With this value of K Si an equation 

^ 0 ^ 0 ^ 31 “ ^ 0 ^ 0^31 


becomes 


s 31 — -K,s 31 , 

P 2 P 1 


which, on the hypothesis that the principal radii of circular curvature are unequal, 
(that is, a hypothesis of unconditioned generality for the domain), can be satisfied 
only by 

S 3 1 = 0. 


Similarly, for this value of K s , all the other equations can be satisfied only if 


5 23““0> $14~~0> S 2 4 — $ 3 4 — 0. 

When the sets of values of the variables s are thus known, and note is taken of 
their definitions as given in § 272, we see that the two parametric curves 
variable, q, r, £= constants; and q— variable, p , r, t , = constants; that is, 
the directions of the two curves of curvature, corresponding to p x and p 2 , are 
the guiding lines of the superficial orientation. We thus have a principal value 
of K s given as the product 

1 

P 1 P 2 

of two principal circular curvatures of domainal geodesics, and the corresponding 
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principal orientation is compounded of the curves of curvature appertaining to 
those principal circular curvatures. 

Similarly for each of the other possibilities from the critical equations. The 
final inference is that the six principal values of the superficial measure K s are 
the products of the six several pairs of principal curvatures of domainal geodesics 

111111 
P2P3 PiPi P1P2 P1P1 P2P1 P3P1 

and that the principal orientation, appertaining to a principal measure K s , is 
compounded of the directions of the two curves of curvature appertaining to those 
circular curvatures of which the measure K s is the product. 

II. When the measure H, is similarly discussed, the final inference is that its 
six principal values are the sums of the six several pairs of principal curvatures of 
domainal geodesic 

11 11 11 11 11 11 

I — — I — — I — — | — — _ — I — 

P 2 P -3 p 3 Pi Pi Pi Pi Pi Pi Pi P 3 Pi 

and that the principal orientation, appertaining to a principal value of the measure, 
is compounded of the directions of the two curves of curvature appertaining to 
those principal circular curves of which that value is the sum. 

To obtain the developed expressions of the equations (in their general form) 
for K s and H„ we proceed as follows. When the roots of the quartic equation 

a 0 a p 4 - a 2 x 3 + a 2 x 2 - a z x + a 4 = 0 

are denoted by a, /?, y, 8, and when £ and £ denote the six- valued quantities 

£:=<x£, £ = a + /?, 

then £ is a root of the sextic equation 

a 0 T - a 0 2 a 2 t; 5 + ~ «o 2 « 4 )£ 4 

- (a 0 a 3 2 + a x 2 a 4 - 2a 0 a 2 a A ) £ 3 + (a x a 3 a 4 - a 0 a 4 2 ) £ 2 - a 2 a 4 2 | + a 4 3 = 0, 

and £ is a root of the sextic equation 

«o 3 £ 6 ~ 3a 0 2 «i £ 5 4- (2a Q 2 a 2 + Za Q a x 2 ) £ 4 - (4 a 0 a x a 2 + a x 3 ) £ 3 

+ (a 0 a x a 3 + «o a 2 2 + 2a x 2 a 2 - 4a 0 2 a 4 ) £ 2 - (« a x a 2 2 + a x 2 a 3 - 4a 0 a 1 a 4 ) £ 

+ (a x a 2 a 3 - a 3 2 - a x 2 a 4 ) = 0. 

The principal values of K 8 are given by the ^-equation, those of H g by the 
£-equation. 

As regards the equation for the principal values of K s , where 

{(AikAji* AnA ik )$ij$ kl } 
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we use a symbol [. PQ , RS J according to the definition 

[PQ, RS ] — PQ - RS- K, (PQ - RS), 

where P, Q , R, S , are any four of the quantities A, B , C, X, P, 6?, X, X, M , 2V, 
and similarly for Z 5 , Q, £ ; and then the equation for the principal values for 
K s is 

[AB,HH], [GH, API [ IIP , ZK7], r.lM,XX], [HM, BL], \GM , PX] -0, 

4P], [G4, Gff], [PG, GY/], [ GL,AN], [ FL, HN ], [OX, 02V] 

[//P, 56?], [P6?, CX], [SC, PP], [X2V, 6?2kf], [X2V, PJf], [P2V, CM] 

[AM, HL ], [6?X, ^4 A 7 ], [X2V, 02IZ], [4X, XXJ, [XX, X2If], [OX, X2V] 

[#M, SX], [PX, X2VJ, [J32V,PM], [ HD,LM ], [ XX, MM], [PX, MN] 

[( GM , PX], rCX, 02VJ, [P2V,021f], [ OX, X2V], [PX, 2Y2V], [OX, 2V2V] 

and its developed form, expressed in terms of the measures of circular curvature 
of the domainal geodesics E x , E 2 , P 3 , Y , is 

£ 3 K/ - 73 2 P,K S 6 -i- (QE X E 3 - .Q 2 lOK, 4 

- (£P 3 2 +5^7- 2QE 2 Y)K* + (E X E 3 Y- QY*)K* - P 2 7 2 K, + 7 3 = 0. 

The equation for the principal values for H s is the same formal determinantal 
equation as for K s , when the symbol [PQ, RS] is defined by the relation 

[PQ, RS] - PQ - RS - SR + QP - H, (PQ - RS ) ; 

its developed form, expressed in terms of the measures of circular curvature of 
the domainal geodesics E x , E 2 , P 3 , Y, is 

•Q 3 H S 6 - 3i2 2 P 1 H/+ (2Q 2 E 2 + - (iQE x E 2 + Pi 3 )H., 3 

+ (QE X E 3 + QE 2 * + 2E 1 2 E 2 - M 2 Y)H 2 - ( E X E 2 2 + E 2 E 3 - WE X Y) H s 

+ (p 1 p 2 p 3 -pp 3 2 -p 1 2 r)-(). 

Also, a comparison of the two forms of each equation leads to the explicit 
evaluation of invariantive combinations of the two sets of quantities A, 

A, //, ... , in terms of the curvature invariants E x , E 2 , E s , Y, of the domain. 

373. When a domain is primary, so that the plenary homaloidal space is 
quintuple, there are only four kinds of curvature to which any curve in the 
domain is subject ; they are the circular curvature, the torsion, the tilt, and the 
coil. Hence, for domainal geodesics in particular, the curvatures of higher grade 
do not exist : that is, a measure of such a curvature is zero. 

In § 294, the relation 

£i\ _ Vi> V*> V* 

C7 2 rp 6 Mj.- u 2 , u 3 , U 4 

Vi, V 2 , v 3 , v 4 

Wi, w 2 , w s , w 4 
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has been obtained, as typical of the direction-cosines of the fifth normal of a 
domainal geodesic and the fifth curvature of the geodesic, when the domain exists 
in any plenary homaloidal space. Accordingly, should the domain be primary, 
the expression should then provide a zero value for l/p 6 , the typical direction- 
cosine then having no significance. For a primary domain, we have 

v»= Vu - Vi r,j - - y*®,, - y 

for all the combinations i 9 j, —1,2, 3, 4 ; and therefore 

= z ‘ Vn V + W/' + Vts r ' + W' 

1 (A n p' -f A i2 (/ 4- A iz r' f A /4 t') = Yv t , 

for all the values of i. When these values of the quantities 77 are inserted, the 
determinant vanishes, for all the different magnitudes / 6 . As these magnitudes do 
not simultaneously vanish because ^J / 6 2 — 1 , it follows that l/p 6 must vanish, 
the torsion and the tilt not being zero. Thus the necessary requirement is 
satisfied. 

It may be added that all the quantities of § 295 vanish for a primary domain 
because all the magnitudes denoted by ni u vanish ; and therefore, as required, the 
expression for I/p 5 on p. 343 vanishes for a primary domain. 

Centres of circular curvature and of flexure . 

374. It has already (§ 255) been proved that the locus of the centre of circular 
curvature of geodesics of a region existing in a plenary quintuple space is a 
lemniscate curve which lies in the plane orthogonal to the region. 

In connection with this result, it is proper to consider various loci connected 
with centres of curvature and centres of flexure which appertain to regions 
and to surfaces in a primary domain. For this purpose we take geodesics, which 
have a common tangent and belong respectively to a domain, to a region in the 
domain, and to a surface in the domain : the surface being postulated analytically 
as the intersection of two regions in the domain. It is not necessary to give further 
consideration to parametric curves in the domain when it is primary ; for the 
investigation of §255 is concerned with the quintuple homaloid (that is, with a 
plenary space for a primary domain) of which the five leading lines are the tangent 
to the curve, the three domainal normals to the three regions intersecting in the 
curve, and the normal to the domain. 

Accordingly, let two general domainal regions be given by the parametric 
equations e(p, q, r, £)= 0 , u)(p, q, r,t) = 0 , as in §340. Their intersection is a 
domainal surface. Through any point 0 on this surface, let a superficial geodesic 
be draw r n ; its tangent touches the e-region, the co-region, and the domain. Let 
the geodesics in the e-region, the co-region, and the domain, respectively, be drawn 
having this direction for their tangent. When the domainal normals to the 
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c-region and the w-region are drawn, and also the prime normal to the domainal 
geodesic (which is the normal to the domain), we have the construction represented 
in the diagram (§ 342), in which the flat OF'F^Y is orthogonal to the tangent plane 
to the surface at 0, this plane not being indicated in the diagram. 

Now that the domain is restricted to be primary, the normal OY to the domain 
is the same for all geodesics through 0 ; that is, for the totality of superficial and 
other geodesics through 0, that normal can be regarded as a fixed line in the 
plenary space. Also when the e-region is a definite region in the domain (and not 
merely a member of the set a 0 e-f c 0 co=0, a X € + c^co^O, which by their intersection 
determine the surface), the domainal normal 0F e is a fixed line in the plenary 
space ; and, when the co-region is similarly regarded, the domainal normal OF „ is 
also a fixed line in that space, while OY is at right angles to the plane FfiF^ 
which is the domainal plane orthogonal to the surface. We thus have three 
non-complanar directions OY , 0F e , OF w , invariable for all directions through 0 
on the surface : they are convenient leading lines for the flat orthogonal to the 


du dv 

surface, and their typical direction-cosines Y, ^ , do not involve any direction- 


variables of a superficial geodesic. But the lengths of the lines OY , 0F € , 0F W , 
vary from one geodesic direction to another geodesic direction, for they respec- 
tively denote the radius of circular curvature of the domainal geodesic, the radius 
of domainal flexure of the geodesic in the e-region, and the radius of domainal 
flexure of the geodesic in the co-region. 

The centres of domainal flexure for a geodesic in the e-region, for a geodesic in 
the co-region, and for a geodesic on the surface S which is the intersection of the 
regions, are F a F„, F 0 , respectively. The locus of F e is the portion of the line 
OF € , limited by the principal centres of domainal flexure of the e-region in the 
orientation of the surface S. Similarly the locus of F M is the portion of the line 
OF wi limited by the principal centres of domainal flexure of the co-region in 
the same orientation. And it has been proved (§ 365) that the locus of F 0 is a 
lemniscate curve in the plane F^OF^ orthogonal to the surface and lying 
in the tangent block of the domain. 

The centres of circular curvature for the four geodesics are : F, for the domainal 
geodesic ; C c , the foot of the perpendicular from 0 on YF € , for the geodesic in 
the ^-region ; 0 W , the foot of the perpendicular from O on YF for the geodesic 
in the co-region ; and C 0 , the foot of the perpendicular from 0 on YF 0 , for the 
geodesic on the surface S. 

The locus of Y consists of limited portions of the line OF, lying within the 
ranges between the centres of principal circular curvature of the primary domain : 
it is not a proper locus in the customary sense of the word, because every point 
on one of the portions is a centre of circular curvature for an unlimited number 
of domainal geodesics. The locus of C € is a lemniscate curve in the plane Y0F € ; 
and, similarly, the locus of C w is a lemniscate curve in the plane YOF 
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Also, we know (§141) that the locus of the centre of circular curvature of 
concurrent geodesics on a surface, existing in a plenary space of more than four 
dimensions, is a twisted quartic in a flat orthogonal to the surface. In the 
present instance, when the plenary homaloidal space for S is five-dimensional, 
this spatial flat orthogonal to the surface is the flat OF^F^Y ; and accordingly 
the locus of C 0 is a twisted quartic in the flat OF € F (0 Y. 

These scattered results for circular curvatures can be established together, in 
relation to the flat, by means of the same set of formulae when the domain is 
primary. Let the typical space-coordinates of C € , C Y W , C 0 , be y €i y y 0 , respectively, 
so that 

y<-y= Y C P" y al -y= Y u p a , y 0 -y= Y oPo , 

where 

Y. = i’ + I dy 

P< P y e dn’ 

La = I + l_ d l 

po> P Vcodv’ 

Y 0 _Y l _Y dy dy 

Po P y p an dv 

With the notation of §§ 342, 345, we can take 

= Vll U) p'i + 2ij u W p’q' + ij 22 <‘> q' 2 , 

*-=vn <-y*+2 + w“V*. 

Poj 

where 

^ ~ [*>] ~ h E " dl ^=lVnl ~ ~ O u | 

W €) = bl.l -~ Eu fa ■’ W w) = hi2 ] -^12§ 

~ ~ ^22 fo«J ~ ~ ^22 

also, 

Y n °=vnP' 2 + Zvup'q' + vn q' 2 , 

Po 

where (§ 345) 

^U=hll] + fll> ^?X2 = L 7 7l2] '^22 === [ 7 ?22] + ^22* 

For the representation of coordinates in the flat, we take the direction OF € to 
be the axis of a variable z l9 the direction OF m to be the axis of a variable z 2 , and 
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the direction OY to be the axis of a variable z, the last axis being perpendicular 
to the plane z 1 0z 2 through the other two, and the angle z x Oz 2 being denoted 
by l as before. Then for any current point in the flat, with a typical space-variable 
y 9 we have coordinates z l9 z 2f z , referred to these axes, with the definitions 

'Zfiy-y) ^} =2 i +2 2 cost > 2{(£-y)j|;}= z 2 +2 i cost > '£{(y-y) Y )= z - 


375. I. We begin with the locus of C € . For that locus, we have 

y - — = -= W 2 + wy V + WV- 


Pc P< 


and similarly 


hence 


2 rW°= X O' M - {S r 


^y Vi ^=h 0 , 2rW e) =*o; 


5 z=A 0 p' 2 + 2H 0 p'q' + 5 0 ?' 2 . 


Again, 


^ dn ^ 11 ^ U J e n u \^wJ J € n 11 ’ 




and similarly 




Consequently 


i (Zi + z 2 cos t) = - - - (Enp' 2 + 2E 12 p'q' + £ 22 ?' 2 ), 

/V e n 

— (z 2 cos i + z 2 ) = - — (E n p' 2 + 2 E 12 p'q' + E 22 q' 2 ) cos t ; 

P* € n 


and therefore 


*2=0, %= - ~ (E u p' 2 +2E 12 p'q' + E i2 q'*). 


Pc € w 


Moreover, we have 


P 2 =z 2 +z 2 



572 


LOCI OF 


[CH. XXXI. 


Thus the equations for the locus are 

-=A oP '* + 2H oP 'q' + B 0 q'*, 

PS 

\= --(E nP '*+2E l #'q'+E 22 q'*), Z 2 =(), 

PS 

while, always, 

l = A 0 p' 2 + 2H 0 p'q' + B 0 q' 2 . 

As z 2 =0, the locus lies in the plane F € OY , that is, in the plane z v ()z. To obtain 
the equation of the plane locus, we eliminate p' and q' between these equations ; 
and we obtain this eliminant in the form 


z, H 0 , B 0 


z, ^1 0 , // 0 

— 

z, ^4 0 , 

— € n z l , E 12 , E 22 


— A 11 , E 12 


~~ € n*l> Eh ’ ^22 

* + //o, 


z - -(- Zj 2 , ^4 0 , 


^2 i <■* 2 J W 

Z f- X> 0 


The plane curve, thus represented, is a lemniscatc curve having a double point 
(real or imaginary) at 0, an equivalent form of the equation being 

( z 2 f-Zj 2 ) 2 -}- ^(zH ^ 2 )4 -w 2 =0, 

where u x is of the form c and u 2 of the form a 2 z 2 -\-2fi 2 zz X '\ y 2 z x 2 . 

II. In the same way, we find the locus of to be a curve in the plane F^OY, 
that is, in the plane z 2 0z , the value of z x being zero ; and the equation of the locus 
in that plane is the foregoing equation when we substitute z 2 for z x , co v for e n , 
and Q n , f? 12 , Q 22 , for E xx , E X2 , E 22 , respectively. 

III. For the locus of C f 0 , the centre of circular curvature of the superficial 
geodesic, we have 

y»zl r 0 r Hy <iy 

Po 2 Po p 9( dn 9 “dv- 

Then 

~= ^ S( y (yo-y)} S=A oP '* + 2H oP 'q' + B 0 q'* ; 

Po Po P 

^ < -'' + 2 > co »‘) = (> ‘iS{|(».-!rt}=9.+J.co 8l 

_ 1 = - 4 a£ la j.' ’q' + E„q“)-, 

Ye € n 

008 * ■ + z i) = ^ S { J (.Vo - v)j =9, cos i + g m 

— ~ = {®uP 2 P 2£2 12P q 4- Q 22 q 2 ) ; 

y<o 
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p 0 2 =z 2 + z x 2 4- 2 z x z 2 cos l + z 2 2 , 

and, always, 

1 = AqJ)' 2 4- 2II 0 p'q' 4- B 0 q' 2 . 

Thus there are four equations involving p' and q ', together with the coordinates 
of a point on the locus ; consequently, the eliminant must consist of a couple of 
relations between these coordinates, and the locus is a skew curve in the flat. 

One of these relations can be obtained as the determinantal eliminant of 
p ' 2 , p'q ', q' 2 , from the four equations, in a form 

z , -*4q , H q , JBq 

-€n ( Z l + Z 2 COSt), E u , E 12 , E 22 

— COS L 4- z 2 ), <^ 11 , ^ 12 ? *^22 

P 0 2 > -®0 

which, because of the value of p 0 2 , represents a sphere in the flat passing through 
the initial origin 0 of reference. 

Further, resolving the first three of the four equations to obtain the values of 
p' 2 , 2 p'q', q' 2 , and again eliminating, we find 

4 z , tf 0 , Eq z , A o, ffo 

“ € w(-l 4-c 2 cos t), E 12 , E 22 -€ n (z 1 + z 2 cost), f n , i?i 2 

-^(qcoscH-^), £? 12 , .Q 22 -a^focosH^), -Q n , .Q 12 
2 : , Z 0 , 5 0 2 , 

-e 7l ( 2 : 1 4-^ 2 cost), f n , S 2a 

— (^i COS t + 2 ^ 2 ), *^n 5 *^22 

which represents a quadric cone in the flat, with its vertex at the initial origin 0 
of reference. 

The required locus of the centre of circular curvature of the superficial geodesics 
through 0 is the intersection of the sphere and this quadric cone : that is, the 
locus is a twisted quartic in the flat. 

Ex. Verify that the flat-coordinates of the centre of circular curvature of a 
superficial geodesic can be expressed, in terms of the magnitudes of the domain 
and of the two regions, by the equations 

J__ 1 1 _i 1 ) L_ 

pz “ y € (z x 4 Z 2 cos 1 ) y w (z 2 4 Z x cos tj p 2 V y 2 y € y w y 2 > sin 2 t * 

As before (§ 143), we can associate the curves of circular curvature on the 
surface (that is, the directions of principal circular curvature at 0) with this locus ; 
for the radius vector from 0 to any point of the locus is the radius of circular 
curvature of the geodesic in the corresponding direction on the surface, and 
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therefore a principal direction on the surface is to be associated with a radius 
vector which is also a normal to the curve. 

These normals from 0 to the locus may be determined as follows. We 
introduce variables t, ty, t 2 , by the definitions 


(= 

Z 

H 0 , 

Bo 

, t 2 


2; 

> 


Ho 


-€ n (Zy + Z 2 COS t), 


E 22 


““ € n 

(z t + Z 2 COS l), 

#11, 

B n 


-<O v (Zy cos l + z 2 ), 

*^12 > 

Q 22 


~ (Op 

(Zy COS 

l + Zii), 

.Qii, 

Q 12 

1 1= 


z 

> 

^o> 


> 





(*1 + Z 

2 COS t), 

5i, 

A’ 22 






fcl COS t + Z 2 ), 


Aj2 





and we use V to denote the determinant 


Then 


A 0 , H 0 , B { 


*11 


Q , 


5 12 , a 


and 


H 0 t i+ B 0 t 2 , 

-e n V (Zy -fc 2 cos i) = E 11 t + E 12 t 1 + E 22 t 2 , 

- (OpV (Zy COS t + Z 2 ) = Qyyt 4- Q 12 ty + Q 22 t 2 , 

2 . 

/ 2 2 p'q' q ' 2 Po 5 

and the equations of the sphere and of the quadric cone, the intersection of which 
is the locus, become 

Vp 0 2 ~A 0 1 + H 0 ty + B 0 f 2 , ly 2 = 4 lt 2 . 

Let the flat-coordinates of the foot of a normal from 0 to the curve be denoted 
by z, Zy, z 2 , (with corresponding quantities l , t v t 2 ) ; and let the direction-variables 
of the tangent to the curve-locus be denoted by z\ Zy , z 2 ', (with corresponding 
quantities l\ ly, t 2 ) ; these direction- variables are given, as to their ratios, by 
the relations 

2ij'-iyty' + 2ii 2 ^(), 

l (A 0 t' 4- H 0 ty + B 0 t 2 ) = {zz+ (Zy + Z 2 COS l)Zy 4- (Zy cos t 4- z 2 )z 2 } V. 

The condition of normality, being the condition that the radius vector from 0 to 
the point z, z l9 z 2 , shall be at right angles to the tangent at that point with 
direction-variables z\ z{ , z 2 , is 

zz 4- (Zy 4- z 2 cos t) Zy 4- (z x cos 1 4- z 2 ) z 2 = 0, 
which, when we substitute for s', Zy, z 2 , in terms of t', ty, l 2 , becomes 

(l 0 z -A 1 ^ z 2 ) V + (h o z A ^ ^ z.) + (b o z - E “ z 2 - S? z.) i’= 0. 

\ €ji (O v J \ € n (Op J \ € n (O v ) 
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When the condition of normality is used, the two former equations for the ratios 
of t', if, if, become 

2f 2 f' - iff 4-2 ti 2 '=.o, 

In order that the three relations, linear and homogeneous in V , if, if, may coexist, 
the quantities z, z ly z 2 , with the associated quantities i, i A , i 2 , must satisfy the 
relation 


a z B n - = eyT j 

Al 0 Z Z x Z 2 , &l 2 , A.q 

€ n 0) v 

H ( ,z- E ^z 1 -^' 2 -z 2 , -f 1( //„ 

€ r , OJ v 


B„z - — 2i - ^“ 22 Z 2 , 2<, B 0 



This equation represents a quadric cone, having its vertex at the origin. We 
therefore infer that the directions of the prime normals of the superficial geodesics 
in the four principal directions on the surface (that is, at the four curves of curva- 
ture) are given by the four generators common to this quadric cone and the 
former quadric cone t L 2 =itt 2 , the cones having a common vertex; and the 
lengths of the four principal radii of curvature are the lengths of these generators, 
intercepted between the initial point 0 and the quartic curve which is the locus of 
the centres of circular curvature. The superficial direction-variables of the curves 
of curvature arc given by the equations 

J_ = _2' x = h 

P' 2 PV ( l' 2 ' 


Orthogonal centre of geodesics on a surface in a primary domain . 

376. It was proved (in § 142) that a surface in a plenary quintuple space 
possesses an orthogonal centre, defined as the ultimate intersection of the ortho- 
gonal flat at 0 with the orthogonal flats at points in the immediate vicinity of 0. 
(The point is a spatial orthogonal centre and is distinct, in significance and position, 
from the domainal orthogonal centre of § 363, when the surface is a domainal 
surface.) The five equations for the spatial orthogonal centre are : the pair 

^(y-y)yi=Q, V)(y-y)&=o. 

(the symbols y x and y 2 belonging to the parametric leading lines in the tangent 
plane of the surface), these two being the equations of the orthogonal flat at 0 : 
and the trio 


'£ l {(y-y)vi2}-= H o> '2 l i(y-y)y2 i)=B 0 , 
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(with the preceding notation), these three being equations derived in connection 
with the equations of orthogonal flats at points near 0. This orthogonal centre 
lies in the orthogonal flat of which the leading lines, as selected in § 342, have 

typical direction-cosines Y, ^ ; and therefore, for all the five coordinates, 
. an dv 

we can take 




Also we have 


r _ 1 = dy 1 ~ dy 

ViJ “ e n Eli dn ~ w v Q,i dv ’ 


for the combinations ij —11, 12, 22. 

Let £, £ 1? £ 2 be the flat-coordinates of the spatial orthogonal centre, so that 

Ci+ £2 cos i=^ ( ^{y-y)=-X+fi cost, 

£i<>osi + (y-y) = Xcosi+fj., 


and therefore 


Now 


#-»=« r+ f>s +£ 't 


Vvr„ i_ J Vy^-0 Vy^-n 


and therefore 

^Yrj n 

— ^0 > 

and similarly, 

5 **«=*• 


Again 

sgr„,j=.o, 

V <ly - [ 

so that 




S ’hi = ~ <*n + Su cos 0. 


and similarly for the like combinations. 
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Of the five equations for the orthogonal centre, the first two are satisfied 
unconditionally. When substitution of the quantities y-y, in terms of £, £ lt £ 2 , 
is made in the remaining three, we find 

&I 0 - — (£ i+£s cost)- — (£ x cost +£ 2 ) = .4 0 
CH 0 - ^ (U + U cos 0 - Q - (Cl cos «. + c 2 ) = H 0 ■ ■ 

€ n 

0 O - (Cl + C. cos 0 - - 22 (Cl COS t + c.) = Bo 

€ n CO v 

The equation of the sphere, which contains the quartic curve-locus of the centre 
of circular curvature of the superficial geodesic, is 

V (z 2 + z x 2 + 2z 1 z 2 cos i + z 2 2 ) = A 0 t + H 0 t l - J r B 0 t 2 ; 
and therefore the centre of that sphere is given by 


2 V 2<°)=^ 0 



tS 

4 - 

Ell, E 22 

+ B 0 

, ^12 


&12 > 

&22 


1^111 *^22 


*^ 11 > *^12 | 


that is, 

2 2 0 < 0) =£; 

and similarly 

2 z 2 <°>=£ 2 . 

Hence the spatial orthogonal centre of the superficial geodesic is the further 
extremity of the diameter, drawn through O, of the sphere on which lies the 
locus of the centre of circular curvature — in accordance with the result already 
(§ 142) established for a surface in a plenary quintuple homaloidal space. 


f.i.o. ii, 


2o 
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Geodesic Parallels in a Domain 


Levi-Civita 'parallels . 

377. Geodesic parallels in a general domain may be discussed in the same 
manner as those in a region. One aim, however, is the construction of closed 
figures of the type of a parallelogram or a parallelepiped (that is, figures bounded 
by geodesic edges which, when taken in opposite pairs, can be regarded as con- 
stituted by conventionally parallel pairs) ; and consequently the inferences from 
definitions, such as Levi-Ci vita’s, Severi’s, and others indicated in § 232, which 
do not lead to the construction of such closed figures, are not developed for 
domains in the same detail as for regions. 

As it is incumbent to conserve the primary fundamental conditions of paral- 
lelism (either explicitly or implicitly) which are common to all the modes, we begin 
with the Levi-Civita system, as having been the earliest to be formulated. 

At a point 0 of a domain, let two domainal geodesics OA and OB be 
drawn : the geodesic OA , with an element ds x of arc and with direction- variables 
Pi, q x \ r/, l x , at 0 : the geodesic OB, with an element ds 2 of arc and with 
direction- variables p 2 , q 2 ', r 2 , t 2 , at O. At any point X in the geodesic OA, let a 
domainal geodesic XU be drawn, having at X a typical spatial direction-cosine c. 
In the Levi-Civita definition, the law of parallelism is postulated by the property 
that the domainal geodesics through successive points X along OA make, with a 
selected aggregate of lines of reference in the plenary space of the domain, the same 
several angles as are made by the domainal geodesic OB with those lines. Let l 
denote the typical direction-cosine of any one such line ; then we are to have 

constant, 

for the different geodesics c ; and therefore we have 


- o 


holding at 0, for all the lines l, as a first condition (or aggregate of conditions) of 
the defined parallelism. 

The demand, expressed analytically by this condition, could not be exacted 
for all lines l in the homaloidal plenary space of the domain ; for it would require 
dc 

- =0, that is, c constant, for the typical direction-cosine, and a constant direction 
as 1 

is not possible in a completely general domain. Accordingly, the aggregate of 



377] 


LEVI- Cl VITA PARALLELS 


579 


lines of reference must be selected ; and the selection is made by choosing the 
aggregate of all possible directions in the tangent block at 0, so that 


l=y i K+y 2 X-\-y 3 fx+y i v, 


where k , A, /z, v, are arbitrary parameters, linearly independent of one another. 
In order that the foregoing condition of parallelism may now be satisfied, we must 
have 


2>.£r 0 ' 


At 0, the typical direction-cosine of OB 

=y\P2 +ys r * +Vi t * ; 


and therefore, when p 2 , q 2 , r 2 ', t 2 ', are regarded as parametric along OA, so as to 
represent c at the successive points X , we have 


But 


dc dv/ do/ dr/ dt/ 

<h Y = 2/1 + 2/2 d Sl +Va d.r / 2/4 d.s[ 


, dy\ 

d»i 


Ajh 

(h\ 


r'+f 


f { M)* 
ds x 


,%4 

2 * 


ii + yi°i + ?/A + y.A + /y^i, 
^ =i ?2 i i-y-tv i+?/»xi t-yA. 
7/3 + 2/1/1 + 2/2 ^ + 2/ ^ 1 + y4Ml ’ 
— T/4 + 2/484 + 2 / 2^4 + 2/ 3 a»4 + J/jVj, 


using the symbols of § 306 : or, writing 

P 2 —P 2 a i + 72 Pi + r 2 V\ + f 2 Si =^2 P 11 P 1 P 2 J 

Qi—pi £l"b72 ^1 + ^2 £l + ^2 ^1“ ^ ^llPli?2 , 

R 2 =: P2 0 l + ?2 Xl + r 2 01 + ^2 ^1/ ®nPl Vi » 

Pi — Pi K 1 + ?2 ^1 + r 2 ^1 + ^2 y l ” 2l/ ®llPl i ? 2 j 

we have 


(fc 


= ^1P 2 ' + Vi<Ii + Wi + v^i 


+y '[ d t + p ‘) + »- (*: + ««) *•*(£; + *•) + »* (i: + r -) • 
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The conditions are 




do 

for A =1, 2, 3, 4. When the value of is inserted, and the relations 

for A, /Lt, =1,2, 3, 4, in all combinations, are used, we have 

Au {%[ + Pi ) +Aix (** + Qi ) + Aax + R *) + A * x (£ + T ) =0> 

for A = 1 , 2, 3, 4. The determinant of the quantities A Xli is f?, different from zero ; 
and therefore the four magnitudes, occurring linearly, all vanish : that is, 

^VjL— _p _ _ v r v'v' 
ds,~ 2 ~ nVlVi 

d £f i =-R 2 =-Z®nPiP2 

= ~ T 2 — ~ ^nPiPi 


These relations will be called the primary conditions of parallelism for domainal 
geodesics. 

Let the geodesic arc OX along the domainal geodesic OA be small, and let 
its length be denoted by x. Then, up to the first order of small quantities, the 
direction- variables of the domainal geodesic XU (drawn, at X , so as to be parallel 
to the geodesic OB at 0) are 

Vi “ x ^j^iiPi P 2 9 Q 2 ~ x ^jd n pi p 2 , r 2 - %^®nPiP 2 > h ~ x '^Lj < &iiPiP2 • 

If these direction- variables are required to the closer approximation represented 
by the retention of the second power of x , their formal values are 


v '+ApI + x X 2^pI 


with three like values for the other three direction- variables ; we therefore 
require the values of the second arc-derivatives of p 2 , q 2 \ r 2i t 2 . 

From the primary conditions, we have 




= ~ ( a l Pi + fill 2 + Vl r 2 + 
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<*V_ _ („ / . _ / % , _ » - d h\ 

ds i 2 v 2 rf.s’j fis'j 2 dsj 2 dsj/ 

+KK* + ft£i +Yi<f>i + 8 i K i) 

+?2'Mi+fe +yi*i+Mi) 

+ »■*' Kyi +P1Z1+ Y\ Pi + 81^1) 

+ <a'( a i8 l + ft*Ui + y 1 a> 1 + S 1 v 1 ). 


Now 


d a i _ , n , dr'll , 1 dr 12 / 
<Zs x ^ 1 ds l 1 ds t 1 


^ 3 +< i '-^+AiPi"+/ , lrf i "+r 13 r i "+r 14 < 1 ", 


and similarly for the arc-derivatives of jSj, y 1? S 1? along 0/1 ; and therefore, arising 
out of the first line in the second derivative of p 2 , there will be two aggregates of 
terms. One of these aggregates 



in the notation of § 307 ; the other 


= - ( a 2 P\ + Ptii" + V* r i" + ^ 2 k")> 

while 

P\ = - ( a i Pi + Pi 9 i + Yi f i + 

with like values for y/', r x ", 

Let the value of the first of these aggregates, as obtained in § 306 (p. 357), be 
substituted, and the whole expression be reduced. There are three sets of terms, 
one involving the symbols of the type r tJk9 one involving the four-index Riemann 
symbols of the type (ij, hi ), and one free from all the symbols of these two types. 
We take them in turn. 


(i) The full set of terms involving r ijk is found to be 

“ (^ 300^1 2 P% )> 

with the former notation. 

(ii) The full set of terms involving the Riemann four-index symbols is found 
to be 

-^{0^(1, 12)}, 

where the ^-summation is for the values /u= 1,2, 3, 4, while 

*„( 1, 12)= 2 a ft) + <h' (2/x, ap) + r 1 '(S l Ji, aj3) + (4#*, 
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the a, j8, summation being for the set of values 23, 31, 12, J4, 24, 34, with 

,<? 23 “ 9\ r 2 ~ r \ ( h 5 S U~Pl ^2 ~UP2 

,S 31 = f l P 2 ~ Pi V 2 > ,S 24— ?l ^2 ~ *1 92 ’ * 

5 12“^1 92 ~9ll } 2 J ,S 34 “ r l ^ ~ r 2 


(iii) The full set of terms, free from the symbols i\ 7c and from the four-index 
symbols, reduces to zero. 

Hence, finally, 

- (Ao.Pi V) + ^ £ KA(1, 12)}. 

Similarly we find 


12)}, 

^ = - (03ooPi>') + 3£ S 12)}, 

,72/ ' 1 

rf,) = " ^ooPi'%') + S ,12)). 


dc 

Ex. The value of — , for the parallelism, is 

WlSj 

ViPi + W 

t^ 2 C 

Find the value of ; and verify that the relation 

(tS | 

v 


is satisfied for the values A = l, 2, 3, 4. 


Second-order approximation in the permanent arc-relation . 

378. It is convenient to establish two general results at this stage, noting their 
effect upon the preceding investigation. 

Consider, at the point X in OA, a domainal direction, with direction- variables 
P 2 ' 5 Q 2 , R 2 , T 2 , given by values 

P 2 =y 2 " X ^llPl P2 — 4« 2 (AoO?l Z P2 ) "t 2^*2> 

Q2 ~92 ~" X ^jd L1 PiP 2 ~fx 2 (zJ 300 j) 1 2 p 2 ) + iQii 
R 2 =r 2 ~ X ^J@llPlP2 - 2^ 2 (®300pl 2 jP2 )+ 2 
^2— ^2 “^^^11^1^2 “ l^i&MQVl 2 P2 ) + 

w'here P 2i Q 2i R 2 , ? 2 , are magnitudes of the second order of small quantities (that 
is, of the order £ 2 , though they may arise in other associations and not be dependent 
upon x alone). It is to be noted that these expressions conform to the primary 
conditions of parallelism, and that they contain those portions of the terms such 
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d 2 p t ' 

as \ x 2 -~~r which do not involve the four-index symbols.* As these are to be 

as , 2 

domainal directions at X in OA , the permanent arc-relation 

'£A x P 2 ' 2 = 1 

must be satisfied : accordingly, some relation must be satisfied by the quantities 
P 2’ Qfy -®2> 

To obtain the relation indicated, we must take approximations up to the 
second order of small quantities inclusive. Thus, using the notation of p. 357, we 
have 

^Y 2 =;V 2 - ^(PiYn) + v 2 {yi*-l >2 ( r 3ooPi" i P2 , )}+P2^2> 
with like expressions for all the two-dimensional combinations of P 2 , Q 2 , R 2 , T 2 : 
also, the values of the primary magnitudes at X are given by expressions of the 
form 

dA , 9 d 2 A 

Ax ~- :A+X ds l +2X ds ~* ’ 

up to the second order. When these values are substituted in the permanent arc- 
relation, it must be satisfied for all values of x : or, what is the same thing, the 
finite terms (free from x) must balance and the aggregate terms of each successive 
order must vanish. 

The finite terms in VJ A X P 2 2 

= ^Ap 2 ' 2 ~l ; 


and thus they balance the right-hand side in the relation. 

The aggregate of terms of the first order may be denoted by xS l9 where 

ds,P 2 Yi 2 

( j A 

- VI fo-Pt* - 'Mu^yu+uJ 2 ^ 

-0, 


on using the results of § 307 : that is, the terms of the first order of small quan- 
tities disappear from the equation, without any residual condition. 

The aggregate of terms of the second order 
d 2 A 

= ^2 <2) ^2 a 2 ^R 2 -j- ll^ 2 ^T 2 } 

dA 

- 2* 2 S dSi P 2 Y 12 - * 2 K (2 > (AooTh'V)} + * 2 1] Ay, 2 ; 

* The aggregate of terms in P 2 , Q 2 , R 2 \ T 2 , other than \1\, \Q 2 , \R 2 , £T 2 , is the 
same as would occur if the domain were developable into a block; its geodesics, 
parallel to OB, would develop into straight lines parallel to the development of OB ; 
and the said aggregates would give, up to the second order, the direction -variables of 
the parallel geodesics in the developable domain. 
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and this aggregate is to vanish. The expression for the coefficient of in 
the first term is derivable from the result in §308 by taking k=l, i—j=2. 


JA 


The combinations of the type 2 - 7 — p 2 , being the coefficients of the quantities 

&$ j 


yj 2 , S 12 , # 12 > <f> u> in the fi^ term in the second line, are similarly derivable 
from the results in § 307. When these values are substituted, and reduction is 
effected, the condition is found to be 


Wi ( 2 ) P 2 + « 2 < 2 ) $ 2 + m 3 < 2 )j? 2 + «4 ( 2 ) r 2 = 3 z 2 2 yS)s„^.v> 

where the orientation-variables s have the meanings assigned on p. 582, and 
where the summation extends over the combinations of a, /?, y, S, which have 
significance for these orientation- variables. 

When this condition is satisfied by JP 2 , Q 2 , R 2 , T 2 , the arc-relation is satisfied, 
so far as approximations up to the second order (inclusive) are concerned. Mani- 
festly, it is a purely analytical condition affecting all directions at X inclusible 
under the forms adopted for the postulated direction-variables P 2 , Q 2 \ R 2 , T 2 . 

Ex. The application to the Levi-Civita parallels is immediate. They are included 
in the postulated form, by taking 

12 )}, 

T, 2 = ^S{«4A(1,12)}. 

When these values are substituted in the left-hand side of the relation, the coefficient 
of ^,(1, 12) 

= K (2) «ll + M 2 (2, «12 + «3 <2) «13 + «1 (2) « 14 } = i 

and so for the others ; so that the relation becomes equivalent to 

l2)+g 2 'K 2 (l, 12)+r t 'K 3 (l, 12)+t i 'K i (l, 12) = £ (a/3, y8)s aff s Ya , 
which is an identity on the substitution of the values of the quantities K /x . 


379. In the next place, we consider the relation of the angle AXU, between 
the domainal geodesics XA and X U at X, to the angle AOB, between the domainal 
geodesics OA and OB at 0. In the Levi-Civita definition, and in the Severi 
definition, of parallel geodesics the two angles are definitely equal ; in alternative 
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definitions, such as that which facilitates the construction of a regional cell (§ 240), 
the difference of the angles is a magnitude of the second order of the small arc- 
length OX. We proceed to find the value of the difference up to the second order 
of small quantities, when the direction- variables of the domainal geodesic are the 
quantities P 2i Q 2 ', R 29 T 2 , of § 378. 

At X 9 the direction- variables of the domainal geodesic XA in the direction 
X A are the four magnitudes of the type 

V i' + ®Pi" + i* a Pi"', 

up to the second order ; and therefore we have 

cos AX U= 2 {AxPiiPi + xpi' + 4**Pi"')} 

When the postulated values of P 2 \ Q 2 , R 29 T 2) are substituted, we range the 
terms on the right-hand side in aggregates, of successive orders of powers of the 
small quantities. 

The aggregate of finite terms 

= ^ Ap x f p 2 = cos AOB. 

The aggregate of terms of the first order of small quantities 

= ■ * 5 3 ^ Pi Pi - * 2 A PlYli + * 2 A PiPl" 

=*2^“ Pi Pi -^{2 K (1 Vi2) + 2 («*' <2) yu)} 

=o, 

when the value of the sum in the first term is substituted from the result in § 307. 
The aggregate of terms of the second order of small quantities 

fJ2 A 

= i x2 2 ds A Pi Pi + i x8 2 {Ui m Pi"} + iS(% (1 ] Pii ~ ?* 2 2 K (l ’(AooPi' V)} 

- ^2 vupi + x^jsPi'Pi - **2 A Pivn- 

We substitute, in the first term, the value of the expression (§ 308) containing 
the second arc-derivatives of the quantities A , when k— 1, i= 1, j—2, so that all 
the variables s aj3 vanish : thus all the terms which could involve the four-index 
symbols disappear. We substitute also the values of the expressions containing 
the first arc-derivatives of the quantities A. Then, on reduction, it is found that 
the total aggregate of surviving terms consists only of those contained in the third 
summation in the first line, being 

=* 2(«i (1) ^ 

Hence we have 

COS AXU - COS 2405 = £{w 1 (1) jF 2 + W 2 (1) $ 2 + W 3 (1) .S 2 + M 1 (1) jP 2 }, 
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up to the second order of small quantities. If therefore 


AXU=AOB+V, 

we have 

V sin AOB= W$ 2 +« 3 (1) £ 2 +u^T 2 } 9 

V being a small quantity, the lowest part of which is of the second order ; and the 
value of that lowest part is given by the foregoing relation. 

As in the preceding investigation, the result is a purely analytical relation 
affecting all directions at X inclusible under the forms adopted for the postulated 
variables P 2 ', Q 29 R 2i T 2 . 


Ex. Again the application to the Levi-Civita parallels is immediate. On sub- 
stitution, the right-hand side 

= -Mrt(l, 12)+q t 'K t (h 12)+r 1 'A 3 (l, 12) , 12)}*0 : 

and thus, verified up to the second order, V — 0. Up to the second order, the angle 
at X is equal to the angle at 0 ; the fundamental property of the Levi-Civita definition 
ultimately is the full equality of the two angles. 


Seven parallels . 

380 . The Severi definition of a domainal geodesic XU , which at X is geodesi- 
cally parallel to the domainal geodesic OB at 0, requires that the direction of 
XU at A shall be contained in the surface which, at 0, is geodesic to the domain : 
this geodesic surface being determinate by the two domainal geodesics OA and 
OB. It also requires that the angle AXU shall be equal to the angle AOB. 

Accordingly, let the direction- variables of the geodesic XU at X in the direction 
XU be P 2 , Q 2 , R 2f T 2 , as postulated formally in § 378. The four quantities 
p Qv -®2> in the expressions of these variables have to be determined so as 
to conform to the foregoing requirements, which are : 

(i) the angles AXU and AOB shall be equal, and 

(ii) the initiating direction of XU at X shall lie in the surface which at 0 is 

geodesic to the domain constituted by the domainal geodesics OA 
and OB. 

Precedent to all imposed conditions, the permanent arc-relation 2 1, 

for the direction XU at X, must be satisfied. Hence, after the result in § 378, we 
must have the general condition 

u 1 Wp 2 +u i <2) Q 2 + u./ 2) R 2 + u i ( ^f 2 =^x 2 '^ (aft, yS)s ae s yS , 

where the a/? and y 8 summations are for the orientation-magnitudes as defined 
in § 377 and constructed from the direction- variables at 0 of the domainal geodesics 
OA and OB. 
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The requirement of equality between the angles AXZJ and A OB annihilates 
the quantity V of § 379 ; and therefore, as a special limiting condition, 

V 1 ] p2 + ^2 (1 ^2 + U 3 (1 ® 2 + W 4 (1 >2*2 = 0. 

Next, we must obtain the special limiting conditions expressing the require- 
ment that the direction of XU at X shall lie in the surface which is geodesic at 0 
to the domain. Let the surface be represented by the parametric equations e=0 
and a>=0 ; the relations, which (up to the second order of approximation in- 
clusive) secure its geodesic quality, have been obtained in § 344. Then the special 
limiting conditions on the geodesic, which arise from the requirement that it shall 
lie in this surface, are 


C x <*>P t '+ € 2 <*>&'+ €,<*«/ + € 4 <*>2Y = 0, 
ci* ™P a ' + <o 2 W<? 2 ' + OI 8 <*« 2 ' + <0 4 (X) T 2 ' = 0. 
Up to the second order of small quantities inclusive, we have 






d% 

ds* ’ 


with like values for e 3 iX \ e 4 (jr) ; and therefore the first of the superficial 
relations is 


2 


[(■ 


“ + *s; + * s 


l d 2 e 1 

ds 


ri) {p% ~ X Vl2 ~ 2 X ‘ 2 (^ 300 Pl 2 P2 f ) + 2 ^ 2 } — 


the summation on the left-hand side extending over the four sets of terms associated 
with the parameters of the domain. The second of the superficial relations has 
the similar form 


2 J K (Ul + x W 1 + ^ X2 ^) fas' - x Yit ~ 2 xi (r mPi^Pt) + £ £ 2 } = 0 . 


These relations must be developed up to the second order of small quantities 
inclusive. 

In the first of the relations, the aggregate of the finite terms 

= hj € lP2 

because the direction- variables of OA and OB satisfy the equations 

2 2 
2 "1 Pi = 0 / ’ 2 “1P2 = ’ 

In that same relation, the aggregate of terms of the first order is xS lt where 


Now we have 


S.=S|;K- 


we l I , I , 

=e \iPl + € 12?1 + € 13 r l e 14^1 

= hiPi + + «i3 r i' + «u<i' + e i a i + e 2^i + e 3 <f>i + • 



588 SECOND-ORDER APPROXIMATIONS FOR [CH. XXXII. 

To evaluate the first summation in S l9 we take separately the aggregate of terms 
which involve the quantities e tV : this aggregate 

= *nPi P2 • 

When the umbral notation of § 344 is used, so that we have i iJ =m i m i9 the fore- 
going expression is changed to the form 

Because the direction p /, q X9 r /, t X9 lies in the superficial orientation given by 
the equations B 0 =0 , T 0 = 0, we have 

+M 2 q x ; 

and because the direction p 2 \ q 2 \ r 2i t 2 , lies in the same orientation, we have 

+M 2 q^. 

Consequently the foregoing aggregate 

- +M t q 1 ’) (M&; +M 2 q 2 ) 

= Mi'PiP* + M i +<h'Pz) +Mfq l 'q t ’. 

The surface under consideration is geodesic to the domain, so that the relations 
(in umbral expression) 

M*= 0, M X M 2 =0, M 2 2 = 0, 

are satisfied (§ 344) ; and therefore the foregoing aggregate vanishes. 

Thus the first summation in S x 

= 2K( e 1«1 + + e 3<f>l +U K l) 

= c i2 a i?V + 6 a2 & Pa + e ^<f>iP2 +«u2 ,c i/V 

— 2 e lVl2- 

Hence 

S x = 0: 

that is, the aggregate of terms of the first order of small quantities disappears 
from the first of the surface-relations. 

The aggregate of terms of the second order in that same relation 

— ! ( e 1^2 + e 2Q2 + e 3^2 + € 4^2) + 1 ^ 2 aS 2 , 

where 

^=2 p ;■ - 2 2 y» - 2 {«i (AooPx'p/ 2 )}. 

In the first term of this expression for S 2) we have 

x k + + € i 2 ?x +€ 13 r 1 ,/ 4-e 14 ^ 1 ", 



380 ] 


SEVERI PARALLELS 


589 


with the convention x l '=p 1 ', x 3 =q 3 , x 3 —r x ' , x l '=t 1 ' ; and therefore, with the 
further convention z 3 =p 3 , z 3 '=q 3 , z 3 '=q 3 , z 3 =t 3 , the first term in S 3 

= S ^ £ € ikl X i' X k Z l + £ {( e nPl' + + e !3 r i” + e lih") Z l'}- 

The complete coefficient of the combination x t %'*i is 

2 (tjlcl ~ € n^ jk “ € l2^jk - € 12®)1 c - 

or, when the quantities i m are introduced from § 325, this complete coefficient 
— 2 (i m 4- e x r m 4- e 2 A jkl 4- € z @ m 4- e 4 0^ 7 ) 

4- 2 (€ lj r kl 4- € 2j A kl 4- c 3 j@ k i 4- 
+ 2 4- € 2 *J 4- € 3 fc®^ 4* 


Hence 


£ iS K = £ £ £ *m*i***{ + £ («i (Aoo?i> a ')} + 2 £ 5? yw ; 


*1 jkl 

and therefore 




To evaluate this form of *S 2 , we use the umbral representation of the magnitude 
L^niP' 3 in § 344 as given by g p ' 3 , so that 

s 2=9vi' 2 9v2- 

Because the direction p /, y/, r/, £/, lies in the superficial orientation i2 0 =0, 
T 0 ~0, we have 

9p,' = g iPi+0 2 qi; 

and because the direction p 2 , q 2 , r 2 \ t 2 , lies in the same orientation, we have 

9p,’= G iPt + G i9t- 

Thus 


( G lPl + G 2<ll) i ( G lPi + G 2 ( I'Z ) 

= G iPi 2 Pt + G 1 2G *(Pi 2 <h' +2pi9iP») + G i G ffl PiV?.' +?i' 2 K) +W? 2 '- 
The surface is geodesic to the domain, so that the relations (in umbral expression) 
(?i 3 = 0, G X 2 G 2 = 0, G ? 1 G y 2 2 =0, 6? 2 3 =0, 
are satisfied (§ 344) ; and therefore 


S 2 =0. 

Hence the aggregate of terms of the second order 

=%(e 1 P t + e a Q t + e 3 R 2 +e i T 2 ) ; 

and consequently the first of the two relations, securing that the direction XU at 
X lies in the geodesic surface, becomes 

/* 2 4- c 2 $ 2 4- c 3 i? 2 4- € 4 T 2 = 0. 

Similarly the second of the two relations, for the same purpose, is 
a> 4 -P 2 4- co 2 ^ 2 4* co 3 JS 2 4- ct) 4 T 2 = 0. 
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These are the relations which must be satisfied if the direction P 2 , Q 2 , R 29 ^Y> 
as formulated in § 378, lies in the geodesic surface. The relation, which expresses 
the equality of the angles at X and 0, has already been stated (p. 587). 

Thus the four equations for P 2 , Q 2 , R 2 , T 2i are 

M 1 (8, / 5 8 +tt 2 (2 >0 a + M 3 (2) j? 2 + U 4 ( * ) ? 8 = ia^ ( a P> Y^) S a^yS 

= 3 x 2 K 12 sin 2 12, 

where 7 \ 12 is the sphericity of the domain in the orientation at 0 constituted by 
the two directions p x \ q x , r/, t x , and p 2 , q 2 , r 2 , /./ ; 

v^P t + u 2 «)Q 2 + u^R 2 + u^T 2 = 0 , 
e^P 2 -\- ^ 262 ^" € 3 ^ 2 “^* €±T 2 ~§, 

oj j / 2 '|~ a ) 2 ^ 2 I' co 2 R 2 ~\~ o> 4 T 2 — 0 , 

and therefore 

P 2 ={x l K 12 (p 2 - p x cos 12 ) 

Q 2 =ix 2 K 12 (q 2 - q x cos 12) 
i? 2 “~ 3 ^ 2 /l 12 ('V “ COS 12) 

T 2 — l ,j; 2 K 12 (t 2 - t x cos 12 ) 

To compare the directions of the two geodesics which are drawn through the 
point A r , one according to the Levi- Ci vita definition of parallelism, the other 
according to the Severi definition, it is sufficient to note their direction-variables. 
For the Levi-Oivita parallel, the p'-variable is 

lh ~ x 7i2 ~ 2 X * {P^oolh 2 p2 ) + qq ^ { a ufin ( ^)} > 
for the Severi parallel, it is 

cc 2 

Vi -•cy-u-W (r 3 ooPi 2 Pi) V - ( . K a (Pi - Pi cos 12 ). 

Manifestly these are not the same as one another ; the angle between the two 
directions is, in general, a small quantity of the second order. But if the domain 
be of constant sphericity*, the two directions coincide — as was first pointed out 
by Severif : the verification of the statement is simple. 

* Throughout this treatise, only general amplitudes are discussed, whatever be 
their dimensions. There are many investigations concerned with specialised amplitudes, 
in particular, amplitudes having a constant Riemann measure of curvature ; the 
earliest of these appear in the memoir by Beltrami, “ Teoria fondamentale degli spazii 
di curvatura costante”, Ann. di . Mat., Ser. 2, t. ii (1868), pp. 232-255. 

t 8 ee § 228 ; Seven's statement was made for an amplitude of any number of 
dimensions, and not solely for a region or a domain. When the amplitude is a surface, 
there is no scope for differences of definition. 
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Third side of a domainal geodesic triangle and the surface geodesic at the vertex. 

381. The preceding investigations relate to a direction XU, through a point 
X on the geodesic OA, the direction being postulated as providing a domainal 
geodesic parallel to the geodesic OB under the Levi-Civita definition and under 
the Severi definition respectively. The results, with the interchanges of symbols 
proper to a change from a point X on OA to a point Y on OB, furnish the variables 
for a direction Y V that provides a domainal geodesic parallel to the geodesic OA 
under the respective definitions. 

Let the domainal geodesic XY be drawn. Its direction-variables at X are 
(§§ 310, 311) p', q', r, t', where 

v - Vn x — 2 x 2 (r^ 0 pi 2 p 0 ) + P 0 , 

with like values for q', r', /', with definitely known values for the second-order 
magnitudes P 0 , the direction p 0 ', qf , r 0 \ / 0 \ being a direction in the geodesic 
surface at 0 such that 


*Po = m>2 - x pi, ~<h = m* - xf ii> -*o' ■= if 2 - ** = yt* - 

where OY=y, a small quantity of the same order as x, but independent of x. 
Obviously we have 

i>r/V=o, ^<oijV=o. 

If this domainal geodesic XY should lie in the surface which is geodesic to the 
domain at 0, the two tangential conditions 


V ei u'y^ 0 , V^ay.o, 

at A r should be satisfied. We proceed to prove that the conditions are not satisfied, 
so that the domainal geodesic XY does not even touch the surface at X. 

The first of these conditions is, up to the second order of small quantities, 


V 


- l^(e i00 pi 2 Po')+Po}_ =o- 


For analytical purposes, we may substitute the direction pf, q 0 ', rf, tf, for the 
direction p 2 , q 2 , r 2 ', t 2 , without affecting the geodesic surface ; and the analysis 
of § 380 will apply to the substituted direction. Thus we have 


L^o — o, 

L dsj ^ >0 ' ~ ds t ^ l# ~ '— J ^ €l ^mijh 2 Po)}-° ' 


and therefore the first condition becomes 
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Similarly the second condition becomes 


Now (§311) 


y^cu 1 p 0 =o. 

P 0 =iPo'K sin 2 12 + iJgV; K,A'„(0, 12)}, 


with corresponding values of Q 0 , R 0 , T 0 , where the quantity K denotes the 
sphericity of the domain at O, and the magnitudes K^(0, 12) are defined in § 306. 
Hence, as €l p 0 ' =Q 9 =0, so that the terms in K disappear from the 

conditions, the two conditions become 


2 'SiwM 0, 12)} = 0, X V {oi^K^O, 12)}=0. 

A n A n 

These conditions are not satisfied for a domain which is of a quite general char- 
acter : and therefore the domainal geodesic XY , joining the two points X and Y 
near 0 all in the surface geodesic at 0, does not lie in the geodesic surface. 

Consequently the surface is geodesic to the domain at 0 in all directions ; but, 
at any point other than 0 in its range, it is geodesic to the domain, only in the 
direction of a geodesic joining the point to 0, such geodesic being common to the 
domain and the surface. 

The conditions, however, are satisfied when the sphericity of the domain is 
constant — a statement verifiable at once from the forms of the quantities /v M ( 0, 12). 

The direction X(J, when drawn through X parallel to the geodesic OB under 
the Severi definition, is tangential to the surface which is geodesic at 0 to the 
domain ; and its direction- variables at X are the four magnitudes of the type 

— Pi ~ X Yl2~ 2 x2 (^300]h 2 p l i )+ 6^ 2 /li 2 (^2 ~ Pi C0S 12). 


Similarly, at a point Y on OB near 0 such that arc-distance OY~y where y is 
small, there is a surface-direction YV, parallel to the geodesic OA under the 
same Severi definition ; and its direction-variables at Y are the four magnitudes 
of the type 

Pi’=p 1 - yyu - 2?/ 2 (Aoo?i> 2 ' 2 ) + IfKniVi - 1>2 cos 12). 

The superficial geodesic, through X in the direction XU, and the superficial 
geodesic, through Y in the direction YV, intersect because they lie in the surface ; 
and they constitute a Peres parallelogram (as in §§ 124-126). 


Ex. Prove that, as in § 124, the lengths of the third and the fourth sides of this 
Peres parallelogram are 

x - iK 12 xy(y +xcos 12), y-\K n xy{x+y cos 12). 
and that the fourth angle of the parallelogram exceeds the angle AOB by 

xyK 12 sin 12. 

But a domainal geodesic through X, initiated in the superficial direction XU , 
and a domainal geodesic through Y, initiated in the superficial direction YV, 
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both directions being tangential to the surface which is geodesic at 0 to the 
domain, do not intersect in general ; an assumption, that they do intersect, leads 
as follows to conditions that are not satisfied. 

On the assumption that such domainal geodesics, with the direction-variables 
P/, Qi, P/, and P 2 ', Q 2 ', P 2 ', T 2 \ do intersect at a point O', let the length of 
the arc YO' be denoted by x + X and that of the arc XO' by y+ Y, where X and 
Y are certainly of order higher than the first : an initial supposition, that they 
are of the third order at least, will be verified in the course of the analysis. The 
values of the domainal parameters at O' must be the same by the broken geodesic 
paths OXO' and OYO' in the domain . Accordingly, from these equivalent values of 
the ^-parameter at O' estimated up to the third order of small quantities inclusive, 
we have a relation 

V + x Pl ' + ±x* Pl '' + i;x*pr + (y+ Y)P t f + i{jf+ F) 2 P 2 " + i(y-f YfP'" 

= P + w% + lyW + hfp*" + (* + X) P’ +i ( X + x ) 2 P X " + * (x + x?pr , 

the left-hand side being attained by the path OXO' so that P 2 " and P 2 '" must be 
estimated at X , and the right-hand side being attained by the path OYO' so that 
P t " and P/" must be estimated at Y. 

The values of P 2 " and P/' will be required up to the first order of small 
quantities inclusive, as they are multiplied by quantities already of the second 
order at least. We have 

p _vr (A’> P ' 2 

r 2 — J 1 11 *2 

always ; for the required approximation, we take 

*."= - s{(ai+* *;•) (K 2 -^ 2 Vi2)} 

= - ^jr u p2 2 -x^_ J -^^p 2 , ' i -2( a 2yi2+P i S v , + y 2 9 l2 + 8 2 <l> Vi )^ ■ 

The value of the first summation in the coefficient of x is given by the result in 
§ 30G, when k = 1, £—2, j=2 ; and therefore 

Py -pa ~ _ X [^(AooPi /V 2 ) + k2)}J . 

Similarly 

Pi'-Pi"~ -^[(AooKW) + 3 ^ 21)} • 

As P 2 '" and P/" already are multiplied by magnitudes of the third order at least, 
the approximation is attained by taking 

P,'"=P,'"= - (AooK 3 ). Pi” 


F.I.O. II. 
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The ^-relation thus becomes 

p + xpi + \x*p" + \v?p"' ^ 

+ ypt - xyv u - (r 30 o?W ) + ( pi - vi cos 12) + Yp( 

+ hyW - W(r^hP»*) - 12 )}+iyV" 

=p+ ypi + hfp*" + hfpi" 

+ X P\ ~ xyyu — 2 x y 2 (r 300 p l 'p 2 ' 2 ) + \x.y 2 Ki 2 {p 1 — p 2 ' cos 12 ) + Xpi 

+fr i p 1 "-ix^(r aw p i y 2 ')-^z 2 y{Y i a lli K ll (l, 21)} + iar> 1 "' ; 

and therefore 

Ypi + lx 2 yK 12 (p 2 ' - Pi cos 12)--^ jry 2 ^ a u JC„{2, 12)} 

= X Pl ’ t- WKM-pj cos 12) - i ^{V^l , 21)}. 

There are three similar relations, arising out of the parameters q , r, t, respectively. 

In the first place, it is clear that X and Y cannot be of only the second order 
of small quantities. As the other retained terms are of the third order (and the 
unretained terms are of order higher than three), we then should have 

Yp 2 '=X Pl \ Yq 2 ' -Xqi , Yrf^Xrf, Ytf=Xl', 

manifestly an incongruous set. Thus X and Y, if not zero, must be of the third 
order at least. 

In the second place, if these four relations coexist as determining two magni- 
tudes X and Y, there must be conditions 


J „ 

J 2 > 

“ 3 > 

A 

= 0 , 

Pl> 

9i> 


1 1 


Pi, 

Vi > 

r 2, 

W 



where, for i— I, 2, 3, 4, 

Ji=y D KA'„(2, 12)} - * V KJ\, 21)}, 

the quantities x and y being arbitrary. Such conditions are not satisfied. The 
four relations are incongruous, so that the fundamental assumption is untenable : 
domainal geodesics, drawn in the Severi directions XU and YF, do not intersect. 

Domainal geodesics, under primary conditions of parallelism , 
drawn to form a quadrilateral. 

382. Much of the foregoing analysis can be applied for a different and distinct 
investigation. 

Consider a direction XU at X with direction- variables P 2 , Q 2 , if 2 ', T 2i having 
the values postulated in § 378 in the form 

P 2 == P 2 nPl P 2 “ 2 ; (PwoPl 2 p 2 ) + j>p 2 > 
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and three similar expressions, the magnitudes P 2 , Q 2 , P 2 , T 2i being of the second 
order of small quantities but otherwise left for determination. Consider also a 
direction YV at Y with similar direction- variables of like form 


Pi —Pi -y^j A1P1 ih ~ 2 y 2 (F soopi Vi 2 ) + IPu 
and three similar expressions, the magnitudes P l9 Q l9 R lf T l9 being of the second 
order but otherwise also left for determination. Both these directions XU and 
YV satisfy the primary conditions (§ 377) of geodesic parallelism (that is, XU to 
OB , and YV to OA ) ; their form also contains the second-order term common to 
the direction-variables of a Levi-Civita parallel and a Severi parallel. As there 
are two sets of quantities P l9 Q x , R l9 T x , and P 2 , ^ 2 > ^ 2 > left for determination, 

let a limitation be imposed which provides them with the same interchangeability as 
is possessed by the other respective parts of P x , Q x , /?/, T x , and P 2 ', Q 2 , R 2 , T 2i 
when the symbols for the two geodesics OA and OB are interchanged. 

It is required to determine the disposable magnitudes of the type P so that, if 
possible, the domainal geodesic initiated in the direction XU and the domainal 
geodesic initiated in the direction YV shall intersect. (It will be noted that 
neither the fundamental property of the Levi-Civita definition nor that of the 
Severi definition has been developed here.) If O' be the point of intersection, let 
the geodesic arcs YO ' and XO ' be denoted by x + X and y+ Y respectively, where 
X and Y will be of at least the second order of small quantities. Proceeding in 
the same way as in the earlier investigation, the value of the ^-parameter at O' 
provides a relation which, up to the third-order approximation, has the form 


Ih'Y + h/P*- 


x f v 

3 Q— 1 


{a 


In 


A r „(2, Y2)}=p l 'X + lxP 1 - J ^ KAf 1 . 21 )} ; 


and there are three similar relations which arise from the parameters <y, r, t, 
respectively. 

Moreover, there are the permanent arc-relations at X and at Y, which must 
be satisfied, being ^ /JjP 2 /2 =1 and A y P x 2 = 1 respectively. By § 378, these 
are 

V 2 >P 2 1 u 2 ^ -u^R 2 + u,m\^K vz sin 2 12, 

V 1 Pi + w 2 (1 ] Qi + % (1 + w 4 (1 = \y 2 K 12 sin 2 12. 


The assumptions, as to formal interchange of P l9 Q x , R l9 T v and P 2 , Q 2 , P 2 , T 2 , 
with the interchange of OA and OP, are in accord with these relations. 

Thus far in the analysis, we have assigned no special discriminating charac- 
teristic of parallelism which might affect the second-order terms in the direction- 
variables of XU at X and of YV at Y. In the case of the Levi-Civita definition, 
when the appropriate values of P\ and P 2 are inserted, the ^-parameter relation 
becomes 


P* Y - Pr X =^Q X K.A'm( 2, 12)} - ‘Us {ajiy l. 21)} ; 
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and there are similar forms for the other three relations : the whole set of relations 
is not satisfied, and so the Levi-Civita domainal parallels through X to OB and 
through Y to OA do not meet. Similarly, by substituting the values of P 1 and P 2 
(and the other quantities) appropriate to the Severi definition of parallelism, we 
find that the Severi domainal parallels through X to OB and through I" to OA 
do not meet. (The corresponding Severi parallels, belonging to the geodesic 
surface at X and at Y respectively, do intersect. But at X , there is the deviation 
between the superficial geodesic and the domainal geodesic, measured by the 
domainal flexure of the superficial geodesic, a multiple of x and therefore a 
magnitude of the first order : and the similar consideration holds at F.) 

The equations thus far obtained, even though analytical expression of the 
interchangeability of the magnitudes P v Q x , R v T\, and iP 2 , Q 2 , R 2 , T 2 , has not 
been formulated, are inadequate for the precise determination of these magnitudes. 
As the definitions propounded by Levi-Civita and by Severi do not lead to parallels 
at X and at Y which intersect, a property of intersection of such parallels requires 
some alternative definition. Instead of assuming (as is assumed in both those 
definitions) that the angles at X and at Y are equal to the angle at 0, we consider 
the two equivalent assumptions that the opposite sides of the quadrilateral are 
equal : so that YO' = OX, XO'=OY ; and therefore, in the preceding analysis, 
we take X = 0, F=0. 

The p-parameter relation now can be expressed in the form 


Pi — x ^P i ^ ^1)}J • 


The quantity P 2 is of the second order of small quantities ; and it must vanish 
when #=(), because X then coincides with 0 and P 2 becomes p 2 ', that is, P 2 must 
contain x as a factor. Similarly, P x must contain y as a factor. We therefore can 
denote the common value of the two sides of the relation by xyP , where P is a 
small quantity of the first order : and now 

1 '2)} + xP, 

V)+yP\ 

and there are corresponding expressions for Q 2 and Q x in terms of a quantity Q , 
for R 2 and R x in terms of a quantity R , and for T 2 and T x in terms of a quantity 
T. Now, by direct calculation, we find 


^ 12) --0, ^ ^M A (1) a^A' u (2, V2)=QK n sin 2 12, 

H A fi A 

V) y;^ (u «,A(1.21)-0, v 2\)=QK 12 sill 2 12 ; 
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and now the permanent arc-relations become 

u^P^u^Q+u^R+u^T =\xK 12 sin 2 12, 

% (1 P 4- u 2 il )Q -f % (1 R + w 4 (1 ] T — lyK 12 sin 2 12. 

We thus obtain two equations, of explicit analytical form, for the determination 
ofP, Q , R , T . 

But, owing to the interchangeability of P 2 and P 1 concurrently with the inter- 
changeability of the sides, the quantity P must be symmetrical (or unchangeable) 
as regards the variables of the sides. Also, it is a small quantity of the first order 
in small quantities ; and therefore we can take 

P=x (Api + Bp 2 ) + y (Cpi + Dp 2 ), 
with the expectation that A — D , B—C . Similarly 

Q~x(MS+ Bf h ') + y «V + D( h')> 

R—x(Ar x + Br 2 ) + y(Cr x ' + Dr 2 '), 
T=x(At 1 ’+Bt t ')+y(Ct 1 '+Dt t ‘). 

When these values are substituted in the latest forms of the arc-relations, these 
become 

x(A cos e-i -B) + y(C cos e + I))—\xK X2 sin 2 12, 
x (A H- B cos e) + y {C + D cos e) — \yK 12 sin 2 1 2. 

Now x and y are independent of one another ; hence 

A cos e + B=\K X2 sin 2 12, C cos e-bi)=0, 

A + B cos € — 0, C + I) cos €= }K 12 sin 2 12, 


and therefore 

A^D^= - £A r 12 cos 12, B—C—\K 12 . 


Consequently, we have 

- Pi cos M)+y(Pi-Vz cos 12 ))> 


with corresponding values for Q, R, 8. 

To complete the knowledge of the quadrilateral, we require the angles at X 
and y. We had AXU =AOB+V x > where (p. 586) 


V v sin 12= - !K (1 } P 2 + « 2 (1 + w 3 (1 % + < l, T 2 \ 

= - ii&yKu 12 + \xyK 12 sin 2 12] 

= - \xyK 12 sin 2 12, 

so that 

V.y= -%xyK 12 sin 12. 


Similarly, if BYU=AOB+V r , we have 

V y = - \xyK 12 sin 12, 
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so that the angles at X and Y are equal to one another, though neither of them is 
equal to AOB. Finally, we determine the angle at O' by estimating the area of 
the quadrilateral : we have 


that is, 


AOB + (77 - AXU) + (rr-BY F) + XO ' Y - 2 ir^K x% xy sin 12, 
XO'Y=AOB. 


Hence in the quadrilateral thus defined, the opposite angles are equal to one 
another. 


Domainal parallelogram . 

383. Gathering together all the results, we can summarize them in the state- 
ment : 

When two domainal geodesics OX A, OYB , are drawn at a point 0 in a 
domain, and small arcs OX — x and OY ~y are measured along them respectively, a 
quadrilateral 0X0' YO can be completed by drawing a domainal geodesic through 
X in a direction with variables P 2 ', Q 2> R 2 , T 2 \ and a domainal geodesic 
through Y in a direction with variables P x \ Q x , R x \ T x , where 


P i =Pt - x y, Pl P 2 - i J H r :mPi 2 Pt) + 3 X K< A ’ (1 (2, 1 2)} + \xP 
Qi=<h ~ x'ZjA nPiPi ~ hx 2 (AmVi 2 Pi) + Yq ^ {« 2h A' (1 (2, 12)} + }xQ 
R 2 ' = r 2 ’ -x^ 0 n p x 'p 2 - 2 X a (@aoopi s Pi) + Yq SKA(2, 12)} + &eif 

2KA.( 2, 12)} + *r7 

p \=pi-y'£r u pi'pi- 2?/ 2 (C 3W 7V20+i^ SK A ’/.(i> 21 )}+ ly p 

Qi =< h ~U^j ^uVi Pi ~\y l {^3ooPiPi i )^ 3 q L^ (t 2/'A K (l>21)} + ^2/(l 
@ 1 1 Pi' Pi - h/(®.mPi'p 2 2 ) + 3 g 2^KA(1,21)} + bjR 

l\ ~^i -y^j & 11 P 1 Pi ~ hy 2 (& 300 P 1 V 2 2 ) ~~ q j (i)2i)}+ l,yT 


the quantities P, Q, It, T, being given by 


P=Rii{x(p 2 ' -pi cos 12 ) + y{pi -pi cos 12 )} 

Q = Ku\x( q 2 - cos 12 ) + y{ qi - q 2 cos 12)} 

R=K 12 {x( r 2 - /j' cos 12 ) + y( - r 2 cos 12 )} 

T=K 12 {zj( t 2 - ti cos 12) + «/( ti - t 2 cos 12)} 
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(The values of the direction-variables are accurate for approximations of the 
second order of small quantities inclusive.) The domainal geodesics drawn 
through X and Y in the specified directions intersect in a point O', completing 
the quadrilateral. The opposite geodesic arc-sides of the quadrilateral are 
equal, so that YO' = OX, XO' = OY . The opposite angles of the quadrilateral 
are equal, so that XO'Y=XOY ; and, finally, 

OX O' = OYO'=tt-XOY + 1 K 12 xy sin 12 . 

The geodesic quadrilateral thus obtained will be called a geodesic parallelogram 
in the domain. 

Moreover, it is convenient to have, at the point O' of intersection of the 
domainal geodesics through X and Y, the final values of the parameters of 
the domain. The value of the ^-parameter at O' 

=p 4- xpS + iafy," 4- Wpi" + yP 2 + \y 2 Pi’ + %tfP 2 f ", 

the values of P 2 " and P 2 '" being taken at X : that is, the value * of the ^-para- 
meter at O' 

=p+( x Pi +yp »)- a X Ai(*Pi'-t yp2) 2 -i{r 3 <>o( x Pi +yp-i) 3 } 

+ 9 x y{ x (Pt~Pi cos i%)+y(Pi ~Pi cos 12)}A’ W , 

where K l2 denotes the sphericity of the domain at 0 estimated for the orientation 
determined by the two geodesics OA and OB. The value at O' of the gr-parameter 

+ yq-i) - 2 ^u( x Pi + yihf- i l^aoo ( x Pi + ypif) 

+ ixy{x(q.i - (fi cos 12) + */(?/ - q 2 cos 1 2)} K n ; 

and similarly for the other parameters r and t. 

Ex. Shew that, up to the third order of small quantities inclusive, the length of 
the geodesic diagonal 00' of the foregoing geodesic parallelogram 

= 1 +^* 1 * "in* 12, 

where l 2 = x 2 4 y 2 f 2 xy cos 1 2. 


Domainal cell : domainal paralleloid. 

384. The diagram represents a paralleloid in the domain, determined by four 
small conterminous geodesic edges OA , 05, 00, OD , no three of which lie in a 
superficial orientation at 0, and the whole set not lying in a regional orientation at 
O. To construct the configuration, we complete the geodesic parallelograms, OAHB , 

* The results should be compared with the corresponding values in the like investiga- 
tion (§ 233) for a region. 
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OAGC, OAF'D , OBFC , OBG'D, OCH'D , each having as a pair of adjacent edges 
two of the preceding set of four domainal geodesics. Then, with OAHB, OBFC, 
OCGA, as three adjacent parallelogrammic 
faces, we frame a domainal cell (similar 
to the small regional cell of §§ 240-243) 
having T) f for its vertex diagonally oppo- 
site to 0 ; a similar domainal cell having 
OBFC , OCH'D , ODG'B , as adjacent faces, 
with A ' as its vertex diagonally opposite 
to 0 ; a similar cell, having OCH'D , 

ODF'A, OAGC , as adjacent faces, with 
B' as its vertex diagonally opposite to 0 ; 
and a fourth similar cell, having ODF'A , 

OAHB , OBG’D , as adjacent faces, with C' 
as its vertex diagonally opposite to 0. 

Finally, through A\ B C', D' , we draw 
domainal geodesics respectively parallel 
to OA , OB, OC, OD, (in the sense of 
parallelism as used in § 382), and of lengths equal to those four edges ; and we shall 
require them to meet in a point O', the vertex of the paralleloid opposite to 0. 

In this figure, we denote the small lengths of OA, OB, OC, OD, by x, y, z , w, 
respectively, and the direction- variables at 0 of these domainal-geodesic edges by 
Vi> Pi’ Pa*' P\i respectively, in each instance with like variables q', r', t ' . 

Let x, y, z, w, =7,, ? 2 , / 3 , Z 4 , respectively, and let 

p„ = {i, (v> - pi cos y) +h(p,’~ pj cos Tj)} k„ , 

for all the six combinations ij=z 1, 2, 3, 4, in pairs. Then the direction-variables 
p for twelve edges of the paralleloid are known, after § 383, as follows : 

BH : p 1 - yy 12 - i?/ 2 [ ^300 Pi P 2 2 ] + 3 ^ > 21 )} + 

AH : p 2 — ~ 2 :r - 2 \ P-.’.mPi 2 p2 ] + 3 q a i tl K 12)}+ \xP 12 

OF : p 2 - zy 23 - iz 2 IT :m p 2 'p 3 ' 2 ] + ± y ~ 32)}+ \zP n 

h , 

BF ■ Pz - yyza- + l ^ 23)}+ %yP. i3 

XZ - 

AG : - x 7z\ - ^ 2 tAooy>3 Pi 2 \ + i q i / iA At (3, 13)}+ \xP 13 

* 5 

CG : Pi - Z 9n~ 2- 2 [^300 P3 2 Pl] + i q {^j a inK t iO> 31)} + tt-^13 



Fig. 36. 
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DF' : p/ - wy 14 - *w>| r 30oPl > 4 '“] + i ^ 0^(1 ,41)} + >P 14 

► 

AF'-. p 4 '- *y 14 - MAooKVJ + i^ {^a^K.(4, 14)}+|*P 14 j ’ 

DO ' : p 2 '-wy 24 -> 2 |r 300 p 2 > 4 ' 2 J + i^ 42)} + -J-wP 24 

" > 

: K - «/y 24 - V I + a g { £ «i„ A, ,( 4 , 24 )} + iyP 24 

'Xfl!) ~~ 

DH' : p 3 ' - wy 34 - iw 2 rr 300 p 3 > 4 ' 2 ] + £ -q ai„A M (3, 43)} + bwP 34 

CH : /) 4 - 2:734- ~ 2 - 2 [^ 1 300^3 2 ^4 ] + ¥ {^J a in&vi(^i 34 )}+ qZP m 

The q, r', t', direction- variables for these geodesic arcs at their initial points have 
forms corresponding to the respective //-variables, as given for AH and for BH 
in the results in § 383. 

Characteristic quantities for a cell . 

385. To complete the domainal cell having OA, OB, OC, for its conterminous 
edges at 0, we draw domainal geodesics, one through F parallel and equal to OA, 
one through G parallel and equal to OB, and one through H parallel and equal to 
OC ; and we make these three geodesics meet in a point D'. As p direction- 
variables for these geodesics at F, G, H , respectively, we postulate 

FD ’ : p»—V\ - iyy 12+ sYv,)-i\r m p l '(yp t '+ sp,r]+P$, 

GD : P3\^ = 'Pi ~~ ( J: y*3+ :r y2l) — iTAitooPj! { Z Pa + X P\ ) 2 ] + Hl f . 

H D’ : ■p'u ) =l>9 - (^yia + yn-.i) - { I AooPa' (*Pi + VPi) 2 ] + P 12 , 
with like values for the respective /, t\ variables ; the second-order parts of 
the type P$, P^, P^, remain for determination by the conditions of con- 
currence in a point D' with FD' — x, GD' = y, HD'~z. In addition to the 
conditions of concurrence, there are limitations of analytical symmetry between 
P 23 , -Pju, P arising when the variables of the three edges are analytically 
interchanged. There are, moreover, the permanent arc-relations of the domain 
to be satisfied, at F for the direction FD', at G for the direction GD f , at H for 
the direction HD'. 

We begin with the arc-relations. At F, we must have 

v;^{p;< i >} 2 =], 

and we take approximations up to the second order of small quantities inclusive : 
we therefore substitute * 

* An equivalent form for Ap is A(pp , qp, />, ip), where 

vf =p + (ypi + zpa) - i Mil'll (VP* + m') 2 

with like values for q F , />, t F} up to the second order of small quantities. 
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. . d A dA 

Ap=A + y d7 2 + Z di 3 + 


! ( J 2 A a d* 

*\ y W + 2yZ ^ 


d*A 

ds. 


+ 2 2 


d*A\ 
ds 3 */ 


W) 2 =ih 


' 2 - 2pi (yy 12 + Jyi 3 ) - Pi [ p mPi (ypz + z p 3 ') 2 1 + (yyn + 2 y w ) 2 + %PiP ( £, 


with the adopted convention (§§213, 237) as to the second derivatives of the 
quantities A along different geodesics ; and so for the other terms. In the arc- 
relation, thus modified, the finite terms give the condition 




satisfied without any residue. The terms of the first order, which should vanish, 




IVMyyis+zyuM ; 


by the results of § 307, these vanish ; and thus there is no residuary condition 
from the first-order terms. The terms of the second order must vanish ; and their 
aggregate 


=2 X ~ X K (1) {Aoo?V (yp* + gV)*}]+ X \ A (yy..+ *y«)*l 


1 2 V"' d 2 A 'o 

+ X^i p i +?/' 


■ ' <PA _ „ '2 i 1-2 


' ds 2 ds 3 


7 Pi +j 


'ds./ 


Pi 


When we substitute from § 307 for the combinations which involve first arc- 
derivatives of the primary magnitudes A of the domain, and from §§ 308, 309 for 
the combinations which involve the second arc-derivatives of the same magnitudes, 
this aggregate becomes 

2 V Ml (.)p(0 

- \y 2 'X («£- v 8 ) 8 <#*v« - a y* X ( a A y § ) t*Vy « + - b 2 X ( a P> y § ) • 


where s a/3 are the orientation-variables of p. 582, formed with the direction- 
variables of OA and OB, and t a(i are the like orientation-magnitudes formed 
with the variables of OA and OC. We write, for all the combinations a/3, 

y*«p+ <^(1, 23) ; 


and then the necessarily vanishing second-order terms provide a residuary relation 


X u i a>P $=sXi(«P’ yS)M 1, 23)a y6 (l, 23)], 


as arising out of the domainal arc-relation at F for the domainal geodesic FD\ 
Similarly, the domainal arc-relation at G for the domainal geodesic GD f 
leaves a residuary second-order condition 

X u * l)p 3i= i X [(«& r 8 M 2 - 31)a ya (2, 31)J ; 
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and the like arc-relation at H for HI)' leaves a residual condition 


IX U <=iZ;[(a/3, y8K,(3, 12)ova(3, 12)j. 

In the next place, the conditions of concurrence of FD', GI)', HD', must be 
obtained. They are obtainable from the property that the values of the domainal 
parameters at D', in relation to their values at 0, must be the same whatever be 
the path from 0 to D One such path finishes with FI/ ; the equivalence of 
the paths OBF and OCF has already been used in forming the values of the 
parameters at F , so that (after the result on p. 599) we have 

pf=p + y ?2 - zp 3 ' - i S At (ypt + z p»? - iLA 300 (ypi + m) 3 ] + ly zP ^ 

where 

{y{Ps - pi cos 23) + z(p 2 -p 3 cos 23)) K 23 , 

with corresponding values for q^, ?>, l F . As we choose a length x along FD' equal 
to the arc-length x along its parallel OA , the value p iy of the ^-parameter, by 
the broken path ending in FD', is 

PlY = Vf + xF'm + jZ 2 I } 23 1) + 

up to the third order inclusive, the values of P'^ and P^ (1) being taken at F. 
As P 23 (1) is multiplied by x 3 , we need only its finite part for this approximation : 
that is, we take 

As / > 23 (l> is multiplied by x 2 , we need its value up to the first order inclusive ; 
and therefore 


p"(l)_ _ v p (F)f p'(l)\2 
23 — J H * 23 1 


= -V 


-Pi -y 


S?” /V ! -2 2 W 2 zr„ 


\ V\ 7i3 


=Pi"-[ P iooVi 2 (yVi+ z P i )]-^ 21) + s/l m (1. 31)}]. 


When these values are substituted in p D ’, as obtained by the indicated path to 
D' , we find 

pn--=p + x Pi + yp% + z pi - i ^ A i (*Pi + ypi -i z Ps ) 2 - -e L A soo (^V + 2/2V + sp 3 ') 2 ] 

+ a;A;A|FA3-^[^« 1 ^A 1 (l,21) + Z A' ) ,(l,31)}j. 

When we write 

S[«1,{*(1> 21)4 «£„<!, 31)}1 = [A“], 

the second line in p jy is 


4 AV] + e.V'A 3 ; 
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and the first line is completely symmetrical in the quantities connected with the 
directions OA , OB, OC. 

A similar expression for pjy is obtainable by the broken geodesic path ending 
in GD f , the first line of it being the same as the foregoing first line ; and a third 
similar expression for p D > is obtainable by the broken geodesic path ending in 
HD', the first line again being the same as the foregoing first line. The three 
values, thus obtained for p D ^ must be equal ; and therefore we have the conditions 

X r P^l + 6 y z P 23 — y [^31*1 + fi ZXp 31 = Z [ P^] + \xyP X2 . 

We denote the common value of these three quantities by the symmetric 
expression 

x yzP i 23 +r> {yzP^ + zxP 31 4- xyP , 2 ) , 

which is necessarily of the third order of small quantities, and therefore P 123 
must be a finite magnitude ; then 

\P%}=y~~Pnz+UyPi2 + ~~Pv. t ), 

[ P$]=zxP in + HzP u + xP u ), 

I = 123 + e ( x P al + yP ai ). 

Now we have 

=Q{pi'K,{ 1, 21) + r h 'K 2 (l, 21 ) + r/A' s (l, 2] ) + tM 1, 21 )}=<), 

and likewise 

so that 
Also 

M 1 (,) Pj 2 =yA’ 12 sin 2 12 = ?/ v; (a/3, y8)s a$ s vS , 

S M i (1) -Pi3= =A’ 18 sin 2 13 = 2^ {a- ft, yS) t af} t yS , 
with the foregoing notation ; and therefore 

v Ml u>[pa>;| =yz^ w , (1 >P 123 + i y 1 ]>) (a& y^s^+iz^ ( a P> y 8 )Wvs- 

When substitution is made in the second-order condition from the domainal 
arc-relation at F for the geodesic FD', we have 

^ j ^1 ^ ^ P 1 23 ^ ^ ^ j y$)\ S af3 ty6 ’b S y6 ^o/3 ] > 

or, as the variables .s a/3 arise out of the directions OA and OB, while the variables 
t a p arise out of the directions OA and OC, we shall express the right-hand in the 
form 

a P’ y s 

12, 13 
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-IN 1 

M3 — 6 Z-J 


a/3, yS 
12 13 


Similarly the arc-relation at G for GIY and the arc-relation at H for HD* lead 
to the respective equations 


and 



a/3, yS 


23, 21 


aft yS 


32 


The quantities P 123 , ^123 * P123 , T l2 ^, are symmetrical as regards the three 
directions OA, OB , OG, so that, having regard to the dimensions in the parametric 
direction-variables, we shall have 


^123— ^J23jPl 1 f 1 23 V 2 + W 1 23 , 

^123 ~ ^123 r ]l d* F 123 / 2 + W 123 ^3 * 

Pi 23 ~ 23 ^1 "b F 123 7*2 + TF 123 /* 3 , 

^ 123—^123 + F 123 / 2 + W 12; , / 3 . 


Then the three equations, arising from the second-order conditions surviving from 
the arc-relations at F, G, H , respectively, become 


U 123 + F 123 cos 1 2 + W x 23 cos 1 3 = i V) 

Z 7 | 23 cos 1 2 + F l23 + IF! 23 cos 23 = l ^ 
// 123 cos 13 + F l23 cos 23 + TF 123 


a/3, y8 
12, 13 
a/3, yS 
23, 21 
aj8, yS 
31, 32 


The values of U 123 , F 123 , TF 123 , can be regarded as known. 

When we summarize the results, the //-variable for the domainal geodesic FT)' 
at F in the direction FD\ geodesically parallel to OA , is 


Pi - (VYu -I z Yia) - ( VP* + z th)~\ 

+^K{#;(i, 2 i )+rf„(i, 3 i)}j+i( if p ls + s p ia )+ A, ; 

the //-variable for the domainal geodesic GIT at G in the direction 67 /, geodesically 
parallel to OB , is 

P2 “ (^723 + x V2i) ~ H-Pj 300F2 ( Z P 3 ) 2 j 

1 
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and the ^'-variable for the domainal geodesic HU at H in the direction HU 
geodesically parallel to OC, is 

Pa,' “ (xni + 2/732) “ 2 I/ 1 : 300 P 3 ( x Pi + yp*Y\ 

+ 3 ^ XK{^ a m ( 3, 13) + *yA'„(8, 23 )}] + 4(aP sl + yP M ) + a i yP 11 ,. 


Also the value of p at Z>' is 


p, r =p + xp l + yp 2 +zp 3 


-iX 


Al + yp2 + z pa ) 2 « [-^300 (**2*1 + 3/7*2 + ^3 ) 3 ] 


+ 6 (F^23 + ^3! + ^ 12 ) + X y zP W 


By appropriate changes and interchanges of directions and variables, the 
direction-variables of sets of three geodesic lines terminating in A', in B', and 
in C ', respectively, can be deduced from the direction-variables of the three 
geodesic lines FU , GU, HI)\ terminating in U. Thus the direction-variables p' 
for FA ', G'A', IF A', are 


H'A ' : P 2 ( 2723 + ^724) ~2T-^3oo7*2 / ( z Pa + ^7*4 , ) 2 J 

X 32) +ywK ll {2, 42)}] + } (zP 23 + wP 2t ) + zwP 234 

G’A ’ : p 3 - (wy 3i + yy 32 ) -||T. mt p 3 (up i ’ + yp 2 ) 2 ] 

+ X L«im!'«’^( 3, 43) + syA M (3, 23)}] + (wP 3i + yP 32 ) I- wyP 23i 
FA’ : pS - (yy 2i + zy 3i ) - ILA 00 /V(?/K+ 2 ft') 2 J 

+ 3]3 X K*W A *.(4, 24) + wsA’ J ,(4, M)}] + i(yP i2 +zP i3 )+ yzP 23i 
and the value of p at A' is 


Pa =V + ypt 4 ~ 1 h + Wp4 - i X r n (yp* + 2 Pa' + wpi) 2 - 0 l r 300 (VPi + + “7V) 3 1 

t « (zwP 3i + V-yPn + yzP 2 3 ) + yz'wP 23i . 


The direction-variables p' for F'B' , GB', H'B', are 
H'B' : pi - ( 2y 13 + wy 14 ) - -2-(T 30 o?V ( zp 3 + w;p 4 ') 2 l 

+ X KJ 31 ) + wA; ( 1 , 41 )}J + £ ( cP )3 + »P 14 ) + zwP 341 

: ?V ~ (wy 3 4 + ®y 3 i) - 2 rAooPs' ( W P* + XP\?} 

+ 2Q X K«(3, 43)+ zxK ti (?>, 13)}]+ 1 (m;P 34 + xP 31 ) + xwP 3il 
GB' : p/ - ( zy 41 + 2y 43 ) - |[P ( ay / + 2^ 3 ') 2 1 

+ 3^2 X r«i w { w:?:A »( 4 , 14)+ wzA„(4, 34 )}]+ J(a:P 41 + zP i3 )+ xzP 3il 
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and the value of p at B' is 

Pi,’=p + zp 3 ' +wp t ' + xp\ — 2 ^ r j j (zp 3 +wpi +xpi') 2 - lir 3IM (zp 3 ' +w’/V +zpi) 3 
+ 1 (zwP 3i + wxP iX + xzP 13 ) + xzwP 3iV 

Finally the direction-variables p' for F'C', G'C, H'C, are 
G'C ' : - ( yy l2 + wy u ) - £ |T 30 0 p t ' ( yp 2 + wp t ') 2 ] 

+ »{ x y K A l > 2 J ) + xwK„ (1 , 41 )}J + £ ( yP 12 + wP u ) + ywP il2 

F'C ' : p 2 ' - (wy 24 + xy 21 ) - 1 [r m) p 2 (wp 4 ' + xp^'f] 

mi a m{y wK u( l2 > 42)+ yxK^Z, 12)}] + £(wP 24 + xP 2l ) + wxP il2 
EC : pi ~(xy it + yy i2 )~ £ \r j00 Pi (*Pi + «P*')*1 

+ 3^X1 [a^wxK^i, 14) + wyKJ 4, 24)}] + l ( xP u + yP i2 ) + xyP il2 
and the value of p at O' is 


Pc’ =p + K’Pi + '*?+' + yPi - i'ljPn («’/V + *Pi + VPzY - i\r 3w (wp 4 ' + xp x ' + yp 2 ) 2 J 


+ « {ywP 24 + wxP n + xyP 12 ) + xywP il2 . 


The values of the direction- variables </', r\ //, for each of the lines, are deduced 
from those of the direction- variables p f of the line by the customary changes of 
the variable p{ into <//, r/, //, respectively (for i— 1, 2, 3, 4), and of the minors 
'V into a 3M , « 4/i , res])ectively. 


Characteristic quantities for a paralldoid. 

386. To complete the paralleloid, having a vertex O' diagonally opposite to 0, 
it is necessary to draw domainal geodesics, one through A' parallel to OA (in the 
sense of parallelism stated in § 382) and equal in length to OA, another through 
B ' similarly related to OB , another through C' similarly related to 0C , and a 
fourth through // similarly related to 0D. All these four geodesics are to meet 
in O'. We postulate direction- variables p' for the four geodesics, at A' in the 
direction A'O', at B' in the direction B'0\ at C’ in the direction C'O', and at D' 
in the direction D'O', as follows : 

A'O' : P,'=p 1 , -(yy, 2 + ~Yn + "Vu) ~ 2 IT soopi ( ypi + zp 3 +wp i ') 2 ~\ + P u 
B'O' : P 2 =p 2 ~(zy 23 + wy 2i + xy 21 ) - \[r 3 W p 2 ( zp 3 ' + wp i '+ x;V) 2 l + P 2 , 
CO' : P 3 =p 3 -(wy M + *731+ yy 32 ) - \[r 3 w p 3 (wp t ' + xp 2 ' + yp 2 ) 2 } + P 3 , 
D'O' '-P\~P\ -{ xyn + 2/y 42 + vy i 3 )~ : k\r 300 pt'(xp 1 ' + yp 2 '+ zp 3 ) 2 ] + P it 

where the determinable magnitudes P v P» P& P 45 are of the second order of 
small quantities. The direction-variables q ', r', //, for the respective directions 
at A', B', O', D', are deduced from the direction- variables by the customary 
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changes of parameters by the association of determinable magnitudes Q i9 7\, 
for i= 1, 2, 3, 4. In order to determine the magnitudes P i9 Q i9 R i9 T i9 we have 


(i) the permanent arc-relations at A', B\ C', D r ; and 

(ii) the conditions which arise bv equating, at O', the values of the para- 

meters attained at O' by the broken geodesic paths ending in 
A'O ', B'0\ O'O', O'O', respectively. 


We begin with the residuary conditions from the arc-relations at A', B', O', O', 
the approximations in these relations being taken up to small quantities of the 
second order (or, what is effectively the same range, up to third-order arc- 
derivatives of domainal parameters). At O', this relation is 

^A iy P 4 ' 2 - 1. 


Up to the second order of small quantities inclusive, we have, as in §§ 213, 237, 


. a ( d d 

A " =A + Vds* ,J ^, +l 




+y- 


d 


(7s, •' (7 s 2 


d 

ds 


L\ 

IsJ 


A , 


(•O'li + yy 24 + - 734 ) + (*?u + ?/724 + zy M ) 2 

~ Pa TAoojV (rpi + VP* + ~/V) 2 1 + 2/> 4 '^4> 


with corresponding values for the other primary magnitudes at O' and for the 
other combinations of the direction-variables P 4 ', Q 4 ', P 4 ', 1\\ 

When these values are substituted in the arc-relation, the finite terms on the 
left-hand side = Ap/ 2 , and therefore balance the right-hand side. The 

aggregate, of the terms of the first order of small quantities, is found to be zero : 
so that there is no residual first-order condition. The aggregate, of the terms of 
the second order of small quantities, must vanish ; and, as a consequence, there 
is a residual second-order condition, which ultimately reduces to 


V 




tj'W+oiWiW’i 

• ,V'M> - ‘I. , JM) 4. .(HUM))! 

• 0 ^a(i by 8 ' ,V y5 ”ajB /J> 

where an index in a symbol «v^ 4) implies that the variable s af} is formed from the 
direction-variables of OA and 01) ; or, if we write 

=**(♦, 123), 


the condition becomes 


- 




M ~ 


V>i (4) ^ 4 }-^L (ap, yS)a a/3 (4, I23)a y6 (4, 123)]. 

Similarly, the arc-relations at A', B\ C\ respectively, produce the residual arc- 
relations 

2 K (l) /Vf 234)a yfi (l, 234)1, 

with y , z, w, in the composition of its quantities cr a/3 ; 

a/3, yS)a afj (-2, 341)a y0 (2, 341)], 
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with z, w, x, in the composition of its quantities cr Qf3 ; and 

£ W s) p,} = ££ [(«£, ySM3, 412)a*(3, 412)], 

with w, x, y, in the composition of its quantities cr a/3 . 

Next, we have conditions arising out of the values of the parameters at O', 
which (relative to 0) are the same whatever be the broken geodesic path from 0 
to O'. Consider the geodesic path which ends with the geodesic portion O'O' ; in 
the value of a parameter at O', the equivalence of broken geodesic paths from 0 
to O' has been used ; consequently the single value of the parameter p at O', 
when O' is attained by a path ending with O'O', is 

= Pjy + wP' + > 2 P 4 " + WP A "', 

up to the third order of small quantities, the length of D'O ' being w, the same as 
00, and the values of P 4 " and P 4 '" being taken at O'. 

As P 4 "' is multiplied by w 3 , and as the whole approximation does not proceed 
beyond the third order, we have P 4 '"=p 4 '", so that 

W P 4 '" = iw^p 4 "'. 

As P 4 " is multiplied by w 2 , we shall require the value of P 4 " up to the first order 
inclusive ; accordingly, we take 

r*"= - £r n ("'>p 4 '2 

=p t " -xE 1 -yE 2 -zE 3 , 

up to this order, where 

r/P 2 

K 2 1+^£KA(4> i4», 

fir 9 

® 2 =£-^V 2 - 2 £ AiP4'y,4=lAooP-/K 2 l + 3^ £ K^(4, 24)}, 

^ 3 = £^K 2 - 2 £ r n p 4 v- 31 =rr 300 p 3 k 2 J + ^ £ K.a' m ( 4, 34)}, 
by the results of § 306. 

When the values of P 4 ', P 4 ", P 4 '", are substituted, and like terms are collected, 
we find 

Po-=P+ xpi + VPi + zp 3 ’ + w Pi ~\ r £ -^ 11 ( x Pi + ypz + zp 3 ' + ™Pi) 2 
- i tAoo (®Pi' + yp-i + zp 3 ' + WP*) 3 ] 

+ s (yzPzs + ™ p 3 i + x yP n) + x yzPi23 

+wP *-^} £ 14)+yZ M (4, 24) + *tf M (4, 34)}], 

2Q 


P.T.O.II. 
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up to the third order of small quantities inclusive. In this expression, the total of 
the first two lines is actually and formally symmetrical in magnitudes connected 
with the four directions OA , OB , OC, OD ; the total of the last two lines is formally 
special to the mode of approach to O' by D'O'. Let 

s U) + yA;(4, 24)+*A (i (4, 34)}]=/* 4> 

so that the total of the last two lines 

= w Pi + h {yzPvs + zxP 3l + xyP 12 ) + xyzP 123 . 

Similarly, values of p 0 > are obtainable by the other methods of approach to 
O', ending in portions A 'O', B'O', C'0\ respectively. As the four values thus 
obtained must be the same, we have 

wPi+$(yzP n 4 zxP nl + xyP l2 ) + xyzP m 
= xP 1 +i( zwP u 4 wyP 42 4 yzP 23 ) 4 yzwP 2U 
— 2 + ¥ {wxP 41 4 xzP 13 4 zwP 34 ) 4 zwxP ul 

= ■ zP * + 6 ( xyPu + ywP 24 + icxPa i) + wxyPt 12 , 
each expression being of the third order of small quantities. The common value 
of the four expressions is therefore symmetrical in magnitudes and direction- 
variables appertaining to the four initiating directions 0/1, OB , 00, 0D \ and 
therefore, having regard to the terms in the four forms, we could take this 
common value to be 

xyzwP 4 i ( yzP 23 4 zxP n 4 xyP 12 4 wxP u 4 wyP M 4 wzP u ) 

4 yzwP 2U 4 zwxP 341 4 wxyPt l2 4 xyzP l23 . 

But our approximation has extended only so far as to include terms of the third 
order in the values of the parameters, and terms of the second order in the values 
of the direction- variables. A term xyzwP is of the fourth order, and it is not the 
sole term which would be of that fourth order in the value of p 0 r : accordingly, in 
the development of the approximation actually retained, consideration of the 
order of the term xyzwP requires its exclusion. We thus have 

A=&( yPi 2 + zPn + wPu)+ zwP 3il +wyP n2 +yzP 123 

P 2 =& ( x Pi2 + z Pn + W’-P 24 ) + WZ P* 34 + xu ’Ptn + zxP m 

> j 

P 3 -\{xP l3 +yP i3 + wP 3i )+ywP 23i +wxP 3il + x yPi 23 

Pi = I (j-Pu + yPn + zP M ) + z yP 3 u + xzPsn + v x P H2 

all of them quantities of the second order. 

These inferences from the community of value in the various expressions for 
p 0 ' leave no magnitudes for determination ; and the same conclusion holds for 
the expressions for q 0 ', r 0 ', t 0 ‘. Thus the direction- variables P/, Q t \ R t \ T t \ are 
determinate up to the second order of small quantities inclusive ; and, in these 
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forms, they must satisfy the residual conditions from the four arc-relations at 
A\ B', C", jD', which also have been taken to the same second order of approxima- 
tion. These arc-relations are inclusible in the single form 

( a fr y 8 )T^(A, tivp)o yB {\, p.vp)i 

where A, /a, v, p, arc the integers 1, 2, 3, 4, in cyclical order, and A=l, 2, 3, 4, for 
the four relations. 

The verification, that the relations are satisfied, is obtained by direct sub- 
stitution. We have 


Pl = Pl+ m^ K W 1 , 21 ) + *E„(1, 31) + wK.0 , 41 )}], 

and 

=Q{p 1 'K 1 ( 1, ml) + qiK 2 (l, ml) -f r 1 'K 3 ( 1, wl) + < 1 'A" 4 (l, /«1)}=0, 
for the values m= 2, 3, 4 ; and so 


We therefore have to calculate the right-hand side. Now 

cos 12 ; ) + y(pi -Pt cos 12)}] 
=yK n sin 2 12=y]>) (a£, y8)s^ 2) 4« 2) , 
and similarly for the terms in P 13 and P u ; hence 
V (n/ 1 + zP a + wP u )} 

= S [ M rW C’T + *■«” + 


Again, as on p. 604, 

^u^P lmn =^[(aP, yS){C ) 4V‘ ) + S ^‘ , 4r ) }] 

for all the pairs of values for m, n = 2, 3, 4 ; and therefore 
^ H< ^>(zwP 3il + wyPiu + yzP 123)} 

+«»(W , +c< a* 1 ) 

+ 

Consequently, 
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where 

s- 

+ 

+»*CC+ 

- f + » ckjC’ + + <’} 

= ^(1,234K, (1,234); 
and therefore the second-order condition 

2 {«i (1) A}= *2 [W, ySM 1, 234)a y8 (l, 234)] 

is satisfied. 

In the same way, we can verify the other three second-order conditions which 
assign the obtained values for 

2k (2) a}, 2n (3) a,}, y>i (4) ^}, 

respectively. 

All the required conditions are satisfied, by the values obtained ; and there- 
fore we have, as the p direction-variable of A' O' at A ', 

Pi =Pi - (VYu + 2713 + wy u ) - x 2 [F m pi (yp 2 + zp 3 ' + wpi ) 2 J 

+ 3 ^2K { ^m( 1> 21) + 2^(1, 31) + «tf„(l, 41)}] 

+ £ (yPu + 2^13 + wPu) + 2wPi34 + wyP li2 + yzP 123 , 

up to the second order of small quantities inclusive. There are similar values for 
the direction- variables p of B'O' at B f , of C'O' at O', and of D'O' at D Further, 
the direction-variables q', r', t ', of the same four dimensional geodesics at the 
same points are derivable from respective direction-variables p\ by appropriate 
changes (i) of p f into q\ /, t', successively, with simultaneous changes (ii) of y t} 
into < f>ij , (iii) of into ^^d (iv) of into 

a 2n> 

Finally, the value of the ^-parameter at 0' is 

p=p+ xpi + ypz + zpa + wpi - 1 2 Ai ( x Pi + ypz + z Pz + w Pif 

- itAoo ( x Pi + ypz + *pz + wpif\ 

+ i (yzP * 3 + zx Pn + x yP 12 + wxP u + wyP 2i + wzP M ) 

+ yzwP m + zwxP 3 41 + wxyP il2 + xyzP 123 ; 

and there are corresponding values at O' for the other three parameters. 

The essential magnitudes of the paralleloid are therefore known, up to the 
retained orders of approximation which are the second for direction-variables and 
the third for the parameters. 
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Parametric Curves in a Domain 

387. A curve in a domain can he represented analytically as the intersection 
of three parametric regions 

0(p,q,r,t)= 0, <f>(p,q,r,t) = 0, *(p, q, r, 0=0. 

The direction-variables p', q , /, t', of its tangent are such that 

dj p' d 2 q + 

fyi'p' + < f>2q’ +<f>3 r> + < f > i i ' 

Xi/ + X2?' + x 3 r' + x/ = 0; 

and therefore 

v'_ = _ <i _ = *•' _ * 

(2,3,4) -(3,4,1) (4,1,2) -(1,2,3) ’ 

where the denominator symbols are defined by the relation 

(ij,k)= e u e„ e k 

<£» 

X<> Xh Xk 

The common value V of the fractions is given by 

or, as 6, /, m =jQ 2 A y 

f, c, n 
m, n , d 

and so for the other combinations of minors in Q, we have 

b, /, m ( 2 , 3 , 4)2 
/, o, n 
m, n , rf 

2 °^i ’ 2 a< Ai 2 ’ S «&xi 

X a0 iXi» S«X1 2 

=Q*6 N 2 <f> n 2 X v 2 1 , cosco 3 , cos co 2 

cosa>3, 1 , coscoj 

cos co 2 , cos co, 1 
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where <f> n j Xv> are the domainal dilatations of the regions 0, <f > , respectively ; 
and where aq, <o 2 , a> 3 , are the angles between the ^-region and the ^-region (as 
measured by the angle between their domainal normals), between the ^-region 
and the 0-region, and between the 0-region and the ^-region, respectively. Thus 

~=Q%4> nXv s l >. 


The direction-variables of the curve of intersection are thus expressible in terms 
of the first derivatives of the parametric functions. 

It is convenient to have the direction- variables of the domainal normals to 
the regions. We denote by 

dp dq dr dt 

dn 4 ’ dn 0 5 dn^ ’ dn + ’ 

the direction- variables of the domainal normals to a region i/j(p, q } r, /) = 0. Thus 
we have 

Q6 S = aO x -H h0 2 -}- gd 3 -f /0 4 , 


u71q dn 0 d?ig dn 0 


with corresponding values for the normal derivatives of q, r, t : also 

9jl 

On 

with corresponding values for 0 2 , 0 3 , 0 4 , while 

There are corresponding equations connected with the ^-region and with the 
^-region for the similarly associated magnitudes of those regions. 


388. We denote the second derivatives of p , q , r, t , along the curve by 
p 0 ", q 0 ", r 0 ". t 0 ", using //', y", r", t"> to denote the second derivatives of the 
parameters along the domainal geodesic in the same initial direction //, r/, /, 
that is, along the domainal geodesic which touches (and is touched by) the curve. 
As the curve lies wholly in the 0-region, we have 

0iPo" + <V/o" + O 3 r 0 " + 0 4 <o" -I- £ 0 11? / 2 -<>. 

Consequently 

= — 2 (^11 — ^l-Ti ii — ^2^ n — ® 3 ®u — ^^n)P 2 

= -^nV'\ 

using the symbol to denote O l} -d i r tJ -d 2 A lj -6 3 @ tJ -d^0 iJ . But, if l/y e 
denotes the domainal flexure of the geodesic of the 0-region in the direction 
p’> q\ that is, of the geodesic in that region touching the curve, then 
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388J 

and therefore, if we take 

Po=Po"-P ", Ro=r 0 "-r", 2V=* 

the foregoing relation becomes 

0 1 P o + 0 2 Qq + ^ 3^0 + ^4^V 


On 


7o 

Similarly, with the corresponding significance of y 0 for the cj >- region and of y x 
for the ^-region, we have 

<f>\P 0 + ^2^0 + ^3^0 + ^4^0 — > 

y* 

XlP O + • 

7x 

But the arc lies in the domain, so that 

S^' 2 -1, 

and therefore, differentiating along the arc, we have (as always) 

u i (Po" t V) r n j)' 2 ) 4 - n 2 (q 0 " + 2 A 11 q ' 2 ) + u . 3 (r 0 " + 2 0 n?' 2 ) 

+ « 4 (<o' f +S<Pn p' 2 ) = o, 

% P 0 + ^'2 + U 3 # 0 + ^0 = 0 . 

The four equations thus obtained, linear in P 0 , (? 0 , P 0 , T 0 , can be resolved as 
follows. The last equation, being 

^Av'P^O, 

indicates that the quantities P 0 , Q 0 , R Q , T 0 , can be regarded as direction- variables 
of a line in the domain, at right angles to the tangent to the curve. There are 
three non-complanar domainal directions at right angles to this tangent : for it 
lies in the tangent flat of each region and therefore is perpendicular to the three 
domainal normals of the respective regions ; and consequently P 0 , Q 0 , R 0 , T 0 , 
determining a direction lying in the domain, must lie in the flat which has 
the three domainal normals for its guiding lines. Thus, with suitable quantities 
k, A, /x, we can take 


that is, 




Q 0= K 


T a = H 


dn 0 ' " dn^ ^ dn x ’ 

dq 


dr 

‘dn x ’ 


dq 

+ A 

dq 

dn Q 

dn 4 

dr 


dr 

dn Q 

~r A 

dn t 4 

dt 


dt 

dn Q 

+ A 

dn 4 


dt 

l d< 


and the values of k, A, /u., now must satisfy the three earlier equations. 
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Let the values be substituted in the first equation. The coefficient of k 


the coefficient of A 


the coefficient of p 


and therefore we have 


= 2 




a t cos cog ; 




dp dp 
dn Q dn x 


— Ox cos ct> 2 ; 


K+ A COS OJ 3 -i f l COS (x ) 2 ~ — . 

Ye 


Similarly, from the second equation, we have 


k cos co 3 4- A + p cos aq = 


and from the third equation, 


k cos co 2 4- A cos aq 4- p = 


(When the values of P 0 , <? 0 , /? 0 , T 0 , are substituted in the fourth equation, it is 
satisfied without leaving any residual condition : the relations 

merely express the property that the domainal normals of the regions are at right 
angles to the curve, which lies in each of the regions.) 

Thus the second arc-variations of p, q , r, t , taken along the arc of the curve, 
are given by the equations 

Po"~P"= K fn+ X ^ +li dn x 

q °''~ q " =K fa 0 +X dn+^<t x 

,, dr .dr dr ’ 

r 0 ''-r"=Kj- + 

U/2-0 

to — t —K A -= hp, — 

ciTi q dn^ - 



389] 


PARAMETRIC CURVE 


617 


where k, A, /z, are expressible in terms of the domainal flexure of the respective 
regional geodesic tangents of the curve by the equations 

k -j- A cos a> 2 + /z cos a >2 

k cos co 3 4- A -f- [X cos 

K COS 6l>2 + A COS Oq -f /Z 

Obviously, these equations are analogous to the intrinsic equations of a geodesic 
in a domainal region, and to the intrinsic equations of a geodesic on a domainal 
surface given as the intersection of two regions. 

Circular curvature and domainal flexure of the curve . 

389. The derivation, of the magnitude of the circular curvature of the curve 
and also of the spatial direction-cosines of its prime normal, is immediate. For 
the typical point-variable in the plenary space, we have 

2/o" =yiPo" + + y 3 r 0 " + 2/4*0" + 2 VuP' 2 

= 2/1 (Po" - P") + y . (?o" - ?") + y 3 (To" - r") + y t (/„" - 1") 

+ 2 {( 2/11 - 2/1 Ai - VtAn - 2/3®Xl - 2/4^11 )p'*} 
=yiPo+yiQ 0 +y 3 Ro+yJ<i+ 2 w' 2 - 

Let F 0 denote the typical spatial direction-cosine of the prime normal to the 
curve, and let p 0 denote its radius of circular curvature ; then 

Yo—yd Po* 

Also, when the values of P 0 , Q 0 , i? 0 , T 0 , are substituted, the coefficient of k 

dp dq dr dt 

_dy 

dn 0 

being the typical spatial direction-cosine of the domainal normal to the 0-region ; 
and similarly the coefficient of A and the coefficient of /z respectively are 

dy dy 
dn ^ 5 dn x * 

Moreover, 
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the customary equation connected with the circular curvature of the domainal 
geodesic in the direction p\ q' 9 /, t f ; thus 


Y o=I +K *i +x d i + 

Po <*«*<*«*’ 


holding for each of the spatial point-variables. 


390. Next, an estimate must be made of the magnitude and the direction of 
the domainal flexure of the curve, being the arc-ratc of its deviation from the 
domainal geodesic. This estimate can be framed in two ways. 

In the first place, the deviation is estimated by the rate of variation between 
the direction of the curve and the direction of the domainal geodesic tangent. The 
typical direction-cosines of the tangents to the curve, at 0 and at a point distant 8 
from 0 along the arc of the curve (8 being small), are 

y\ y'-\ y 0 ''8 b... , 


while the corresponding quantities for the geodesic tangents, at 0 and at a point 
distant 8 from 0 along its tangent, are 

y\ y’+y" 8 +..., 

The two first tangents coincide ; let de denote the small angle between the two 
second tangents ; and let y denote the radius of domainal flexure, so that, by 
definition, we take 


In an orb of representation in the plenary homaloidal space, let l denote the 
typical spatial direction-cosine of the elementary arc de, so that 

?de=y 0 "8-f...-(y"8+...) 

=(yo’-y")8+-> 


the unexpressed terms involving powers of 8 higher than the first ; thus 


In the second place, the deviation of the curve from the domainal geodesic 
tangent is estimated by the deviation in distance between the two points, on the 
curve and on the geodesic respectively, at the small distance 8 from 0. The typical 
space- variables for these two points are 

y+y'8+hfo" 8 2 +..., y+y'8 + ly"8 2 +..., 

respectively ; and therefore, if V denote the actual distance between them, while 
l has its preceding significance, 

*v=i<y 0 "-y") S 2 +-> 
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By this mode of estimating the deviation, the definition of the radius of flexure 
would be 

1 , . /2V\ 


and therefore we have 


the same result as before. 
Now 


and therefore we have 


r! 


—Vo -y 


„ r» Y 


l^Yo_Y 

Y Po P 


as the relation between the domainal flexure of the curve, and the circular curva- 
tures of the curve and the domainal geodesic tangent. Also we have, by the 
earlier relation, 

l dy . dy dy 

-==*'-+ A 7 — 4 /x 
y dn e dn $ dn x 

where the quantities k , A, /x, are expressed in terms of the domainal flexures of 
the regional geodesic tangents by 

1 1 

k:4 A cos o>.,4-/x cos ok>— - 
“ Yo 

, 1 
k cos o> 3 -{ A 4 fJi cos aj x — — > . 


kcoso) 2 4 Acoscu, 4n = — 

YxJ 

Consequently, the typical direction-cosine l of the radius of domainal flexure of 
the curve is given by the equation 


l 

dy 

dy 

dy 

> 

r 

dn e ’ 

dri^ 

dn x 

l 

1 , 



Ye’ 

cos cu 3 , 

cos to 2 


1 


1 , 


5 

COS a>3, 

COS U) 1 

Y* 



1 



1 

Yx’ 

cos oj 2 9 

COS (O l9 
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The magnitude y of the radius of domainal flexure can be regarded as given by 
any one of the equations 

-- =k 2 + A 2 + p? 2 Xjjl cos w 1 + 2/ak cos c o 2 + 2/c A cos o> 3 , 

y- 

1 k A a 

— — | 1 9 

y 2 Yo y* y x 


where 


1 1 


1 


y 2 ’ 

ye y* 

Yx 

l 

1 , COS 6U3, 


Ye’ 

cos 

1 

COSW3, 1 , 


> 

cos co 1 

y* 


] 


1 

— . 

COS 0 ) 2 , COSO*!, 

Yx' 


sin 2 co-t 2 . 

— b— (COS6D0 COS6D 3 

ov 2 *v/ .'M 


=0. 


y* yo y*y x 

sin 2 o> 2 2 . , 

H o “ H ( cos cos “ cos <o 2 ) 

Y* YxYe 

sin 2 2 . 

H — ? H (COS 60! COS 60 2 - COS £0 3 ), 

yx yoy* 


5 = 1 - COS 2 60! - COS 2 60 2 “ COS 2 60 3 + 2 COS 60 x COS 60 2 COS 6O3. 


Perpendicular on tangent to the curve and the prime normal. 

391 . The identification of the direction of the prime normal of the curve with 
the limiting position of the perpendicular on the tangent to the curve from a 
neighbouring point on the curve, as that point is made to approach 0, and the 
derivation of the foregoing typical relation between directions and curvatures, 
can be effected as follows. 

The tangent line of the curve lies in the tangent block of the domain ; and 
thus its equations can be taken in the form 

y - y = Ay i + Jiy 2 + 1 % + , 

typical of the set for all the point-coordinates in the plenary space, the parameters 
A, /lZ, v, m, being subject to the three conditions 

A 6 1 -+- pd 2 4 - vd$ -f- — 0 , 

A^! 4- p<f) 2 + ^3 + ^4 = 0, 

\i + /^X 2 + ha + ^X 4 = 0 . 
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Let 77 0 be the length of the perpendicular, from a neighbouring point with a 
typical coordinate 77 , upon the tangent line to the curve ; and let the typical 
direction-cosine of that perpendicular be Y 0 , so that, if the foregoing point, with 
the typical coordinate y , be the foot of the perpendicular, we have 

Y»n 0 — 17 — y 

=v -(y +Ajh+ wf 2 +^3+ % 4 ), 

as the typical equation. Because IJ 0 is the perpendicular in question, the 
quantity 

S in - (y + tyi + Mi + ~ v Vi + Mi )) 2 

must be a minimum for all admissible values of A, ja, v , m, that is, for all values of 
A, jji, v, m, satisfying the three conditions. The four equations, critical for this 
minimum, are 

2 2/* i 7 ! ” fl) ~ PO * + + Yhfj t , 

for i=l, 2, 3, 4, where P, (?, P, are multipliers undetermined in the construction 
of the critical equations. 

These equations can be written in the form 

y t Y^—Pdj 4 - Q(f>i + Rx t ; 

and it is easy to verify that the direction typified by Y 0 lies in the flat which, 
within the domain, is orthogonal to the curve. 

They also can be taken in the form 

u4A+ + Gv-\- Lw-\- P9 1 + Q<f>i + Pxi — 2 Viiv ~ 2/)> 

PA 4 - Bfi 4 - Fv+Mm 4 - P0 2 + + PX 2 — ^ 2 / 2 (v ~ 2 /)> 

6rA4- Fjl + Cv-\- Nm 4- P0 3 f Q(f >3 + P^ 3 “ 2 2/3 (v “ 2/)» 

PA 4 il/ja 4- iW 4- Pfi? 4- P ^4 4- Q(f > 4 4- P ^4 ~ 2/4 (^? “ 2 /)' 

Now 

^ 2 /i(^- 2 /)=S.Vi ( 2 /' s + 

accurately up to the second power of 8 inclusive. Also 

2 yiy' = Ap' + Hq' + Gr' + Lt' ; 

and, as 

«/o" = 2/1K' + Mo" + Mo" + Mo" + SyuP' 2 . 

we have 

2 sWo"= + ^ 0 " + Lt, 0 " + v; [ 2 Mn] P ' 2 

= A(p 0 "+ r n p'*) + H(q 0 "+ S^nP' 2 ) 

+ G(r 0 " + 2 @nP' 2 ) + i (<o" + S^uP' 2 )- 
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Hence 


£ vx (v - y ) = ■ a {p'8 + 1 ( Vo " + £ r nP '*) s*} 

+ H{q ’8 + l(< Io "+'£A u p’*m 

+ G{r' 8 +l(r Q "+^ 6 n p'W} 

+L{f 8 + H<o"+£^uP' 2 )8 2 }- 


Similarly for the other quantities ^jy^rj-y), for i~ 2 , 3, 4. Let 
A 0 = A-j/8- *(p 0 "+ £ AiP' 2 )S 2 = A-/S- ^P 0 S 2 , 

~ ^' S “ 2 (tfo" + S ^ll/ 2 ) 82 ^ P *“ r / S ~ iOoS 2 , 
*, 0 = 5 - f '8 - i ( r 0 " + y; <9 n 7 / 2 ) S 2 - P - r'S - ii? 0 S 2 , 
^ - f'8 - i( ^ 0 " + 2 <P u p'*)8*=m - *'S - iT 0 8 2 ; 

then the equations are 


AA 0 f HfjL 0 \~ Gvq+ Lco 0 ~ - + + ' 

HAq+ + Fp 0 + Mi O>0 = - (PO 2 + + ^X2)j 

g\ 0 + F Po -i- rv 0 + - (Pe,+Qcf>^ r X z ), 

LX 0 + M/x 0 + AV 0 + Ao 0 = — (P0 4 + Q<£ 4 + R X \)- 

Consequently 

^o= ~ P(^j a @i) ~ Q(^j a< k i) “ a Xi)> 

Ofio = - P(S *®i) -0(2 *&) - • *( S to 
^=-P(S^i)-0(S«W-«(Sto 

flwo = -*(2 »i)-0(S *k>-*(2 *Xi)- 

Thus there are two sets of expressions for the values of the quantities A 0 , /a 0 , y 0 , c? 0 . 
From the former set, we have 

2 ^ i Aq = A 0 + 0 2 /x o + 0 3 v Q + 0 4 r<7 0 

= SM-(S W - i 2 («i bo" + 2 Ay 2 )} s 2 

But second differentiation of the equation <7, r, /)=0 yields the relation 

£tfiPo"+£0nP' 2 =°; 

£ i £{(^xi — ~ ^2^11 ~ ^»®ii — ^4^11)^ 2 }S 2 

=i8 , £^,x8‘ 


and therefore 
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ExxAo=-ifJ 

Y* Yx 


From the second set of expressions for A 0 , /z 0 , v 0i m 0 , we have 

^2 h - p 2 a*! 2 - o s - * S 

= -Q(P0 N 2 + Q6 N <l> n CO8aJz + R0 N X v CO8O) 2 ), 
that is, equating the two values of ]>) 0 X A 0 , 


Similarly we find 


8 2 - = P0# + Q(j> n cos a> 3 4- R% v cos co 2 . 

y* 


2 8 2 ~ = Q<f> n + Rx v COS 60 x + P6 n cos o> 3 , 

y* 

2 S 2 — = Rx v 4 -P0 N cos oj 2 4- Q(f) n cos cu x . 
yx 

It follows, from the equations which define k, A, [l, in terms of y 0 , y 0 , y x , that 
P0 N =\h 2 K, Q<f> n =% 8 2 A, Rx v =l8 2 fx; 

and therefore, inserting these values of P, Q, R, in the expressions for 
A 0 , /x 0 , v 0 > m o, wc have 


'= -**(■* t«)' 

1!8 / (ft . dt (ft \ 

TO 0 — l(Cj + Aj +/1 j- )• 

\ fi/i-g (IH X / 


Consequently 

j/iA + y^ + ^ + ^ro 


The typical equation for the length and the spatial direction-cosines of the 
perpendicular 77 0 is 

r o /7o ='*?-(«/ + «/i A + «/ 2 /I + + 2/#)- 
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But, along the curve 

r ] -y=y'8 + -ly 0 "8 !> +... 

=y' 8+i(yo"-y")V+W'V+- 

=y'8+^y 1 P 0 )B i +^8^+..., 


the unexpressed terms containing powers of 8 higher than the second ; and there- 
fore, up to the second power of 8 inclusive, 


Y 0 77 0 =i--8*+ 

P 


i ( K d y_ 

2 \ dn e 


+ Xp.+^' 

dn^ dfi^j 


S 2 . 


The radius of circular curvature of the curve, denoted by p 0 , is such that 


and therefore 


— =Lim 
Po s-»o 



Y 0 Y dy N dy dy 

p 0 p dn 0 dn^ dn x 

As this relation is typical of the whole set, we verify the typical relation 

Fo-Yo; 


and thus the two methods of determining the magnitude of the radius of curvature 
of the curve and its direction-cosines lead to the same result. 

The quantities y 0 , %, y x , which occur implicitly through the quantities k, A, /z, 
in these equations, are the domainal flexures of the geodesics in the 0-region, the 
^-region, and the ^-region, respectively, all in the direction p', q\ /, t\ touching 
the curve. The circular curvatures of these geodesics, and their respective sets of 
spatial direction-cosines, are given by the typical equations 


while 


Y + 1 dyj 
p 0 p y Q dn 0 

Z^Z+1^. [ 

Pi, P Yi> d n i I ’ 
Y x Y l dy 

Px P Yx dn x J 


Yo = Y + l 

Po P Y 

Y dy , 
= — +K-/-+ X 
p dn 0 


dy_ + dy 
dn^ ^ dn x ' 
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392. A geometrical construction can be made, indicating some of the properties 
of a rectilinear frame connected with these equations. 

Let Ag x , Ag 2 , Ag 3 , represent (in magnitude and direction) the radius of 
domainal flexure of the geodesics in the 0-region, the ^-region, and the 
^-region, respectively, drawn in the same direction 
p', q', /, £', as the curve which is the intersection of q 
those regions. Then from the equations 


[_ dy_.\dy. 

y K dn 0 dn 0 ^ dn x 


we have 


-E*r-= 

y dn e 


-K f A COS (X ) 3 f fJL COS U ) 2 — 


Ve 


and similarly 

1 

y 


y iJl 

^ dn 


<t> y<t> 


dn~ 



7x 


Let a perpendicular Ag be drawn in the flat g x g 2 g 3 A to the triangle g x g 2 g^ meeting 
it in g ; then Ag, in magnitude and direction, represents the radius of domainal 
flexure of the curve of intersection of the regions. 

Again, let AC, in magnitude and direction, represent the radius of circular 
curvature of the domainal geodesic which touches this curve of intersection. Then 
the radius of circular curvature of the geodesic in the 0-region touching the curve 
is represented (in magnitude and direction) by the perpendicular Ac x drawn in 
the plane ACg x upon the line Gg x ; the radius of circular curvature of the tangential 
geodesic in the ^-region is similarly represented by the perpendicular Ac 2 drawn 
in the plane ACg 2 upon the line Cg 2 ; and the radius of circular curvature of the 
tangential geodesic in the ^-region is similarly represented by the perpendicular 
Ac 3 drawn in the plane ACg 3 upon the line Cg 3 . 

The radius of circular curvature of the curve of intersection of the three 
regions is represented, in magnitude and in direction, by the perpendicular Ac 
drawn in the plane ACg upon the line Cg. 

Further, there arc three domainal surfaces of intersection, of the three regions 
taken in pairs ; and, in each of these surfaces, there is a superficial geodesic 
touching the curve of intersection, the domainal flexure and the circular curvature 
of which can similarly be represented in the diagram. Thus for the surface which 
is the intersection of the ^-region and the X' r<? gi° n > the radius of domainal 
flexure of the geodesic tangential to the curve is represented by a perpendicular 
AG j drawn to the line g 2 g 3 , the line gG l being at right angles to g 2 g 3 ; and the 
radius of circular curvature of that geodesic is represented by the perpendicular 
drawn from A upon the line CG V 

F.l.G. II. 
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Other inferences can be derived from the four-dimensional frame CAg 1 g 2 g 3 
thus constructed, the tangent of the curve of intersection being orthogonal to 
the block of the frame. With the frame, a (four-dimensional) globe on AC as 
diameter can be constructed ; all the foregoing centres of domainal flexure and 
centres of circular curvature lie in this globular range. 

The analytical values of the circular curvature and the domainal flexure of 
the curve follow at once from the full equations. Thus (p. 620) the typical 
equations for the flexure are 


where 


* ^ + A 

y an e an $ an x 


Ye 


= K+ A COS C0 3 4/X cosoo 2 , 


— ~k cos co 3 -h A -f -a cos aii, 

y * 


Yx 


-K COR co 2 4- A COS (X) 1 4 /X, 


and, for the circular curvature, 


Po P Y* 


As noted in the geometrical construction, the radius of domainal flexure, the 
radius of circular curvature of the domainal geodesic tangent, and the radius of 
circular curvature of the curve, lie in one plane. If i/j denote the inclination of 
these two radii of circular curvature, we have 

2 yy 0 =cos 0, 2^o=sin^, y o =y cos^4/sini/r, 

p cos ip=y sin i/j=p Qi 
1_ 1 _1 
p o 2 ~y V' 

Further, we have 


- - =/c 2 4- A 2 4- /x 2 4- 2 A/x cos a q 4* 2p,K cos o> 2 4- 2k A cos a i 3 , 


E sin 2 oii 2 . . 

— = 1 (cos to* cos CO ; > — COS Oil) 

y 2 Ye 2 YtYx 

sin 2 oo 2 2 . . 

H * ~ H (cos ajo cos oj 1 - cos oi 2 ) 

Y* YxYe 

sin 2 u)a 2 . . 

H ^ — I (cos aii cos to o — cos to 3 ), 

Yx 2 YoY* 


and therefore 
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where, as usual, 


3=1 ~ COS 2 OJ l - COS 2 CD 2 - COS 2 C 0 3 + 2 COS (D x COS CD 2 cos co 3 . 

Diverse forms can be given to the expression for 1/y, some of them being the equi- 
valent of the properties of the tetrahedron Ag x g^g 3 in the diagram on p. 625, with 
Ag as the perpendicular from A on the face gig 2 g z : or (what is the equivalent) 
of a spherical triangle on a sphere with A as centre. And, in this same association, 
the domainal flexure of the curve can be brought into corresponding analytical 
relations with the domainal flexures of geodesics, tangential to the curve and 
drawn upon surfaces which are the pair-intersections of the three regions. 


Ex. Shew that, if quantities k , A, /x, are defined by the equations 


p ®ij K ij 


UN 


+ Ajj cos cu 3 + cos a> 2 * 


- J- <f>ij == Kij COS 0)3 + X i} + Hij cos 0) l5 

Yn 

1 - - T 

Xii= K iJ C0S w 2 + Xij cos (D x + \L iv 

Xv 


for all values of i and j , then 

die - di* " Pil dnj Xi ' Xi '’ 
with the usual conventions x v x 2 , x 3 , x 4 , =p, q , r, t. 


Binormal of the curve : the torsion. 

393. In estimating the further curvatures of the curve, it proves convenient, 
in the tangent block of the domain, to change the leading lines, from the set of 
directions of the parametric curves at a point, to the set of directions connected 
with the curve and constituted by its tangent and the three domainal normals 
to the three regions the intersection of which is the curve. Thus there will be 
relations of the form 


^ ,+p ‘Z +Q - 


dy p dy 
dn t l dn x ’ 


for the values i= 1, 2, 3, 4. To determine the coefficients E h P t , Q t , R u there are 
the relations 

= e i> 

= S Vi = P i + Qi C0S w 3 + R , COS <V 2 , 

f - = y]Vi ir- = Pi COS 0» 3 + Qi + R t COS Wj , 

Yn 

- = y )yiir-= Pi COS a ) 2 + Qi cos a>! + R ( ; 
y„ ^ dn y 
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and thus any expression, homogeneous and linear in the four quantities y v y 2i 
y 3 , y 4 , can be transformed into another expression, with modified coefficients, 
which is homogeneous and linear in the four quantities 

dy dy dy 
J ’ dn Q ’ dn^ ’ dn x ‘ 

A symbol [ L ] will be used, generically, to denote an expression which, so far as 
concerns directional elements, involves only the members of this modified set of 
leading lines for the tangent block and which is homogeneous and linear in the 
four members. At a later stage, when the final expression has to become specific, 
the four coefficients in the final quantity [L] are made determinate. 

Some preliminary results are required for the evaluation of the typical direc- 
tion-cosine of the binormal of the curve. 

In the first place, because 

r 

we have 


^(7) ■;& (7 )= 2{ ^ { / , *'-j»'' ) +% ( y«' , -o+% ( v , -o+’j 4 (c-n> 

= 2(ij 1 P 0 -l ViQo+VaRo+ViTo), 

where P 0 , Q 0 , R 0 , T 0 , have the values obtained in § 388. Also 

= 5 1(pH- 


d 

ds \ p j 


because A 3 and y' are linear in y l9 y 2 , y 3 , ; and therefore 

Next, the radius of domainal flexure, in direction and magnitude, is given by 
the typical equation (§ 390) 

l dy N dy dy 


dy 
' dn Q 


= *T- + A J- +[JL 
dnj. 


and therefore 


Jn x ' 


d 

da 


* 0 (y) * *0 (dn) + A d.s u [dn) +/X ds 0 {d n) + ^ 


again introducing a generic set of terms [L]. But the arc-derivatives of 
dn dy dy 

7 — , - , 7 - , which do not involve the direction- variables of the tangent of 

dn Q dn# dfi x 
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the curve, are the same along the curve as along the domainal geodesic tangent 
and therefore, by the result in § 324, 


that is, 


ds 0 \dn Q ) 0 jy 


d ( dy\ 
ds 0 \dn Q ) 


dy 


dp dq 


dr 


dt 


dn 0 + dn g + dn e + dn g 

+ ~&e N ^ s ^ yi ’ y 2 ’ y3 ’ 


dp d<7 dr 


Similarly for the other two corresponding arc-derivatives of direction-cosines 
of domainal normals to the regions. Hence 


kO~ lL> *(*£ 




dp 
' dn, t 


^{ K dn e +X tn, +y tn) 

• V * (* 

/ 


dr dr \ 

+/i *v 

dt\ 


dn g + ^dn^ ' r dn 


x d£ 

+ A , “h/x 
dn 0 


+ ^4 1 

ViPo + VtQo + VzRo + rhTo- 


dnj 


To obtain the direction of the binormal and the magnitude of the torsion of 
the curve, we proceed from the equation 


Yo. 
Po 

Differentiating along the curve, we have 


Y l 

: 1 . 

p y 


d 

ds. 


f-p)-T.; (V 

lfi 0 \p 0 J ds 0 \pj p ( 


dF 0 

Po ds 0 


/ Po 
\p 




3 +y 

Po°o 


V3I) + A(W) 

/ diS‘o \p 0 / Po Vo’o Po/ 


once more introducing the symbol [L] as denoting the aggregate of terms 
arising through l and y\ When the foregoing arc-derivatives of Y/p and Ijy 
are substituted, the differentiated relation acquires the form 

y {s Q k ©} +3( ^- + ’‘ 0 ” + ’ A+ ^" )+[£1 - 
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But (§ 297) 


Vi= Yv t + ki(, 


for i— 1,2, 3, 4, the values of &, £ 2 , £ 3 , f 4 , being obtained in § 299 ; and therefore 

-^-=l 9 R+YS+\L], 

Pq G 0 


where 

^=3(f 1 P 0 +f 2 (?0 + £3^0+ £4^0)* 

S = 1T ( ) y f — 1 +3(V 1 P 0 + ^2©0 + V 3^0+ V 4^o)‘ 

as \/o/ p a$ 0 \po/ 


Par. 1. Shew that 

«„ «3, 0 * 

Vo 

-"» <£l> <^2» ^3. ^4 

y* 

— . Xi> Xa. Xs. X« 

Xx 

o , «1, «2, t>3. <>4 

0 , Ml, Mg, M 3 , M 4 

Px. 2. Establish the relation 

Vsr ' " w) = 2Z « [ w ' 23 ( ^ jK ° " /<?o) + Wl “ (p ' r ° - <T «> 

+ m l3 (j) lt 0 — r P 0 ) + m ti (q T 0 — t Q 0 ) 
+ m 12 (p Qo — tjp o) “t ^34 (^* Pq “ ^ Pq)1 



394. We now make the generic quantity [P] specific, by postulating a value 
in the form 

Ay , T dy , / dy 

dfla 


ly'lhZ+h ? ' + P 


‘ ~ x dn v ’ 


and determining the coefficients so as to satisfy the modified equation 
A a , ^ Tr „ T , . dy T dy dy 


Po G o 


3 -W+TS+v+i.Zr+i.Z+t,^- 


dy_ 

' dn 0 


Two relations can be obtained from the fact that the binormal of the curve is 
at right angles to the tangent to the curve, with the typical direction-cosine y\ 
and is at right angles to the prime normal of the curve with the typical direction- 
cosine r o , so that 

£*y=o, sVo=o. 


Because 


2>T=o, 2**- o. o. 2>^=o, 
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7=0. 


Again, we have 

Y 0 =^Y + ^l, 

p y 

so that 

2y 0 z 6 =o, ]£y 0 y=^, Sr„y= 0, 

P 

while 

V y ^L—n v l- 

^ °dn d Po ^ ydn d 

=p 0 (/c+ A cos ca 3 + ^cos co 2 ) = --; 

ye 

and similarly 

dy _Po v V ^ — p0 • 

^ 0 dn,~y^ ^ °dn~y x ' 

and therefore the second of the relations requires the condition 

£ + fe + I» + 5- 0. 

p re y* y* 


The quantities / flJ 7^, 7 X , can be determined, without reference to this condition, 
as follows. We have 

V'y dy —P° v* y % | Po y* i dy __p 0 # 

and therefore 

2 Yo/- (-?-) + £ I- (^°). 

^ ds 0 \®«e/ ^ «% W 0 p 0 / ds 0 \y e J 


Let the derived value of A 3 be inserted in this equation ; after some re-arrangement, 
it assumes the form 


— y (~ ) - (7« + h cos o) 3 + I x cos oj 2 ) 

Po*oW * * 

Y 3 d / dy \ 

^ Po d^’o \dn e / 

= y N /dy\ + y l d_ tdy\ 

^ p ds 0 \dnj ^ y d.v 0 \dw fl / * 

To evaluate the right-hand side, we use the value of Jr- cited in §393 ; 
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and, because of the relations ^ Yy t = 0 for all the values of i= 1, 2, 3, 4, the first 
term 


1 / dp do dr dt \ 
= A V 'd,, + ’ , ^ l +V ‘dn, + V ‘dJ 


In the second term, let the value of - , which is 

y 

dhi/Q dn^ dn x 

be inserted. The resulting coefficient of k 

= y(dy_ d (dy)} 0 

\dn e ds 0 \dnj j 

because ^ = ^ • ^he resulting coefficient of A 


d } / f d / dy \ 
i - J d>u Va'o \dn j 


e w ' i 
= -t x c ““'* + fi9 


\ X X <pn <p n <p n <pj 

= s (aj) M.,*., sM4' 

UV N \ X X0 71 tf N (p n V N 


<t> 3 $3 ^4 ^4 

V-n COS W 3 , COS 0> 3 

(p n VN 9n VN 


) 


= s s { a W. Jlt"«!, coa " j )’ 

using this notation for brevity ; and the resulting coefficient of /z, similarly, 




X2 


e 9 


C0S6D 2 , h COSO> 2 , 

X* o N 


Os 

X* o N 


^ — W COS CO 2 , — 4 - COS CO. 

u 


.04 
Xv On 


) 




When all these results are collected, the resulting equation in the quantities 
I Q , /*, I x , becomes 

/ Q -f 1$ cos a >3 4- I x cos oj 2 

= I A (po) _ 1 ( v Ap +v Al +v A +v dt ) 

po ds 0 \yj p \ 1 dn Q 2 dn e 3 dn 0 4 dnj 
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Proceeding similarly with reference to 
obtain the two equations 


dy 

dn A 


and p- 
dn v 


wu 

in place of ^ initially, we 


I e cos co 3 4- 4- I x cos oj x 

= l A 

po ds 0 


{*)-'- u 

\yj p \ 


dp da 


dt 

[ dn ti 


) 

- w, ( a H * \r , -£• “■ “>) - 4. (° 5 5 


x. 


A 

<l>n 


cos a> x 


)■ 


I Q cos oj 2 4- cos a> x 4- / x 



Thus the quantities I e , I <f)J I x , can be regarded as known ; and the equation for 
the typical direction-cosine A 3 of the binormal now is 


a 3 

Po G o 


=kR+YB+l 9 $L+I 4 

(JLWIq 


dy T dy 
dn 4 x dn x * 


The magnitude of the torsion l/cr 0 of the curve manifestly is given by the 
equation 


— r — - = R 2 4- S 2 4* I Q 2 4- I * f 1 x 4- 2 1 $ I x cos co 1 4- 21 x I B cos oj 2 4- 2 1 6 cos to 3 . 

Po <V 

The value of / 6 has been obtained in § 294 ; and thus all the quantities, which 
occur in the expression for A 3 , belong to the domainal geodesic touching the curve 
and to the regions giving rise to the curve. 

Similar analysis would lead to the direction of the trinormal and the magnitude 
of the tilt : it will not be pursued. At this stage, a halt is made in these investiga- 
tions in the intrinsic geometry of amplitudes in multiple space. 


So my long labour ceases, not unfitly in the sigh of Dante as he passed from a 
loftier theme, 

0 quanto e corto il dire, e come fioco 

al mio concetto ! e questo, a quel ch’io vidi, 
e tanto che non basta a dicer poco. 




INDEX 


(The Roman capitals indicate the volume ; the Arabic numbers indicate the pages in a 
volume. The Table of Contents , prefixed to each volume , may also be consulted.) 


Additive measure 

of flexure of a surface in a region, II, 
11 ; of a region in a domain, II, 
401 : 

of superficial curvature of a primary 
amplitude, I, 225 ; of a primary 
domain, IT, 563. 

Algebraic minimal surfaces in a quadruple 
space, I, 278. 

Amplitude, defined, I, 1 : see General 
amplitude, Primary amplitude, 
Surface, Region, Domain. 

Amplitude of constant sphericity, integral 
equations of geodesics, I, 35. 

Amplitudinal flexure : see Flexure, Re- 
gional flexure, Domainal flexure. 

Amplitudinal normals to sub-amplitudes, 
I, 165, 166 : see Normal. 

Angles of a small geodesic triangle 
in an amplitude, T, 158-161 : 
on a free surface, I, 298-303 : 
in a region, II, 83-86 : 
in a domain, IT, 374-377. 

Angles of a small geodesic parallelogram 
on a surface, I, 350 : 

. in a region, II, 149. 

Angular excess of a small geodesic triangle 
and the Riemann sphericity 
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on a surface, I, 303, 305 : 
in a region, IT, 86 : 
in a domain, II, 377. 
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for a Peres parallelogram on a surface 
geodesic to a region, II, 134 : 
for a regional cell, II, 162 : 
for a domainal paralleloid, II, 599, 607. 


Approximations, second-order, 

for parallel geodesics, after Levi-Civita, 

I, 330 ; II, 110, 580 : after Severi, 

II, 117, 587 : when primary con- 
ditions are satisfied, II, 594 : 

in small triangles, I, 291-302 ; II, 73- 
83; 11,365-368: 

in parallelograms, I, 328-346 ; II, 127- 
134: 

in domains, II, 601-612. 
Arc-derivatives of 

ChristofFel symbols, I, 147, 259 ; II, 65- 
67 ; II, 354 : 
circular curvature 
on a surface, I, 267 : 
in a region, I, 497 : 
in a domain, II, 297, 308 : 
in an amplitude, I, 81, 95 : 
direction-cosines of principal lines, 1, 14, 
77, 87, 215 : see Frenet equations : 
normal dilatation of a 

regional surface, II, 47, 53 : 
domainal region, IT, 407 : 
parameters 

of second order, I, 33, 247, 458 ; II, 
6, 263, 385, 462 : 

of third order, I, 51, 258, 465 ; II, 
278 : 

of fourth order, I, 64 : 
primary magnitudes 
of a surface, I, 260 : 
of a region, II, 67 : 
of a domain, II, 358 : 
regional flexure of superficial geodesic, 
II, 55 : 

space-coordinates (of second order) : 
see Circular curvature : 
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Arc-derivatives of 

space-coordinates (of third order), I, 54, 
265, 495 ; IT, 280 : 

torsion of a geodesic on a surface, I, 
287. 

Arc-derivatives of primary magnitudes 
along different geodesics, conven- 
tion for, 1,263; 11,69, 362, 602, 608. 

Arc-element of an amplitude, in relation 
to the plenary homaloidal space, 
I, 21, 22 ; cannot be assumed 
arbitrarily for a surface in a triple 
space, I, 234. 

Area of a small geodesic triangle : see 
Angular excess, Riemann measure, 
Sphericity. 

Asymptotic curves of flexure 
on a regional surface, II, 13 : 
on a domainal surface, II, 536. 

Baker, II, 422. 

Basic curve for 
parallel geodesics 

in a region, II, 98, 101 : 
in a domain, II, 578 : 
regional geodesics drawn after a given 
law, II, 107. 

Beckenbach, I, 273. 

Beltrami on amplitudes of constant 
sphericity, II, 590. 

Bessel functions in the arc-element of a 
surface, I, 231. 

Bianchi, I, 56, 57, 290 ; TI, 226. 

Binary forms connected with superficial 
geodesics, I, 374. 

Binary quartic and 

principal curvatures on a free surface, 

I, 383 : 

principal flexures on a domainal surface, 

II, 533. 

Binormal of a geodesic 
in an amplitude lies in the tangent 
homaloid, I, 75 ; its direction- 
cosines, I, 76 ; when the amplitude 
is primary, I, 208 : 


on a surface lies in the tangent plane, 

I, 76, 241, 252 ; direction-cosines 
of, when the surface is free, I, 284 ; 
when the surface is regional, II, 
35, 36, 39 ; when the surface is 
domainal, II, 480, 490, 492 : 

in a region lies in the tangent flat, I, 
482 ; direction -cosines of, I, 482, 
490, 518 : 

in a domain lies in the tangent block, 

II, 292 ; direction-cosines of, TI, 293. 

Binormal of a parametric curve 

on a surface, I, 429, 431, 448 : 
in a region, TI, 185-191 : 
in a domain, II, 627, 630. 

Binormal of a superficial geodesic is the 
direction of the radius of flexure of 
any curve on the surface touching 
the geodesic, I, 416. 

Bi-parametric representation of a domainal 
surface, II, 259, 507, 512, 520. 

Bi-polar representation of domains by 
geodesics, II, 271-274. 

Block, 

defined, I, 1 : 

osculating a regional geodesic, I, 484, 
485 : 

tangential to a domain, II, 247, 261, 
291. 

Bompiani, 1, 304, 321 ; II, 136. 

Bonnet, II, 226. 

Calculus of variations, applications of : 
see Geodesics, Minimal surfaces, 
Minimal regions. 

Cauchy’s existence-theorem for differ- 
ential equations, and the unique- 
ness of a geodesic determined by 
direction, 1, 248. 

Cayley, II, 226, 239, 435. 

Cell 

in a region, 11, 158 : 

in a domain, II, 599-607. 

Centre-locus for circular curvature of con- 
current geodesics 
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on a free surface, I, 392, 399 : 
on a domainal surface, II, 345-352, 544, 
548, 568-575 ; connected with locus 
of orthogonal centre, II, 546 : 
in a region, II, 201-205, 208-212, 568- 
575 : 

in a general amplitude, T, 131, 133, 134. 

Centre-locus for spherical curvature of 
concurrent geodesics on a surface, 
T, 401. 

Centre, normal, of a surface in quintuple 
space : see Normal centre. 

Centre of globular curvature of a super- 
ficial geodesic, I, 411. 

Centre, orthogonal, of a surface : see 
Orthogonal centre. 

Christoffel, T, 23. 

Christoffel symbols, combinations of arc- 
derivatives of, 
for a surface, I, 258 : 
for a region, II, 65-67 : 
for a domain, TI, 354-357. 

Christoffel symbols, 

for an amplitude, T, 23-25 ; derivatives 
of, and relations between, J, 48, 49 : 
for a surface, I, 25, 236 ; derivatives of, 
and relations between, l, 237, 238 : 
for a region, I, 26, 457 ; derivatives of, 
and relations between, I, 461 ; 
when the region is referred to polar 
geodesics, I, 470 : 

for a domain, I, 26 ; IT, 248 ; deriva- 
tives of, and relations between, T I, 
275-280. 

Christoffel symbols, extended : see Ex- 
tended Christoffel symbols. 

Circular curvature, arc-variation of, 
in a domain, II, 297, 308 : 
in a general amplitude, T, 81, 95 : 
in a region, I, 497, 503 : 
on a surface, 1, 266. 

Circular curvature, curves of : see Curves 
of circular curvature. 

Circular curvature, locus of centres of : 
see Centre-locus, Locus of centres. 


Circular curvature of a free curve, I, 15. 

Circular curvature of a geodesic in an 
amplitude, I, 68, 69, 70, 80 ; prin- 
cipal values of, I, 130. 

Circular curvature of a geodesic in a 
domain, TI, 263, 285-287, 325. 

Circular curvature of a geodesic in a region 
when domainal, II, 385-390 : 
when free, 1, 460, 479, 480. 

Circular curvature of a geodesic on a 
surface 

when domainal, II, 465-469, 482, 507 : 
when free, I, 249, 267, 281, 382 : 
when regional, II, 6-10, 24, 27, 45. 

Circular curvature of a parametric curve 
in a domain, II, 618, 624-626 : 
in a region, II, 177, 179 : 
on a surface, I, 416, 419, 420. 

Clebsch, Pref.y x. 

Codazzi, T, 232, 235. 

Coil of a free curve, 1, 15. 

Coil of amplitudinal geodesic, 1, 113, 117, 
118, 143,219: 

of domainal geodesic, II, 316 : 
of regional geodesic, 1,526,528,533,552: 
of superficial geodesic, 1, 377. 

Concomitants 

of a binary quadratic and a binary 
quartic, system of, I, 381-389 ; II, 
534-536 : 

of an amplitude, I, 114 : 

of a domain, II, 306, 319, 321, 344 : 

of surfaces, regions, domains, passim . 

Con current geodesics, centre-locus of cir- 
cular curvature of, 
in an amplitude, I, 131, 137, 138 : 
in a domain, II, 345-352 : 
in a region, II, 201-205, 208-212 : 
on a surface, I, 392, 399 ; II, 548 : 
centre-locus of domainal flexure for a 
domainal surface, II, 514 : 
centre-locus of spherical curvature of, 
on a free surface, I, 401 : 
locus of orthogonal centre of, on a 
domainal surface, IT, 511. 
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Cone and sphere in centre-locus of circular 
curvature of concurrent geodesics 
on a surface, I, 394, 399. 

Conjugate points on a geodesic, 1, 145. 

Constant sphericity, 

Beltrami, on amplitudes of, II, 590 : 
Riemann amplitude of, I, 162 ; geo- 
desics in, I, 35, 248 ; geodesic 
parallels in, II, 590 : 

Riemann region of, geodesics in, T, 461 ; 
property of, as regards Levi-Civita 
parallelsand Severi parallels, 1 1, 1 27; 
minimal surfaces in, II, 242-244. 

Contact, orders of, 

between a parametric surface and a 
geodesic surface 
in a region, II, 59-65 : 
in a domain, II, 476-480 : 
between a parametric region and a 
geodesic region in a domain, II, 
406, 415-424. 

Content of figures, I, 3, 5, 273, 471 ; 11, 
239. 

Covariants, see Concomitants. 

Cubic equation for principal values of the 
sphericity of a region, II, 90. 

Curvature : see Circular curvature, Globu- 
lar curvature, Orbicular curvature, 
Principal curvatures, Spherical cur- 
vature, Total curvature : Additive 
curvature, Measures of curvature, 
Specific curvature, Superficial cur- 
vature : Torsion, Tilt, Coil. 

Curvature, Riemann measure of, Chapters 
V, IX, XVII, XXVI : see Riemann 
measure, Sphericity. 

Curvature of screw, I, 518. 

Curvatures of a free curve and the Frenet 
equations, 1, 15-17 : a geodesic and 
the modified Frenet equations, 1, 18. 

Curves of circular curvature 
in an amplitude, I, 126, 128, 130, 179, 
200: 

on a surface, 1, 285, 382, 401 ; 11,14-16, 
39: 


in a domain, II, 325-328 : 
in a region, I, 546, 547, 549. 

Curves of domainal circular curvature on 
a domainal surface, II, 500. 

Curves of domainal flexure 

in quadruply orthogonal families of 
regions, II, 432 : 

on a domainal surface, II, 533, 534. 

Curves of flexure, asymptotic, on a 
domainal surface, IT, 536. 

Curves of globular curvature 
in any amplitude, I, 141, 143, 144 : 
in a region, I, 551, 552. 

Curves, parametric in any amplitude : see 
Parametric curves. 

Curves of regional circular curvature on 
a regional surface, II, 14, 17, 
19. 

Curves of regional flexure in triply 
orthogonal families of surfaces, II, 
230. 

Curves of spherical curvature 
in any amplitude, I, 138, 140 : 
on a surface, I, 246 : 
in a region, 1, 549, 550. 

Darboux, II, 226, 231, 236, 237, 435. 

Dedekind, Pref . ., xiii, I, 192, 289. 

Derivatives : see Arc-derivatives, Para- 
metric derivatives. 

Derivatives of Christoffel symbols 
in any amplitude, T, 25, 48 : 
in a surface, I, 236 : 
in a region, I, 461, 464 : 
in a domain, II, 274-280, 354-357. 

Derivatives of circular curvature of a 
geodesic 

in any amplitude, I, 81, 95 : 
on a surface, I, 266 : 
in a region, I, 497, 503 : 
in a domain, IT, 297, 308. 

Derivatives of normal dilatation and of 
its direction cosines, 
for a regional surface, II, 47 : 
for a domainal region, TI, 407. 
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Derivatives of primary magnitudes 
in any amplitude, I, 25, 26 : 
in a surface, I, 236 : 
in a region, I, 457 : 
in a domain, II, 248. 

Derivatives of secondary magnitudes 
in a surface, I, 361 : 
in a region, I, 498, 500 : 
in a domain, TI, 297. 

Determinant of primary magnitudes, I, 
20,236,452; 11,248: 
of secondary magnitudes for a region, 
I, 489. 

Diagonal 

of a Peres parallelogram on a surface, 
T, 337 ; II, 135, 136 : 
of a regional cell, II, 167-169 : 
of a regional parallelogram, II, 147. 

Diagrams of principal lines of geodesics : 
see Geometrical construction, Prin- 
cipal lines. 

Difference-differential equation for direc- 
tions of principal lines of a geodesic 
in a primary amplitude, I, 220. 

Dilatation (normal) 

of a sub-amplitude, I, 165 : 
of a curve on a surface, I, 437-440, 446, 
447: 

of a regional surface, I, 455 : 
of a domainal region, II, 254, 407. 

Dimensionality of plenary space 
of a surface, 1, 21, 231, 269 : 
of a region in relation to properties of 
geodesics, II, 192. 

Direction-cosines of prime normals of 
geodesics, 1, 46, 176 ; I, 249, 419 ; 
I, 460 ; II, 6, 177 ; TI, 263, 387, 
465, 549, 619, 624 : 

of binormals, I, 76, 77 ; I, 284, 429 ; 
1,490; H, 293: 

of trinormals, I, 88, 90, 92, 363, 510 ; 
IT, 303 : 

of quartinormals, I, 100, 103, 109, 375, 
532,536; 11,313: 
of quintinormals, II, 329 : 


of regional normal to a surface, II, 34 : 
of domainal normal to a region, II, 
253. 

Direction-cosines of line in tangent plane 
of a surface at right angles to the 
tangent, I, 240, 253. 

Direction of a perpendicular from a neigh- 
bouring point on the tangent 
line of a curve, II, 620 : 
plane of a surface, I, 254, 255 ; II, 470 : 
flat of a region, 1, 522 ; IT, 381 : 
block of a domain, II, 261 : 
homaloid of an amplitude, I, 42. 

Direction-variables of binormal and tri- 
nomial of regional geodesic, I, 518, 
519. 

Direction-variables of diagonal of a 
regional cell, II, 167 : 
of edges of a regional cell, II, 166 : 
of diagonal of domainal paralleled, 
II, 612 : 

of edges of domainal paraboloid, II, 
607 : 

of regional normal to regional surface, 

I, 455; 11,2,49,50: 

of domainal normal to domainal region, 

II, 253, 407. 

Direction-variables of parallel geodesics 
on a surface, 1, 324, 328, 334 : 
in a region, IT, 98, 101, 110, 117, 138, 
141, 153, 166: 

in a domain, II, 578, 584, 586, 598, 599, 
601, 607. 

Discriminant 

of primary magnitudes, for an ampli- 
tude, I, 20 ; for a surface, I, 236 ; 
for a region, I, 452 ; for a domain, 
II, 248 : 

of secondary magnitudes, for a primary 
amplitude, I, 201 : for a region, 
I, 489. 

Domain, I, 1 ; II, 247 ; see Primary 
domain : 

four-index symbols for, I, 32, 264. 

Domainal cell, II, 599-607. 
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Domainal circular curvature, curves of, 
on a domainal surface, II, 500. 

Domainal curvatures of geodesics 
in domainal regions, II, 444, 514 : 
on domainal surfaces, II, 485-596. 

Domainal flexure, curves of, 

on a domainal surface, IT, 533-536, 
548: 

in regions belonging to a quadruply 
orthogonal system, IT, 432. 

Domainal flexure, measure of, analogous 
to the Iiiemann sphericity, II, 406, 
517-520. 

Domainal flexure of concurrent geodesics 
on a surface, centre-locus of, II, 
544. 

Domainal flexure of parametric curve, II, 
619, 620, 624-626. 

Domainal flexure of regional geodesics, IT, 
387, 411 ; principal values and 
directions, II, 394, 514 ; regional 
measures of, II, 397 ; superficial 
measures of, II, 399. 

Domainal flexure of superficial geodesics, 
II, 465, 466-469, 512. 

Domainal geodesic, equations, II, 263 : 
circular curvature, II, 285-287 : 
binormal and torsion, II, 293 : 
trinormal and tilt, II, 303 : 
quartinormal and coil, II, 313 : 
quintinormal and fifth curvature, II, 
329. 

Domainal geodesic parallelogram, II, 598. 

Domainal geodesic triangle, II, 591 ; does 
not lie in the geodesic surface at a 
vertex, II, 594. 

Domainal magnitudes of rank higher than 
four, II, 332, 335. 

Domainal 

normal to a region, II, 253, 390-394 : 
normals to three regions defining a 
parametric curve, IT, 614, 618, 624 : 
normals to two regions defining a sur- 
face, II, 465. 

Domainal orientation of a region, II, 456. 


Domainal paralleloid, II, 599, 600, 607- 
612. 

Domainal plane orthogonal to a domainal 
surface, II, 523-528. 

Domainal quadrilateral under primary 
conditions of geodesic parallelism, 
II, 594 ; postulate of equal op- 
posite sides, II, 596 ; leading to a 
geodesic parallelogram, II, 598. 

Domainal region, 

primary and secondary magnitudes, II, 
436-439 : 

geodesics in, IT, 385, 387, 390-394 : 
inflexional surfaces of, Tl, 416 : 
Riemann four-index symbols of, II, 
405 : 

sphericity of, II, 402. 

Domainal surface, 

curves of domainal flexure on, II, 533 : 
defined, II, 462, 506 : 
geodesics on, II, 464, 503, 529-532 : 
primary and secondary magnitudes, II, 
480. 

Domainal tilt of a superficial geodesic, II, 
531. 

Domainal torsion 

of a regional geodesic, II, 450-455 : 
of a superficial geodesic, II, 494-496, 
530. 

Dupin’s theorem extended 

to orthogonal surfaces in a region, II, 
226, 227, 230 : 

to orthogonal regions in a domain, II, 
432. 

Eddington, I, 290. 

Edges of a regional cell, II, 162-166 : 
domainal cell, II, 599, 601 . 

Eisenhart, I, 278. 

Eliminant of three ternary quadratics, II, 
209. 

Envelope of tangent plane of a surface, I, 
241 : 

orthogonal homaloid of a surface, I, 243. 

Enneper, I, 278. 
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Excess, angular, of a geodesic triangle : 
see Angular excess. 

Extended Ohristoffel symbols 
of order three, I, 49, 54, 57, 258, 465 ; 

II, 274-278 : 
of order four, I, 64. 

Families of geodesics in a domain, II, 271 : 
of regions in a domain that are quad- 
ruply orthogonal, II, 424 ; when 
one family is known, the others 
are obtainable by Pfaffian quad- 
ratures, II, 434 : 

of surfaces in a region that are triply or- 
, thogonal, II, 226 ; when one family 
is known, the others are obtainable 
by Pfaffian quadratures, II, 238. 

Family of geodesics drawn according to 
assigned law, direction-variables 
of, I, 318 ; II, 107. 

Fifth curvature of a domainal geodesic, II, 
333, 334, 343 ; some associated 
concomitants, II, 344. 

Fifth normal of a geodesic : see Quinti- 
normal. 

Fifth-order magnitudes for a domain, II, 
335. 

First kind of Kiemann four-index symbol, 
I, 50 : see Riemann four-index 
symbol. 

First-order approximation in a small geo- 
desic triangle 
in an amplitude, I, 150 : 
on a surface, T, 291 : 
in a region, II, 73 : 
in a domain, II, 364. 

First-order approximation for direction - 
variables of parallel geodesics : see 
Parallel geodesics. 

First-order contact between 

parametric region and geodesic region 
in a domain, II, 418 : 
parametric surface and geodesic surface 
in a domain, II, 477 : 
in a region, I, 59. 

r.i. a. ii. 


First-order derivatives of Christoffel 
symbols and relations between 
them 

for an amplitude, I, 48, 50, 53 : 
for a surface, I, 237, 238 : 
for a region, I, 51 ; II, 65-67 : 
for a domain, II, 274-280, 354. 

First-order derivatives of dilatation 
of a regional surface, II, 47 : * 

of a domainal region, II, 254, 407. 

First-order derivatives of direction- 
cosines of principal lines of a 
curve ; see Frenet equations : 
of direction-cosines of prime normal of 
a geodesic 

in an amplitude, I, 76, 204 : 
on a surface, I, 286 : 
in a region, I, 490 : 
in a domain, II, 294. 

First-order derivatives of primary magni- 
tudes 

in an amplitude, I, 24 : 
on a surface, I, 236 : 
in a region, I, 457 : 
in a domain, II, 248. 

First-order magnitudes of an amplitude ; 
see Primary magnitudes. 

Flat, defined, I, 1 ; see Orthogonal flat, 
Osculating flat, Tangent flat : 
inclination to plane, I, 9, 14. 

Flexure of geodesics 
in a domainal region, II, 387 : 
on a domainal surface, II, 465 : see 
Domainal flexure : 

on a regional surface, II, 6 ; see Re- 
gional flexure : 

in a sub-amplitude, I, 177-179, 190. 

Flexure of parametric curve 
on a surface, I, 414 : 
in a region, II, 181 : 
in a domain, II, 618. 

Flexure, principal ; see Measures of 
flexure. 

Flexure of small circle on a sphere, I, 
420. 

2s 
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Four-index symbols ; 

see Riemann four-index symbols : 
in a region referred to polar coordinates, 
I, 470. 

Fourth angle in 

a Peres parallelogram on a surface, I, 
342: 

a regional parallelogram with equal op- 
* posite sides, II, 153, 155. 

Fourth-order derivatives of parameters 
along a geodesic, I, 64 ; I, 271. 

Fourth-order magnitudes for a region, I, 
507. 

Frame 

of a curve, 1, 14 ; see Frenet equations : 
of a geodesic 

on a domainal surface, II, 496-500 : 
on a regional surface, II, 21, 27 : 
of a parametric curve 
in a domain, Tl, 627 : 
in a region, II, 172-175. 

Free domains, Chapter XX I II. 

Free regions, Chapter XIV. 

Free surfaces, Chapter VIII. 

Frenet equations, 
passim : 

for a free curve, I, 16: 
adapted to geodesics in configurations, 
I, 17. 

Gauss characteristic equation for a sur- 
face in triple space, I, 232, 235, 
239 : 

measure of curvature of the surface 
satisfies two partial equations of 
the third order, I, 233. 

Gauss (extended) relations for a primary 
amplitude, I, 210. 

Gauss’ theorem on the total curvature of 
a geodesic triangle on a surface, I, 
306. 

General primary amplitude, I, 19, 20. 

Geodesic cells 
in a domain, II, 599 : 
in a region, II, 158 : see Cell. 


Geodesic, curvatures of a : see Circular 
curvature, Torsion, Tilt, Coil, Fifth 
curvature. 

Geodesic Levi-Civita and Severi parallels 
in amplitudes of constant curva- 
ture, II, 127, 590. 

Geodesic parallelograms 
in a region, II, 141, 155 : 
in a domain, II, 594, 596, 598, 599. 

Geodesic parallelograms on a surface 
after Levi-Civita, I, 31 1, 322, 324, 328- 
334: 

after Peres, I, 312, 322, 324, 334-346 ; 
TT, 127 : 

other types, I, 312, 353. 

Geodesic polar coordinates 
on a surface, I, 255 : 
in a region, I, 467-470 : 
in a domain, II, 267. 

Geodesic, principal lines of a, see Prime 
normal, Binomial, Trinormal, 
Quartinormal, Quintinormal. 

Geodesic regions in a domain, II, 406-415, 
and relations to parametric regions 
in the same orientation, IT, 416-423. 

Geodesic small triangles and Riemann 
sphericity 

on a surface, I, 291-304 : 
in a region, II, 71-85 : 
in a domain, TI, 364-378. 

Geodesic surfaces 

in an amplitude, Pref., xiii, I, 162, 191, 
192 : 

used in Seven’s definition of parallel 
geodesics, II, 101 : 

in a region, II, 55-59, and relations to 
parametric surfaces in the same 
orientation, II, 60-65 : 
in a domain, II, 475-477, and relations 
to parametric surfaces in the same 
orientation, II, 478-480. 

Geodesic tangents to curves of circular 
curvature in any amplitude have 
zero torsion at the point of contact, 
I, 128. 
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Geodesically parallel 
curves on a surface, I, 256, 258 : 
surfaces in a region, I, 468 : 
regions in a domain, II, 269. 

Geodesics, circular curvature of, 
on a surface, 

when free, I, 249, 280, 381-386 : 
in a region, IT, 6, 94-97 : 
in a domain, II, 465, II, 482 : 
in a region, 

when free, I, 460 ; II, 192, 208- 
221 : 

in a domain, II, 385, 439, 443 : 
in a domain, II, 285-287. 

Geodesics, domainal tilt of superficial geo- 
desic, IT, 529-532. 

Geodesics, domainal torsion of, 
on a surface, II, 491 : 
in a region, II, 450. 

Geodesics ; equations of, 

in a general amplitude, I, 33, 47, 
48 : 

in a sub-amplitude, I, 35, 167, 
175: 

on a surface 
when free, I, 247-249 : 
in a region, II, 6 : 
in a domain, II, 462 : 
in a region 

when free, I, 458 : 
in a domain, II, 385 : 
in a domain, II, 263. 

Geodesics, 

in a primary amplitude, I, 198, 208, 
209, 218, 219 : 

in a primary domain, II, 549-564. 
Geodesics, locus of centres of concurrent, 
see Centre-locus. 

Geodesics, regional tilt of superficial geo- 
desic, II, 24. 

Geodesics, regional torsion of, 
on a regional surface, II, 22 : 
on a domainal surface, II, 495. 
Geodesics, spatial tilt of, 
in an amplitude, I, 92 : 


on a surface, 
when free, I, 363-369 : 
in a region, II, 41-45, 46 : 
in a domain, II, 503 : 
in a region, 
when free, T, 514-516 : 
in a domain, IT, 456. 

Geodesics, spatial torsion of, 
in an amplitude, I, 78 : 
on a surface, 
when free, I, 285 : 
in a region, II, 30 : 
in a domain, II, 485 : 
in a region, 

when free, I, 492 : 
in a domain, II, 445 : 
in a domain, II, 295. 

Geodesics, square of circular curvature, 
on a surface, I, 280 : 
in a region, I, 481. 

Geodesics uniquely determinate in any 
amplitude by assignment of a 
direction at a place, I, 40. 

Geometrical construction for principal 
lines of a 
geodesic 

in a domainal region, IT, 390 : 
in a sub-amplitude, I, 187 : 
on a domainal surface, II, 468, 496 : 
on a regional surface, II, 10, 28 : 
parametric curve 
on a surface, I, 432, 435 : 
in a region, II, 179, 183 : 
in a domain, IT, 625. 

Globular curvature, 

curves of ; see Curves of globular curva- 
ture : 

of a superficial geodesic, centre of, 1, 41 1 . 

Grace, J. H., I, 384 ; II, 64. 

Gremial curvatures of an amplitudinal 
geodesic, I, 122. 

Gremial lines of a geodesic 
in any amplitude, I, 122 : 
in a domain, II, 324, 390-394 : 
in a region, I, 517, 524. 
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Gremial orientations associated with a 
regional geodesic, I, 534. 

Historical note on Riemann’s measure of 
curvature, I, 288. 

Homaloid, 
defined, I, 1 : 

inclination of line to, I, 7, 10-12 : 
orthogonal to osculating plane of ampli- 
tudinal geodesic, 1, 73. 

Inclination ; see Principal lines : 

of homaloids, estimated by projections, 

I, 10 : 

of prime normals of two geodesics on a 
surface, 1, 369 : 

of sub-amplitudes, estimated by refer- 
ence to amplitudinal normals, 1, 166. 

Indicatrix conic of regional flexures for a 
surface, II, 13. 

Inflexional surfaces of a domainal region, 

II, 416. 

Intercepted geodesic length between the 
vertex and the base of a small geo- 
desic triangle, I, 308. 

Intermediate invariants connected with a 
region, I, 489. 

Intersections of quadruply orthogonal 
regions in a domain as curves of 
domainal flexure, II, 432. 

Invariants ; see Concomitants : 

intermediate between the discriminants 
of primary magnitudes and secon- 
dary magnitudes of a region, I, 
489 : 

of a binary quadratic and binary 
quartic for the measures of curva- 
ture on a free surface, I, 384, 388 ; 
for the measures of flexure on a 
domainal surface, II, 536 : 
of domainal flexure of regional geo- 
desics, II, 514-517. 

Jacobi quantitative test for geodesics, I, 
145 : 

for minimal surfaces, II, 240. 


Joachimstahrs theorem, on surfaces in 
triple space intersecting at a con- 
stant angle, extended to regional 
surfaces, II, 230. 

KommereH’s conic-locus of orthogonal 
centres of a surface, II, 205. 

Leading lines, 

in frame of reference of a regional 
curve, II, 173, 175 : 
in orthogonal flat of a free surface, I, 
359 : 

in tangent flat of a region, I, 512. 

Legendre test for minimal surfaces, II, 
240. 

Lemmas on differentiation along a curve 
on a surface, I, 421-429. 

Lemniscate as a locus of centres of con- 
current geodesics on a surface, 
when free, I, 392 : 
in an amqjlitude, I, 134 : 
in a region in quintuple space, II, 204 : 
in a domain in sextuple space, II, 346- 
348. 

Length of diagonal 

of a Peres parallelogram on a surface, 
I, 337 : 

of a regional cell, TI, 166. 

Length of perpendicular on tangent 
homaloid from a neighbouring 
point, 

for a domain, II, 261 : 

for a general amplitude, I, 42 : 

for a parametric curve, II, 620 : 

for a region, I, 520 ; II, 381 : 

for a sub-amplitude, 1, 170 : 

for a surface, I, 250, 254 ; II, 2 ; II, 470. 

Levi-Civita, I, 290, 304, 311, 320, 321, 
328 ; II, 98, 106, 578, 584, 590, 
595, 596. 

Levi-Civita parallel geodesics, Pref. , xiii-xv, 
I, 163, 320-322, 333 ; II, 98, 99, 
110, 578, 580-582 ; see Parallel 
geodesics : 
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Levi-Civita parallel geodesics, 
forming a parallelogram on a surface, I, 
322, 333 : 

do not lead to a parallelogram in a 
region, II, 113-117 : 
diverge from Severi parallels, II, 124. 

Lie’s theory of continuous groups, Pref. , x. 

Line and hornaloid, inclination of, T, 10-12. 

Line in tangent plane of a surface at right 
angles to tangent to a geodesic, I, 
240, 241. 

Lines of curvature ; see Curves of curva- 
ture. 

Liouville, J., T, 420. 

Locus of centres, of circular curvature 
of concurrent geodesics, and of 
centres of flexure ; see Centre-loci, 
Con c u rrent geodesics. 

Locus of orthogonal centre of concurrent 
geodesics on a domainal surface, II, 
541. 

Magnitudes associated with principal lines 
of geodesies, 

on a surface, T, 356, 368, 361), 378 : 
in a region, I, 507, 525-528, 530, 536, 
543 ; 11, 195, 197, 199, 212-221 : 
in a domain, 11, 263, 284, 293, 303, 313, 
319, 332, 335. 

Magnitudes, 

non-gremial ; sec Non-gremial magni- 
tudes : 

primary ; see Primary magnitudes : 
secondary ; see Secondary magnitudes. 

Mainardi, I, 232, 235. 

Mainardi-( Wazzi relations, 

for a primary amplitude, I, 210 : 
for a primary domain, 11, 289. 

Manifold, defined, I, 2. 

Mean curvature ; see Additive measure. 

Measure of curvature of an amplitude, 
Riemann’s, I, 145, 192 ; I, 303 ; 
II, 83; II, 266 : see Riemann 
measure, Sphericity. 

Measures of superficial curvature of a 


primary amplitude, I, 200, 224- 
226 ; of a primary domain, II, 549, 
551-560, 561-568; see Superficial 
measures, Volumetric measures. 

Measures of domainal flexure, 
for a region, II, 397 : 
for a surface, II, 536. 

Measures of regional flexure for a surface, 
II, 11. 

Minimal regions in free space, I, 471 ; 
property of, when the plenary 
space is quadruple, I, 472. 

Minimal surfaces 

in an amplitude, equations of, T, 
196 : 

in plenary space, integrated equations 
of, I, 273-279 : 
in regions, II, 239, 241-244. 

Monge, I, 420. 

Neville, 1, 317, 353. 

Non-gremial lines ; see Principal lines. 

Non-gremial magnitudes 
for a region, I, 525 : 
for a domain, II, 338, 340, 343. 

Normal, 

amplitudinal, to sub-amplitude, I, 164; 
domainal, to a region, II, 253 : 
regional, to a surface, II, 1, 462. 

Normal centre of a surface, I, 244, 296. 

Normal dilatation of a 
domainal region, II, 254, 255 : 
regional surface, II, 2, 47, 48, 50, 55, 62. 

Nul-regions, equation of, satisfies the 
equations characteristic of minimal 
regions in plenary space, 1, 473. 

Nul-surfaces in a region, equation of, 
satisfies the equations character- 
istic of minimal surfaces in the 
region, II, 241. 

Octuple space, centre-locus for concurrent 
geodesics of a domain in, II, 351. 

Orbicular curvatures of curves in space, 
I, 15, 18. 
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Orbicular representation used to deter- 
mine flexure of geodesics 
in a domainal region, II, 387 : 
on a regional surface, II, 21. 

Orders of contact 

between a geodesic region and a para- 
metric region in a domain, IT, 418- 
423: 

between a geodesic surface and a para- 
metric surface 
in a domain, II, 477-480 : 
in a region, IT, 59-65. 

Orientations, 

gremial for a regional geodesic, I, 534 : 
parallel, II, 109. 

Orient at ion- variables in a domain, 
for a region, I, 6 ; II, 251-253 : 
for a surface, I, 5 ; II, 1, 256, 261. 

Orthogonal centre for a 
domainal surface, II, 539, 541, 547, 575- 
577: 

free surface in quadruple space, I, 245, 
396 : 

region in sextuple space, I, 485, 486 ; 
II, 221-225. 

Orthogonal families of 
regions in a domain, T T, 424-435 : 
surfaces in a region, II, 226-238. 

Orthogonal flat of a surface, I, 357, 359, 
396; 11,462. 

Orthogonal frame of a free curve and the 
Frenet equations, I, 16. 

Orthogonal homaloid 
of a sub-amplitude, 1, 171 : 
of a surface, and its envelope, I, 242, 
243. 

Orthogonal plane 

of a domainal surface, II, 523-528 : 
of a region in quintuple space, II, 193- 
197, 205-208 ; 

of a regional geodesic, I, 539. 

Orthogonal radius of a domainal surface, 
II, 540. 

Orthogonal regions in a domain, families 
of, II, 424-435. 


Orthogonal surfaces and polar geodesics 
in a region, I, 468. 

Orthogonal surfaces in a region, families 
of, II, 226-238. 

Orthogonality of homaloids, I, 8, 9. 

Osculating block 
of a curve, I, 15 : 
of a regional geodesic, I, 485. 

Osculating flat 
of a curve, I, 15 : 
of a regional geodesic, I, 485. 

Osculating plane 
of a curve, T, 15 : 
of an amplitudinal geodesic, T, 73. 

Parallel curves on a surface and polar co- 
ordinates, I, 256, 258. 

Parallel geodesics, Pref. , xiv, xv ; as defi ned 
by Levi-Civita, 1, 320 ; IT, 98, 578 : 
by Severi, II, 101, 586 : 
in a domain, II, 578, 586, 594, 598 : 
in a region, II, 98, 101, 124, 138, 141 : 
in an amplitude, I, 321 ; II, 101 : 
in reference to construction of paral- 
lelograms, II, 138, 141, 153, 594: 
on surfaces, I, 304, 318, 320, 321. 

Parallel orientations in a region, II, 109. 

Parallel regions in a domain and polar 
coordinates, 11, 270. 

Parallel surfaces in a region and polar co- 
ordinates, I, 467 ; II, 237. 

Parallelism of geodesics, primary condi- 
tions of, 

in a domain, II, 580 : 

in a region, II, 101, 110, 141 : 

in any amplitude, II, 101-106. 

Parallelograms 
in a domain, II, 594-599 : 
in a region, II, 113-117, 139, 141-155 : 
on a surface, 

after Levi-Civita, I, 311, 328-334 : 
after Peres, 1, 312, 334-346 ; II, 127 : 
other types, I, 313, 346, 350, 353. 

Paralleloid in a domain, II, 599, 600, 607- 
612. 
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Parameter of a family of quadruply ortho- 
gonal regions in a domain satisfies a 
partial equation of the third order, 
II, 427-434 : 

of a family of triply orthogonal surfaces 
in a region satisfies a partial equa- 
tion of the third order, TT, 231- 
238. 

Parameters, 

arc-derivatives of the second order of ; 

see Geodesics, equations of : 
arc-derivatives of third order, I, 51, 
258,465; 11,278: 

arc-derivatives of fourth order, 1, 64, 
271. 

Parameters at angular points 

of a domainal cell and paralleloid, TT, 
599 : 

of a Peres parallelogram, IT, 134 : 
of a regional cell, II, 162. 

Parametric curves 

in a domain, TT, 324; Chapter XXXIII : 
in a region, TT, 172-185 ; Chapter XX : 
on a surface, I, 414-450 ; Chapter X1T1. 

Parametric derivatives of 

Christoffel symbols, T, 48, 49, 237, 461 ; 
II, 274-280 : 

direction-cosines of prime normal of a 
primary amplitude, I, 204, 222 : 
extended Christoffel symbols, I, 57, 
65: 

primary magnitudes, see Primary 
magnitudes : 

Riemann four-index symbols, I, 56 : 
Riemann measure of curvature for a 
surface, T, 269 : 

space-coordinates, I, 28, 55, 65, 265, 
495; 11,280. 

Parametric directions 
for parallel geodesics, see Parallel geo- 
desics : 

in a region for gremial lines of a geo- 
desic, I, 512. 

Parametric equations of geodesics, see 
Geodesics, equations of. 


Parametric region and geodesic region in 
a domain, relations between, II, 
415-423. 

Parametric region in a domain, II, 381- 
405, Chapter XXVII ; see Do- 
mainal region. 

Parametric representation of 
an amplitude, I, 19 : 
curve, I, 414 ; II, 171, 613 : 
region, I, 451 ; II, 381 : 
surface, I, 229 ; II, 462, 506. 

Parametric surface and geodesic surface 
in a domain, II, 475-480 : 
in a region, II, 55-65. 

Parametric surface 

in a domain, Chapter XXTX ; see 
Domainal surfaces : 

in a region, Chapter XVI ; see Regional 
surfaces. 

Partial differential equation of geodesics 
on a free surface, I, 247 : 
of geodesic surfaces in a domain, II, 274. 

Partial differential equations of second 
order satisfied by space-coordi- 
nates 

of an amplitude, I, 125, 201 : 
of a domain, TT, 288, 335 : 
of a region, I, 529 : 
of a surface, I, 372. 

Partial differential equations of the fifth 
order to be satisfied by the coeffi- 
cients in the arc-element of a free 
surface in homaloidal triple space, 

I, 234. 

Partial differential equations of the third 
order satisfied by the parameters 
of quadruply orthogonal domainal re- 
gions, II, 429-435 : 

of triply orthogonal regional surfaces, 

II, 231-246. 

Partial differential equations satisfied by 
superficial measures of curvature 
of a primary domain, 11, 563. 

Peres, Pref., xiii, 1, 304, 305, 312, 322, 334, 
337 ; II, 127, 592. 
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Peres parallelogram 
on a free surface, I, 322, 346 : 
on a surface 

geodesic to a region, II, 127-134 : 
geodesic to a domain, II, 592 : 
theorem on the fourth angle of, I, 342. 

Permanent relation for 
an arc, I, 16, 280, 451 ; IT, 247 : 
regional orientation, 1,7; II, 250 : 
superficial orientation, I, 6,475; 11,255. 

Perpendicular, magnitude and direction 
of, upon the tangent honuiloid 
of amplitude, 1, 42 : 
of domainal curve, IT, 620 : 
of region, when free, T, 476 : 

when domainal, II, 381 : 
of surface, when free, I, 249 : 
when domainal, IT, 470 ; 
when regional, II, 2 : 
see Prime normal. 

Perpendicularity and orthogonality, I, 8. 

Pfaffian equations, in the determination 
of quadruply orthogonal regions in a 
domain, II, 434 : 

of triply orthogonal surfaces in a 
region, II, 238. 

Plane, orthogonal ; see Orthogonal plane. 

Planes, inclination of, to homaloids, I, 8, 
9, 14. 

Plenary space of 

a region, as affecting loci, II, 192 : 
an amplitude, Pref ., vi, 1, 2 : 
surfaces, I, 231, 283, 369. 

Point-coordinates in plenary space, arc- 
derivatives of, 

of second order, see Circular curva- 
ture : 

of third order, I, 54, 265, 495 ; II, 
280: 

of fourth order, 1, 65 : 
satisfy partial differential equations of 
second order, 1, 125, 201, 372, 529 ; 
II, 288, 335. 

Polar geodesic coordinates, 
in a domain, II, 267 : 


in a region, I, 467 : 
on a surface, I, 255. 

Polygon, angular excess of a geodesic, on 
a surface, I, 305. 

Primary amplitudes, I, 19, Chapter VII. 

Primary amplitudes of minimal content, 
geometrical property of, 1, 200. 

Primary conditions of orthogonality 
of domainal regions, II, 425 : 
of regional surfaces, 11, 226, 231. 

Primary conditions of parallelism of geo- 
desics 

in a domain, II, 580 : 
in a region, 11, 101-106, 110 : 
in an amplitude, IT, 100 : 
on a surface, I, 320 ; II, 101. 

Primary domains, Chapter XXXI. 

Primary conditions of parallelism of 
orientations in a region, II, 110. 

Primary magnitudes 
of' a domain, II, 248-250 : 
of a domainal region, 11, 436 : 
of a domainal surface, II, 480 : 
of a region, 1, 452, 458 : 
of a regional surface, II, 37 : 
of a surface, I, 22, 229, 231. 

Prime normal of a geodesic 
in a domain, I, 263 : 
in a general amplitude, I, 46, 47, 48, 198 : 
in a region, when free, I, 460 : 

when in a domain, I, 385 : 
in a sub-amplitude, I, 170, 181, 187 : 
on a surface, when free, 1, 249 : 
when in a domain, II, 470 : 
when in a region, I, 6. 

Prime normal of a parametric curve 
in a domain, II, 618, 624-626 : 
in a region, II, 177-179 : 
on a surface, I, 416-419. 

Prime normals of two intersecting geo- 
desics on a surface, inclination of, 1, 369. 

Principal curvatures of geodesics, 
in a general amplitude, I, 130 : 
in a primary domain, II, 274, 550 : 
on a surface, I, 382-384. 
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Principal directions for circular curvature 
in a domain, II, 325, 549 : 
in a region, I, 546 : 
on a surface, I, 382 : 
for domainal flexure in a region, II, 396 : 
for regional flexure on a surface, II, 11- 
13. 

Principal domainal orientations 
for sphericity of the domain, II, 380 : 
for superficial and volumetric measures 
of curvature of a primary domain, 
II, 553. 

Principal flexures on a minimal surface in 
a region are equal in magnitude 
and opposite in sign, II, 245. 

Principal lines of geodesics 

in a domain, TI, 263, 293, 303, 313, 329 : 
in a general amplitude, I, 46, 75, 88, 
100, 119-124, 220 : 

in a region, 1, 460, 490, 510, 532 ; II, 
456 : 

on a surface, I, 249, 284, 356, 363, 375 ; 
IT, 486-491, 496-500. 

Principal regional orientations for spheri- 
city of the region, 1 1, 86. 

Principal values 

of circular curvature 

of domainal geodesics, II, 325 : 
of superficial geodesics, I, 384 : 
of domainal flexure of regional geo- 
desics, 11, 395, 514 : 
of regional flexure of superficial geo- 
desics, II, 11 : 
of sphericity 
of a domain, II, 379 : 
of a region, II, 87 : 

of superficial measures of curvature of a 
primary domain, II, 564-567 : 
of volumetric measures of curvature of 
a primary domain, II, 552. 

Product measure of superficial curvature 
of a primary domain is the same as 
the Riemann measure, I, 225, 226. 

Puiseux, II, 226. 

Quadrilateral in a domain under primary 


conditions of parallelism, II, 594 : 
becomes a parallelogram, II, 596, 
599. 

Quadrilateral in a region ; see Regional 
quadrilateral. 

Quadruply orthogonal families of regions 
in a domain, II, 424-435. 

Quartic and quadratic, system of super- 
ficial binariants of, 
for circular curvature, I, 384-389 : 
for domainal flexure, II, 534. 

Quartinormal of a geodesic 
in a domain, II, 292, 313, 314, 317, 318 : 
in a general amplitude, I, 100, 102-106, 
109, 120: 

in a primary amplitude, I, 219 : 
in a region, I, 525-529, 533, 536 ; IT, 
195, 197, 199, 212-221 : 
on a surface, I, 375. 

Quaternariants, II, 261. 

Quintinormal of a geodesic 
in a domain, IF, 329-332, 334 : 
in a region, IT, 212-221. 

Quintuple space 

and primary domains, II, 287, 288 : 
properties of a region in, 11, 193-208. 

Radius of flexure of a geodesic in a sub- 
ampli tude, I, 179-182. 

Radius of flexure of a parametric curve 
in a domain, IT, 618 : 
in a region, II, 181 : 
on a surface, I, 417. 

Radius of flexure 
of a regional geodesic, II, 387 : 
of a superficial geodesic, 
domainal, II, 465 : 
regional, II, 6. 

Range in vicinity of a place 
in a domain, II, 353, 364 : 
in a region, 11, 65 : 
on a surface. 1, 291. 

Rectifying line of a regional geodesic, I, 
522. 

Region, defined, I, 1. 
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Region, dimensionality of plenary space 
of, affecting properties, II, 192. 

Region, geodesic to a domain, IT, 406 : 
relations of, to parametric region 
in the same orientation, II, 416. 

Region geodesically parallel to regions in 
a domain, II, 270. 

Region in 

a domain, Chapter XXVII ; see Do- 
mainal region : 

normal dilatation of, II, 254, 255 : 
quintuple space, properties of, IT, 193- 
208. 

Region is developable to a flat, if it con- 
tains two parametric families of 
geodesics, I, 471. 

Region of constant sphericity, 
integral equations of geodesics in, 1, 461 : 
Levi-Civita and Severi parallels coincide 
in, II, 127 : 

minimal surfaces in, 11, 242-244. 

Region orthogonal to polar geodesic, IT, 
270. 

Region, parametric representation of, I, 
451. 

Region, the six Riemann four-index 
symbols of, J, 32, 47, 462. 

Regional cells, II, 158-169. 

Regional curvature, curves of, upon a 
regional surface, II, 14, 17. 

Regional curvature, measures of, for a 
primary amplitude, I, 227, 228. 

Regional curvatures of superficial geo- 
desics, II, 19-24. 

Regional curves, Chapter XX. 

Regional diagonal of a Peres parallelo- 
gram on a geodesic surface of a 
region, II, 135 ; it does not lie in 
the surface, II, 136 ; relation to 
diagonal of a regional parallelo- 
gram, II, 157. 

Regional flexure, curves of, as the inter- 
sections of triply orthogonal sur- 
faces in a region (extension of 
Dupin’s theorem), II, 230. 


Regional flexure, measure of, for a regional 
surface, I, 194. 

Regional flexure 

of geodesics on a parametric surface, II, 
7-12, 55 : 

of parametric curve in the region, IT, 
181-183. 

Regional frame 

for a geodesic on a parametric surface, 
II, 21, 27-30: 

for a parametric curve, II, 172. 

Regional geodesics, I, 458, 476, 490, 497, 
503, 510, 522, 532-534, 539. 

Regional minimal surfaces, II, 239-246. 

Regional normal to a parametric surface, 

I, 455; 11,2,34,49-51. 

Regional orientation, directions in, I, 457. 

Regional parallelogram 

and Levi-Civita parallels, II, 113-117 : 
and Severi parallels, IT, 139 : 
properties of, IT, 147-155. 

Regional parallels, 
after Levi-Civita, II, 98, 110, 113 : 
after Severi, II, 101, 117, 139: 
leading to parallelogram, IT, 141-153 : 
other types of, II, 140-142. 

Regional quadrilateral under primary 
conditions of parallelism, II, 141 ; 
postulate of equal opposite sides, 

II, 145; becomes a geodesic par- 
allelogram, II, 155. 

Regional surface, when geodesic to the 
region, II, 56-60. 

Regional surfaces, parameters of triply 
orthogonal families of, satisfy a 
partial equation of the third order, 
II, 226-238. 

Regional tilt of a superficial geodesic, 11, 
19, 23, 25-27. 

Regional torsion of a superficial geodesic, 
IT, 13, 23. 

Representation of configurations by para- 
meters, see Bi-parametric repre- 
sentation, Parametric representa- 
tion. 
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Riemann, citation of memoir, I, 28, 192, 
289, 314. 

Riemann amplitude of constant spheri- 
city, 1, 162, 248, 461 ; II, 590. 

Riemann four-index symbols 
for a domain, I, 32 ; II, 264-267, 340 : 
for a region, I, 32, 47, 462, 471 ; II, 
405: 

for a surface, I, 31, 47, 238, 239 : 
for an amplitude, 
general, I, 28-33, 47, 50 : 
primary, I, 203. 

Riemann measure of curvature, Pre/., 
xii-xiv ; see Sphericity : 
for a domain, II, 267, 353, 377, *563 : 
for a general amplitude, 1, 145, 192, 314 : 
for a primary amplitude, I, 193, 225 : 
for a region, II, 83, 406 : 
for a surface, T, 269, 289, 290, 303, 304. 

Riemann measure of curvature and 
analogous measure of domainal 
flexure, II, 517-520. 

Riemann measure of curvature distinct 
from measures of circular curva- 
ture of a surface, 1, 387 ; II, 88. 

Salmon, II, 64, 209, 479. 

Schouten, 1, 304. 

Screw, curvature of, in a regional geo- 
desic, I, 518. 

Second kind of Riemann four-index 
symbol, I, 50. 

Second-order approximation for parallel 
geodesics 

after Levi-Civita, I, 330 ; II, 110, 580: 
after Severi, II, 117, 586-590: 
in general, II, 584, 594-598. 

Second-order approximation in small geo- 
desic triangles 
in a domain, II, 364-378 : 
in a region, II, 71-86 : 
on a surface, I, 291-303. 

Second-order arc-derivatives 
of circular curvature of a geodesic, I, 95, 
503; 11,308: 


of direction-cosine of prime normal, I, 
17, 87, 92, 287, 513 ; II, 305 : 
of parameters along a geodesic, see 
Geodesics, equations of : 
of primary magnitudes 
of a domain, II, 359-363 : 
of a general amplitude, II, 149 : 
of a region, II, 67-71 : 
of a surface, I, 261-265 : 
of space-variables, see Circular curva- 
ture, Prime normal. 

Second-order conditions for geodesic 
quality 

of a domainal region, II, 416 : 
of a domainal surface, II, 476 : 
of a regional surface, II, 57. 

Second-order contact between a para- 
metric region and a geodesic region 
in a domain, II, 416-423. 

Second-order contact between a para- 
metric surface and a geodesic sur- 
face 

in a domain, II, 478-480 : 
in a region, II, 55-59. 

Second-order magnitudes associated with 
the orthogonal plane of a regional 
geodesic, I, 539, 543. 

Second -order normal derivative of dilata- 
tion 

of a domainal region, II, 408 : 
of a regional surface, II, 56. 

Second -order parametric derivatives of 
primary magnitudes, I, 261-265 ; II, 
67-71, 149, 359-363 : 
space- variables, see Christoff el symbols. 

Second-order partial differential equa- 
tions, see Partial differential equa- 
tions. 

Secondary conditions of orthogonality of 
families 

of regions in a domain, II, 426 : 
of surfaces in a region, II, 231 . 

Secondary conditions of parallelism of 
geodesics, I, 324; II, 110, 117, 
142-146, 582, 584, 586, 598. 
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Secondary magnitudes connected with 
circular curvature 

in an amplitude, I, 68, 71, 82, 83, 203, 
204: 

on a surface, I, 280 ; II, 38, 481 : 
in a region, I, 479 ; II, 437 : 
in a domain, II, 284. 

Secondary magnitudes (non-linear) con- 
nected with circular curvature 
in a domain, II, 284, 288-290 : 
in a region, I, 479, 480 ; 11,1 96, 437-439 : 
on a surface, I, 281, 381 ; II, 520. 

Secondary sub-amplitude, equations of 
geodesics in, I, 169. 

Septuple space, centre-locus of con- 
current geodesics on a domain in, 
II, 348-351. 

Sets of perpendicular geodesics in a 
domain, II, 272. 

Severi, Pref. , xiv, xv., I, 304, 321 ; II, 
101-106, 578, 586, 590, 594-596. 

Severi parallel geodesics, I, 163, 321 ; II, 
117-124, 586-590 : 

do not lead to parallelograms, II, 139, 
594 : 

in relation to Levi-Civita parallels, II, 
124 : 

see Parallel geodesics. 

Sextuple space, 

centre-locus of domainal geodesics in, 
II, 346-348 : 
region in, II, 208-225. 

Sides of a Peres parallelogram on a surface 
geodesic to a region, II, 134 : see 
Peres parallelogram. 

Simultaneous derivatives of primary mag- 
nitudes along two different geo- 
desics, I, 263 ; II, 69, 362. 

Small geodesic triangle 
in a domain, II, 364, 372-377 : 
in a general amplitude, I, 145-162 : 
in a region, II, 71-87 : 
on a surface, I, 291-304. 

Small ranges in an amplitude ; see Small 
geodesic triangle. 


Solid angle, at the concurrence of three re- 
gional geodesics, conserved in value 
along parallel geodesics, 11, 109. 

Space-coordinates, I, 19 : 
arc-derivatives of ; see Arc-derivatives 
(of second order), Arc-derivatives 
(of third order) : 

partial differential equations satisfied 
by ; see Partial differential equa- 
tions. 

Spatial curvature, curves of, 
on a domainal surface, 11, 500 : 
on a regional surface, II, 14 : 
see Curves of circular curvature. 

Spatial curvatures of geodesics 
in a domainal region, II, 443, 445-419 : 
on a domainal surface, II, 480 : 
on a regional surface, II, 19, 97. 

Spatial tilt of a geodesic 
in a domainal region, II, 455 : 
on a domainal surface, II, 503 : 
on a regional surface, 11, 41-45 : 
see Tilt. 

Spatial torsion of a geodesic 

in a domainal region, II, 415-449, 155 : 
on a domainal surface, II, 492 : 
on a regional surface, 1 1, 30, 35, 37, 97 : 
see Torsion. 

Specific (Gauss) measure of curvature of a 
surface in triple space, I, 225, 237, 
239; 11,563. 

Specific measure of domainal Jlexurc of a 
domainal region, II, 405. 

Spherical curvature, curves of ; see Curves 
of spherical curvature : 
geodesic tangent to, has zero tilt, 1, 
550 : 

locus of centre of, on concurrent geo- 
desics on a surface, I, 401, 407, 409. 

Spherical representation of directions of 
principal lines of a geodesic on a 
domainal surface, II, 496 ; see 
Orbicular representation. 

Spherical trigonometry, illustrations from, 
1, 301, 341, 353. 
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Sphericity, amplitudes of constant, see 
Constant sphericity. 

Sphericity, as the Riemann measure of 
curvature, Pref ’., xiii, 1, 161. 

Sphericity cubic for a region, II, 90. 

Sphericity, magnitude of, in the system of 
concomitants for a free surface, 
I, 387. 

Sphericity 

of a domain, II, 377, 379, 380 : 
of a domainal region, IT, 402 : 
of a free region, II, 82, 86-88 ; referred 
to polar geodesics, T, 470 : 
of a general amplitude, 1, 161, 314-316 : 
of a domainal surface, IT, 514 : 
of a free surface, I, 1 93, 303 ; referred 
to polar geodesies, I, 257 : 
of a regional surface, II, 90-94. 

Sphericity sextic for a domain, IT, 379, 
380. 

Stationary 

coil, see Curves of globular curvature : 
tilt, see Curves of spherical curvature : 
torsion, see Curves of circular curvature. 

Sub-amplitudes, Chapter Yl. 

Superficial flexure of a parametric curve 
in a region, IT, 181, 183 : 
on a surface, I, 416. 

Superficial measure of domainal flexure, 
analogous to sphericity, 11,517-520. 

Superficial measures of curvature (other 
than sphericity) 

of a primary amplitude, I, 224, 225 : 
of a primary domain, II, 561-568. 

Superficial measures of domainal flexure, 
for a region, II, 399. 

Superficial normal to a parametric curve 
on a surface, I, 436. 

Superficial orientation 
in a domain, II, 255, 353, 354 : 
in a region, I, 453 ; II, 1. 

Superficial variables 
in a domain, II, 255-257 : 
in a general amplitude, I, 5 : 
in a region, II, 1. 


Surface, domainal, II, 256, 259 ; see 
Domainal surface. 

Surface, geodesic, 

see Geodesic surface, Parametric sur- 
face : 

to a domain, II, 475, 592-594 : 

to a general amplitude, I, 162, 163 : 

to a region, II, 56, 127, 137. 

Surface, geodesics on a free, partial dif- 
ferential equation of, I, 247. 

Surface, inflexional, of a domainal region, 
IT, 416. 

Surface 

in plenary space, Chapter VIII : 

in quintuple space, I, 395 : 

in space of unlimited dimensionality, I, 
230: 

in triple space, arc-element of, cannot 
be assumed arbitrarily, I, 234. 

Surface, minimal, sec Minimal surfaces. 

Surface of constant sphericity, integral 
equations of geodesics on, I, 248. 

Surface, 

orthogonal centre of, in quadruple space, 
I, 245 : 

orthogonal homaloid of, I, 242. 

Surface, orthogonal to polar geodesics in a 
region, I, 469. 

Surface, parametric ; see Geodesic surfaces, 
Parametric surfaces. 

Surface referred to geodesic polar coordi- 
nates, I, 257, 258. 

Surface, regional, see Regional sur- 
faces. 

Surface, regional flexure of, I, 194. 

Surface, Riemann four-index symbol for, 
I, 31, 47. 

Sylvester, II, 209. 

Tangent block of a domain, II, 261, 262 ; 
contains also the binormal, the 
trinormal, and the quartinormal, 
of geodesics, II, 291, 292. 

Tangent flat of a domainal region, II, 381, 
382. 
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Tangent flat of a free region, I, 473-476 ; 
contains also the binormal and 
the trinormal of a geodesic, 1, 481, 
486 ; sets of leading lines, I, 512, 
517. 

Tangent homaloid of an amplitude, T, 73- 
75, 89 ; contains certain principal 
lines (gremial lines) of a geodesic, 
1, 119-124 : 

of a sub-amplitude, I, 170, 175. 

Tangent plane to a domainal surface, II, 
470-474. 

Tangent plane to a free surface, I, 240, 
250-252 ; envelope of, I, 241 ; con- 
tains the binormal of a geodesic, I, 
252. 

Ternariants in a region, I, 488, 490, 514, 
526, 527, 544-546. 

Ternary quadra tics, oliminant of three, 
IT, 209. 

Third -order approximations for para- 
meters in a small geodesic triangle, 
in a domain, II, 364-373 : 
in a general amplitude, I, 154-158 : 
in a region, II, 77-83 : 
on a surface, I, 291-297. 

Third-order arc-derivatives of parameters 
along a geodesic 
in a domain, II, 278 : 
in a general amplitude, I, 52 : 
in a region, I, 465 : 
on a surface, I, 258. 

Third-order arc-derivatives of space- 
coordinates, I, 54, 265, 495 ; II, 
281. 

Third-order conditions of geodesic qual- 
ity 

of a region, in a domain, II, 419, 
422: 

of a surface, 

in a domain, II, 477, 479 : 
in a region, II, 59, 63-65. 

Third-order contact between a parametric 
region and a geodesic region in a 
domain, II, 406, 415-424. 


Third-order contact between a parametric 
surface and a geodesic surface 
in a domain, II, 476-480 : 
in a region, II, 59-65. 

Third-order partial differential equation 
satisfied by the parameter of a 
family 

of quadruply orthogonal domainal re- 
gions, II, 434 : 

of triply orthogonal regional surfaces, 
TI, 231. 

Third side of a small geodesic triangle 
in a domain, II, 372, 373 : 
in a general amplitude, I, 150-158 : 
in a region, II, 71-82 : 
on a surface, I, 298, 301. 

Tilt, domainal, of a geodesic on a surface, 
II, 531. 

Tilt of a curve in space, I, 15. 

Tilt of a geodesic 
in a domain, II, 305 : 
in a general amplitude, I, 94, 116, 118: 
in a primary amplitude, I, 219 : 
in a region, 
if free, I, 513 : 
in a domain, IT, 455 : 
on a surface, 

if free, I, 282, 286, 364, 365 : 
in a domain, II, 503, 529-532 : 
in a region, II, 19, 41-45. 

Tilt of a geodesic tangent to a curve of 
spherical curvature vanishes at the 
point of contact, I, 140, 246, 389, 
549. 

Tilt of a parametric curve on a surface, T, 
435. 

Tilt, regional, of a geodesic on a surface, 
II, 19, 23, 25-27. 

Torsion, domainal, of a geodesic 
in a region, II, 450-455 : 
on a surface, II, 494-496, 530. 

Torsion of a curve in space, I, 15. 

Torsion of a geodesic 
in a domain, II, 294, 295 : 
in a general amplitude, I, 79, 80, 114 : 
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Torsion of a geodesic 
in a primary amplitude, I, 209 : 
in a region, 
if free, I, 492, 511 : 
in a domain, II, 445-449 : 
on a surface, 
if free, I, 285, 287 : 
in a domain, II, 484, 485 : 
in a region, II, 30, 35-37. 

Torsion of a geodesic tangent to a curve 
of circular curvature vanishes, I, 
78, 128, 381, 547 ; II, 325. 

Torsion of a parametric curve 
in a domain, TT, 633 : 
in a region, IT, 185-191 : 
on a surface, I, 430, 448. 

Torsion, regional, of a geodesic on a sur- 
face, II, 13, 23. 

Total curvature of a geodesic triangle on 
a surface, I, 306-308. 

Triangles, geodesic, see Small geodesic 
triangle. 

Trinormal of a geodesic 
in a domain, II, 292, 303 : 
in a general amplitude, I, 87, 90, 120 : 
in a primary amplitude, I, 218 : 
in a region, 1, 484, 511, 519 ; II, 459 : 
on a surface, 1, 286, 360, 363, 368, 432, 
435; 11,42,43,45. 

Tri normal of a parametric curve on a sur- 
face, 1, 432-435. 

Triple-suffix notation, I, 451, 503. 

Triply orthogonal surfaces in a region, II, 
226-238. 

Types of variables, 
in a domain, II, 250-257 : 
in a region, I, 453-457. 


Umbral notation used, 
for concomitants, II, 89, 90, 396 : 
for conditions of geodesic quality of 
regions, II, 423 : 
surfaces, II, 64, 478. 

Uniqueness of geodesics by assignment of 
direction at a place, I, 40, 248. 

Unlimited number of dimensions, example 
of a surface in, I, 230. 

Variables, types of, 
in an amplitude I, 3 : 
in a domain, II, 250-257 : 
in a region, I, 453-457. 

Variations of magnitudes along a geodesic, 
see Arc-derivatives. 

Volumetric measures of curvature of a 
primary domain, TI, 551-560. 

Weber, Pref ., xiii, I, 192, 289. 

Weierstrass, 

equations of a minimal surface in triple 
space, I, 277 : 

test in calculus of variations for minimal 
surfaces, II, 240. 

Young, A., I, 384 ; IT. 64. 

Zero additive measure of flexure for mini- 
mal surfaces in a region, II, 245. 

Zero 

coil of geodesic tangent to a curve of 
globular curvature, I, 141 : 
tilt of geodesic tangent to a curve of 
spherical curvature, I, 138 ; 
torsion of geodesic tangent to a curve 
of circular curvature, I, 126. 
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